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Abstract
Themovement and heat transmission of viscous dissipative Casson hybrid nanoliquid (cupric
oxide CuO– titania T iO2/ethylene glycol EG) flow across a flat sheet saturated with non-
Darcy porous medium and forced convection were the focus of this investigation. The major
partial differential equalities besides the limit conditions were condensed to dimensionless
forms byusing proper similarity transformation. The follow-on systemofODEsby thematch-
ing limit conditions was elucidated numerically by way of MATLAB and the bvp4c solver.
The research results are investigated for simple T iO2/EG and hybrid CuO − T iO2/EG
nanoliquids. As far as important reactions are concerned, the larger Casson parameters
upsurge the velocity and decline the temperature profile. Over and above that, porosity and
Eckert number are strengthened by the thermal field. However, the Nusselt number increases
for the enhancement of the porous resistance parameter and decreases for the enhancement
of the Eckert number and porosity parameter. Also, comparison with the available one is also
rendered as a special case of our analysis.

Keywords Viscous dissipation · CuO − T iO2 − EG · non-Darcy porous medium · Hybrid
nanofluid

Mathematics Subject Classification 76DXX

Introduction

Nanoliquid is a colloidal suspension with nanoparticles distributed evenly in the base liq-
uid and has many special characteristics in the field of engineering technology. For last
two decades, exploratory study of the structure and the thermal transfer properties of nano-
liquids has developed drastically due its large usage in many research and manufacturing
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applications like energy storage, inorganic chemicals, heating and ventilation processes and
microelectronics. The cooling properties of an ethylene glycol (EG)-based nanofluid includ-
ing three nanomaterials aluminiumoxide (Al2O3), titaniumdioxide (T iO2) and copper oxide
(CuO) are investigated by Mutuku [1]. She finalized that, at the boundary layer, CuO − EG
nanofluid causes a rapid drop in temperature compared with T iO2 − EG and Al2O3 − EG.
Kumaresan et al. [2] found that the copper oxide nanofluid has a lower velocity than the
magnesium oxide nanofluid when compared with the heat transfer effects of CuO/H2O
and MgO/H2O across a porous embedded stretched sheet. Rana et al.[3] found that the
nanoliquid (T iO2/EG) heat transfer and its boundaries are accelerated by the quadratic
thermal radiative heat flux. Shaiq et al. [4] enquired the thermophysical characteristics and
form factor of two nanofluids, T iO2 − EG and Cu − EG, and found that skin friction is
higher for copper nanoparticles and lower in the presence of titanium dioxide. The market
for compact electronic components and devices have increased rapidly, demanding more
efficient thermal conductivity related to the nanoliquid, hybrid nanoliquid is deliberated to
be a fresh form of nanoliquid and is more required to develop the ability for transmission of
heat. In general, dual strategies are meant for the production of hybrid nanoliquids are either
produced by dissipating various forms of nanoparticles in the base liquid or by dissipating
the hybrid form of nanoparticles in the base liquid.

Various analytical, theoretical, experimental and numerical research has been carried out
by investigators on hybrid nanoliquid heat transfer. Aladdin and Bachok [5] examined on
Al2O3−T iO2/water andfinalized that hybrid nanoliquid escalates skin friction and deceler-
ates Nusselt number. Sadaf and Abdesalam [6] proposed a model based on a hybrid nanofluid
containing nanoparticles (Ag + Al2O3) that will be effective for applications connected to
metabolic structures that play a critical role in heat sources inside the human body. According
to Khashi’ie et al. [7], the establishment of the Eckert number has no effect on the bound-
ary layer split–up, but it does reduce the heat transfer rate of Cu − Al2O3/H2O flow over a
stretching/shrinking plate.When compared to nanofluid, the hemodynamic velocity of hybrid
nanofluid is higher, according to Abdelsalam et al. [8]. The Marangoni convective boundary
on hybrid nanoliquid was explored by Aly and Ebaid [9], and it was discovered that as the
nanoliquid expanded in the porous holes, the velocity and heat distribution increased and
decreased, respectively. Hayat et al. [10] discovered that the required amount of heat transfer
can be achieved by using distinct and appropriate nanoparticle scopes in hybrid nanoliq-
uid. Eshgarf et al. [11] reviewed the models, preparation, stability, and properties of hybrid
nanoliquid forthrightly.

