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Abstract. In this study. we discuss the existence. uniqueness. and controllability results for an Am-
bartsurnian equation with impulses using the E-Hilfer generalized proportional fractional derivative
(PFD). Common fixed point theorems are employed in our analysis. We achieve a few suitable con-
ditions for existence. uniqueness. and controllability.

1 Prerequisites

In this section, we introduce the E-Hilfer generalized PFD. For that we begin by recalling the notion
of tillie scales as discussed in [3.4.17].

Let 0% a<b< oo, J =[a, blbea finite interval and 0 bea parameter such that /1 -1 50<n.
Cia.b] be the space of the continuous functions Q on J with the norm defined by

Q|IC[a.bl - TY|*Ct)|.

The weighted space Cki.E [a. bl of functions Q on [a. bl is defined by

2010 Matliematics Subiect Classification: 34AOR: 34K40; 34A 1 2.
Keywords:Ambarl.Humian equation. Timescale. Proportional fractional derivative. Existence. Uniqueness. Controllabil-
ity.



1234 S.Manikandan, S. Sivasundaram, D. Vivek. K. Kanagarajan

Cl.E Ia. b] = {Q : [a. b] » R; Q(t) € Cl- 1 Ia. bl ; Q/1(t) e Co.E [a. bl } ,

with the norm defined by.

n- 1

||01|CRE[a.bl = E 11©k'|CIa.b] + 1191|Co.E[a,bl
k=0

Definition 1.1. [12, 16] A time scale T is an arbitrary nonempty closed subset of the real numben
For tET. one defines the forward jump operator c:T-*Tby

6(t) = inf {s e T :s> t} 3

while the backwardjump operator p:T-+T defined by

p(t) = sup {S ET:s> t}.

If maxlris finite and there exists a finite mini' in addition. we put c(maxT) = max T and p(minT) =
min T.

If 6(t) > t then we say that t is right-scattered, while p (t) < t then we say that t is left-scattere
and also ift < maxT and aft) = t then t is called right-dense, and if t > min T and p(t) =t. then t i
called right-dense.

Definition 1.2. Ill 16](Delta derivative) Suppose that Q:T -0 R and let te Tk. The delta derivativ
defined by

Q& (t) = lim Q(C(s)) - Q(t)
S->t *S)-t ,

 t f C(S)

Definition 1.3. Ill 16] Let [a.b] denote aclosed bounded interval in T. A function F : [a. b] » R
is called an delta anti-derivative of function f : [a.b) » R provided F is continuous on [a. b]. delt
differentiable on [a, b) and Fht) = f (t) for all t E [a. b). Then we defined the A-integral by

,f(t)6(t) = p.(b) -F(a)
JU

Proposition 1.1. [12, 16] Suppose a.b € T, a < b and Q(t) is continuous on [a. b]. Then.

~b b
Q(t)zlt = [a(a) - a]Q(a) + 0(t)Zlt.

Ja J 6(aj

Proposition 1.2. [ 12. 161 Let F is a time scale and Q is an increasing continuous function on [a.b
If Q is the extension of Q to the real interval [a, bl given by

fi[Ms) seT,
~Q(t) s E (t.c(t)) ¢ T,

then,

< 0
0(t)Zlt E (2,(t)

J U ./ Ct
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Definition 1.4. [12. 161 (E-Hilfer generalized PFD) Let J = [a.b]. where -co Sa<bloobean
interval and Q. E € C" [a. b] be two functions such that E is positive strictly increasing and E  (t) 0
0. Vt e [a. b]. The E-Hilfer generalized PFD of order p and type q of Q with respect to the another
function E are defined by

ADff,p.EQ) (t)= (Ir-p)-P.E ((Lrp.E) q)(i-q)(n-p),p,EQ~ Ct),
 (1.1)

where n - 1 < p < n.0 5451 with n€Nand pe (0.11. Also DP·EQ(t) = 0.- p)*(t) +PS[Q and2 (t)

1-11"-~~ ~ -(.) is the generalized proportional fractional integral.a

For more details about fractional calculus, one can refer to n,5.10,14,15,18]

2 Main results

In this section. we introduce the E-Hilfer generalized PFD on time scales. The subject of fractional
calculus on time scales is very rich and under strong current research [2.6.7.8.9.11.13]

Definition 2.1. Let Tisa time scale and let J= [a.b]. where -- 5 a<b 5°obe an interval and
Q, E e C" [a.b] be two functions such that E is positive xtrictly increasing and Et (t) 0 0, Vt e [a, b].
Then the E-Hilfer generalized proportional fractional integral on time scales of order p(0 <p<1)
of the function Q with respect to the another function E is defined by.