Non-Newtonian viscosity properties are primarily used in the biochemical engineering
world. Non-Newtonian fluids do not obey the law of viscosity; any classified liquid can
achieve density increases of two or three orders of magnitude, which are not negligible in the
polymer phase. As a result, Isaac Newton’s concept of non-Newtonian dynamics gained pop-
ularity. Abdelsalam et al. [12] examined the electromagnetic flow of the Eyring–Powell fluid
model for transient flow in non–Newtonian fluid. Raza et al. [13] developed the Williamson
fluidmodel for non–Newtonian fluids as an application of solar energy in thermal engineering
operations. Adewale et al. [14] tested the models for non-Newtonian liquids and discovered
that the Casson physiochemical model accurately characterised in both low and high tensile
environments. Aman et al. [15] studied the Casson hybrid Cu − Al2O3/Sodium Alginate
with Caputo time fractional derivative and concluded that the volume fraction declines the
velocity and elucidates the temperature field. Jamshed and Aziz [16] investigated the dif-
ferent shapes of nano particles and concluded that lamina–shaped particles have the highest
temperature for CuO − T iO2/EG Casson model flow past a stretching sheet.
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Heat exchange in porous media does have an extensive variety of applications. Different
industrial implementations have been experienced, where a certain porous medium is estab-
lished. There are signal recognition cooling systems, temperature control, tidal energy fields,
oil production, nuclear waste disposal components, and so on. The Darcy movement was
exemplified, as evidenced by references [17–23]. Plentiful issues with non–Darcy move-
ment situations in porous media of either Newtonian or non–Newtonian liquid have been
deliberated in [24–29].

Viscous dissipation is really a minor consequence and its impact can become significant
when the viscosity of the liquid is quite large. This alters thermal performance by having a part
as a source of power. That contributes to something like the heat flux being influenced. It is
understood byAnuar et al. [30] that viscous hybrid nanoliquid has an additional chilling effect
than nanoliquid. Elmabouda et al. [31] studied the peristaltic motion of an incompressible
fluid with varying viscosity generated by a periodic sinusoidal travelling wave along the tube
walls. Sreenivasulu et al. [32] concluded that the temperature difference from the liquid to
the surface is low while the Eckert number is lower in each of the x − y directions.

Owing to its broad and extensive uses in engineering andmanufacturing processes, plastic
extrusion, fibre and cable undercoat, food packaging, paper processing and liquid fuels flow
past flat surfaces, attracting a great deal of interest. This investigation focuses on the numer-
ical study of non–Newtonian CuO − T iO2/EG hybrid nanoliquid, non–Darcy, viscous
dissipative flow past a flat sheet with forced convection.

Mathematical Formulation

Figure 1 explains a steady, two dimensional (x, y), forced convective, viscous type Casson
hybrid nanoliquid flow over a flat plate through a non–Darcy porous medium. The base liquid
(EthyleneGlycol) is in thermal balancewith the nanoparticles (cupric oxideCuO and Titania
T iO2) and there is no contact between the two solid components. Table 1 showsCuO , T iO2

and EG (nanoparticles and base liquid) thermophysical properties. The flat sheet is on the
x-axis and the y-axis is taken in a direction perpendicular to the sheet. u∞ velocity is found
on the free surface. The research involves the formulation of boundary layers. We account
for the fact that frictional heating due to viscous dissipation as the liquid considered in this

Fig. 1 Physical Configuration
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Table 1 Thermophysical properties of nanoparticles and base liquid Jamshed and Aziz [19] Khan et al. [35]

Properties ρ(kg/m2) Cp(J/kgK ) K (W/mK ) σ (S/m) Pr

CuO 6510 540 18 5.96 × 107

TiO2 4250 686.2 8.9538 2.38 × 106

EG 1114 2415 0.252 5.5 × 10−6 204

study is of a non–Newtonian form. The plate is impermeable. The dissipation of Joule is
known to be insignificant.

The rheological state equation of the hybrid nanoliquid form of Casson is expressed
as(Ahmad and Nadeem [33])

τcd =

⎧
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Where π = ecdecd is (c, d)th components of deformation and π∗
c is called the critical value,

S∗
y is the yield stress and μ∗

P is the plastic viscosity. So, the set of governing equations of the
hybrid nanoliquid movement is [19, 20, 34],
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with forced convective, uniform free stream, impermeable, isothermal and no slip boundary
condition

u = v = 0, T = Tw at y = 0

u → u∞, T → T∞ as y → ∞
(5)

where u and v are the velocity components along x and y axis respectively, β is the Casson
liquid parameter, ν, ρ, α, μ and CP are kinematic viscosity, density, thermal diffusivity,
dynamic viscosity and specific heat respectively. The thermophysical properties of hybrid
nanoliquid are tabulated in Table 2. The subscript hnl denotes hybrid nanoliquid(T iO2 −
CuO/EG). The subscripts x and y denotes the partial differentiation with respect to x and
y respectively. K , ε, F = Cbε

2/
√
K are permeability, porosity and Forchheimer coefficient

of porous media respectively. Whereas, Cb is the drag coefficient.
Then, we are implementing the following transformations of similarity (Qawasmeh et

al.[36])

ψ(x, y) = (ν f u∞x)1/2 f (η), η = y

x
(Rex )

1/2 where Rex = u∞x

ν f

u = ∂ψ

∂ y
, v = −∂ψ

∂x

u = u∞ f ′(η), v = −u∞
2
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x ( f (η) − η f ′(η))

T = T∞ + (Tw − T∞)θ(η)

(6)
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Table 2 Thermophysical
properties of hybrid nanoliquid

Properties Hybrid nanoliquid

μhnl
μ1

(1−φ1)
2.5(1−φ2)

2.5

ρhnl {(1 − φ2)[(1 − φ1)]ρl + φ1ρs1 ]} + φ2ρs2

ρChnl {(1 − φ2)[(1 − φ1)]ρCl + φ1ρCs1 ]} + φ2ρCs2

αhnl
khnl

(ρCp)hnl

σhnl
σnl

σs2+2σnl−2φ2(σnl−σs2 )

σs2+2σnl+φ2(σnl−σs2 )

Where σnl
σl

= σs1+2σl−2φ1(σl−σs1 )

σs1+2σl+φ1(σl−σs1 )

khnl
knl

ks2+(n−1)knl−(n−1)φ2(knl−ks2 )

ks2+(n−1)knl+φ2(knl−ks2 )

Where knl
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= ks1+(n−1)kl−(n−1)φ1(kl−ks1 )

ks1+(n−1)kl+φ1(kl−ks1 )

Using Eq. (6) and table 2, Eqs. (2) to (5) becomes
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with boundary conditions

f ′(0), f (0) = 0, θ(0) = 1 at η = 0

f ′(η) → 1, θ(η) → 0 as η → ∞
(9)

For which superscripts denote differentiation with respect to η.
Where
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Here α(x) = νl x/u∞K is the first order porous resistance parameter, γ (x) = Fx is
the second order porous resistance parameter, Pr = μlCPl /kl is the Prandtl number, Ec =
u2∞/CPl (Tw − T∞) is the Eckert number.

Physical quantities skin friction coefficientC f and local Nusselt number Nu, Which have
now been described as

C f = τw

ρl u2∞
, where τw = μhnl

(

1 + 1

β

)

uy
∣
∣y=0 (10)

Nu = xqw

kl(Tw − T∞)
, where qw = −khnl Ty

∣
∣y=0 (11)
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Using transformation of similarity Eqs. (6), (10) and (11) becomes

Re1/2x C f =
(

1 + 1

β

)
f ′′(0)

(1 − φ1)2.5(1 − φ2)2.5
(12)

Re−1/2Nu = −khnl
kl

θ ′(0) (13)

Numerical SimulationMethodology

The bvp4c feature of MATLAB is used to achieve the numerical results for cupric oxide–
Titania/ethylene glycol. Research results are graphically presented with an emphasis on
mathematical key aspects of the model and their effect on velocity, temperature and engi-
neering interest quantities. The first ever step is to list the 3r d order ODEs (7) to (9) as a
first-order scheme of ODEs.

f = �(1)
f ′ = �(2)
f ′′ = �(3)
f ′′′ = �(3)′

= −(C1ε(1 + β−1))−1
{ 1
2�(1)�(3) + ε2C1α(1 + β−1)�(2) − γ�(2)2

}

θ ′ = �(5)
θ ′′ = �(6) = −PrC2

−1
{
C3�(1)�(5) + C4Ec(1 + β−1)�(3)2

}

(14)

with limiting equations

�0(1) = 0, �0(2) = 0, �0(4) = 1
�∞(2) = 1, �∞(4) = 0,

(15)

Equations (14) and (15) are numerically covered as well as the initial value problem to
the terminal point. All of these simplifications are done by using the bvp4c feature available
in the MATLAB programme.

Results and Discussion

The accuracy of the above–mentioned numerical analysis is accepted by positive correlations
with previous reports in a set of cases listed in table 3. It is stated that the current findings are
in strong agreement with the reported findings. Each of the Figs.2–12 was designed using
the parameters φ1 = φ2 = 0.09, ε = 0.5, β = 0.5, α(x) = 0.02, γ (x) = 0.01, Pr = 204,
and Ec = 0.01.

An upsurge in porosity ε reduces velocity in Fig. 2 solution for hybrid nanoliquid (φ1 =
φ2 = 0.09) and nanoliquid (φ1 = 0, φ2 = 0.09). Likewise, upward ε broadens the flow
field boundary layer width. Such a pattern is due to the impact of relatively high porous
persistence and thus low permeability. It is shown that these profiles comply asymptotically
with the far–field boundary condition, f ′(∞) = 1, which confirms the obtained numerical
results.

Figure 3 portrays the improvement of velocity for various Casson parameter β for hybrid
nanoliquid and nanoliquid. Physically, raising the yield stress of raising the value of β

improves the fluid viscosity for both T iO2 − CuO/EG hybrid nanoliquid and T iO2/EG
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Table 3 Amount of −θ ′(0) for certain Prandtl number with ε = 1, α(x) = 0, γ (x) = 0 for Newtonian liquid
when β → ∞
Pr Current Study Qawasmeh et al. [36] Chamkha et al. [37] Lin and Lin [38]

100 0.33209859 0.332054 0.332173 0.332058

101 0.72827071 0.728136 0.72831 0.728148

102 1.57190700 1.571821 1.57218 1.57186

103 3.38734448 3.387073 3.38809 3.38710

104 7.29840868 7.297260 7.30080 7.29742

Fig. 2 Influence of porosity ε on
velocity profile

Fig. 3 Influence of Casson
parameter β on velocity profile

nanoliquid, which is accountable for the provided variation in fluid momentum. While β hits
the infinity challenge in the specific scenario, it is simplified to the Newtonian case.

The rise of the first order porous barrier drags α(x) results in a lower velocity. This can be
seen in Fig. 4 and is linked to the improvement of the solid phase’smixed compressive stresses
and the solid phase’s beneficial expansion. In addition, an increase in the α(x) shortens the
velocity boundary layer thickness for hybrid nanoliquids. It is traced back to the additional
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Fig. 4 Influence of first order
porous resistance parameter α(x)
on velocity profile

Fig. 5 Influence of second order
porous resistance parameter γ (x)
on velocity profile

compressive stress between the liquid layers due to the combination of the Casson liquid as
opposed to the forces acting on that same solid phase.

Figure 5 depicts the effects of second-order porous barrier drag γ (x) on the boundary
layer velocity field for CuO −T iO2/EG and T iO2/EG. We notice that the flow value now
lowers as γ (x) improves. It highlights the impact of the use of non–Newtonian Casson liquid
along with the use of Forchheimer’s quadratic drift porous material.

The augmentation in porosity ε would raise the temperature is displayed in Fig. 6. In
addition, increasing porosity enlarges the boundary layer thickness heat for hybrid nanoliquid
and nanoliquid. The entire phenomenon is owing to a high degree of relatively high porous
friction and thus low solubility.

Figure 7 shows that the temperature curves dropwith just a change in theCasson parameter
β. Escalating β, i.e. compression strength minimizes the velocity of the liquid. The temper-
ature curves demonstrate in Fig. 7 that the proportion of travel is substantially reduced by an
upsurge of β.

Observing the plots in Fig. 8 indicates that the influence of Eckert number Ec intensifying
values is to surge the temperature distribution in the movement area. This is because that
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Fig. 6 Influence of porosity ε on
temperature profile

Fig. 7 Influence of Casson
parameter β on temperature
profile

Fig. 8 Influence of Eckert
number Ec on temperature
profile
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Fig. 9 Illustration of skin friction
for certain Casson parameter β

and first order porous resistance
parameter α(x)

Fig. 10 Illustration of skin
friction for certain second order
porous resistance parameter γ (x)
and first order porous resistance
parameter α(x)

heat energy is contained in the liquid as a result of frictional heating. The effect of growing
Ec is to accelerate the temperature of hybrid nanoliquid and nanoliquid.

Figure 9 plots the skin friction for various values of the Casson parameter β and first
order porous barrier drag α(x). The escalating scale of β and α(x) declines skin friction. The
influence of α(x) and second-order porous barrier drag γ (x) on skin friction coefficient is
shown in Fig. 10. As a result, the skin friction decreases for α(x) and γ (x).

Figure 11 exhibits the Nusselt number for different Ecert number Ec and porosity ε.
The results show that increasing Ec decreases epsilon and increases Nusselt number. The
influence of various Ec and α(x) on Nusselt number illustrated in Fig. 12. For a greater
quantity of Ec and α(x) the Nusselt number falls and boosts respectively.
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Fig. 11 Illustration of Nusselt
number for certain Eckert
number Ec and porosity ε

Fig. 12 Illustration of Nusselt
number for certain Eckert
number Ec and first order porous
resistance parameter α(x)

Conclusion

The current study looks at numerical learning in a viscous dissipative boundary layer flow
all over a porous flat plate with a forced convective limiting condition for hybrid nanoliquid
(CuO − T iO2/EG) and nanoliquid (T iO2/EG). Numerically, bvp4c in the MATLAB
feature was engaged to elucidate the problem. Following results, behaviour was common for
both hybrid nanoliquid (CuO − T iO2/EG) and nanoliquid (T iO2/EG)

• The completed exploration revealed that the porosity decelerates the velocity and accel-
erates the temperature distribution and Nusselt number.

• The hiking value of the Casson parameter improves the velocity profile and declines the
temperature profile with skin friction.

• The first order and second order porous barriers drag in increment, lowering the velocity
field and skin friction. In particular, the first order porous barrier drag increases the heat
transfer rate.

• Finally, the enhancing value of the Eckert number strengthens the thermal distribution
and weakens the Nusselt number.
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