·t<TIPy .EQ) (t) = 1 / epp  (E( t )-E ( s))( E ( t ) - E (s)) P-'ENS)<*s) As, t > a . ( 2 . 1 )a ) pprip) J &
Definition 2.2. Let T is a time scale and let J = [a, b], where -co E a < b 5 co be an interval and
Q, E € Cn [a. b] be two functions such that E is positive strictly increasing and ENt) 0 0. Vt e [a.b].
Then the E-Hilfer generalized PFD on time scales of order p(0 <p<1)of the function Q with
respect to the another function E is defined by.

a- ,£~ (t) <Tif'~-p~·PE <76,;.p,Ej 11~6(~--q)(n-p).p.E*~ (t). (2.2)

where n-1 <p< n,0 5451 with n EN and pe (0,1].

Remark 2.1. From the Definition 2.2, we can obtain the Riemann-Liouville and Caputo fractional
derivative as follows

Iq(n_P).PE crAn.p.E) q = 1.
6,;.p.ETIC~-P) P'EQ(t) q = 0.a

a-t-

Remark 2.2. The E-Hilfer generalized PFD on time scales TAff'p- is equivalent to

TAP.f·PE©(t) = (T Idn-p).p.E <TAn.p.E j TA(l-q)(/1-p).p.EQ~ (t)
a · (1- £1

-T~ Iffn-P),P-E (TAN.p.E~ ~(o.

where 0= pt q(n -p)
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Proposition 2.1. For any integrable function Q on [a.b], p e (0.1].Re(p) > 0 and Re(q) > 0 th
E-Hilfer generalized proportional fractional integral on time scales satisfies

1['I„p-p E (TIq/·EQ) (t) =T .Cf·E (TI/tp EQ~ (t) = (TIffq p EQ) (t).

Proof.

T*PE (TIc,qip·E~ ©(t) = 1 <t e!9.(2(t)-E(x))(E(t) - E(s))p--'EA(.r) ~TCf·E©(S)~ ASpprtlij Jo+
1 rt

pprip) Ja-

< 1 <~ e~ECT)-E(xj)(3('c) -E(.r))4-IE6("c)Q(,c)~ AsC pur(q) ./0+
1 vt rs p t

j e-2(EN)-ECS))(E(t) - E(s))p-'EL~(s)ppoqulpjucA ja» .Jai
eppi-(ECT)-ECS))(2('c) - E(s))q-'za('c)*(T)&.f.

Now. we interchange the order of integration. then we get

T IPp E <T OP E,~ 0(t) = pp+qr(1  )r(q) ,j~- ~,~ e e#-42(t)-ECS)) ( £ (t ) - E (.r) )p- 1 Ed\S)

epp!(Ect)-ECS))(E(T) - E(s))q-!EACT)As~ Q('c)&'c.

E{s)-E I 'r)Now we making the change of variable r=- r € R and we have dr = ENs)As and whe.1(t) -E ('c) '
s »'r gives r »0 and if s -* t gives r -9 1. Hence we get.

/ 4 f A r / ,\ P- 1

C E(t) - ECT) f
eppICE(t)-3(s))EA(.r) C 1 - 2~~ --l 67 )

Eul(E(s)-ECT)) ..r(ECT) -ECE))p-'.e p (-us)-ECT)) 4-'EACC)Zls~ <M'c)21'c,

0(/7 . q ) P+4- 1 EACC)(Q('C)&'C ,eppp+qr(p)r(q) jai-
1 ft e~(Eft)-ECT)) (3(0 - 3('c))p+q-1 Et('c)(ger)zy[.pp+qrlp + q) J a+

TIPE-P.E (TIff.EQ) (t) =T Iff·E <lr Ipp.EQ) (t) = <T Ip++4·P·EQ) (t)

Lemma 2.1. Let n - 15 13· < n,n -1<p<n with ne N. p E (0.1]. If Q € Co[a. b] then

T TP'V  EQ(£0 - lim Tr/*EQ (t ) - 0 , n - 1515 </1 ( 2 . 3lat 1 ->al

Proof. Considering Q e Co[a. bl, then (E(t) -E(a))00(t) is continuous on [a. bl and there exists A
such that M>0 for which

(E(t) -E(a))00(01< M - ~Q(t)~< |(E(t)-E(a))-0| M (2.4
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where, te [a.b] and M>Oisa constant.
Now applying Ta« on both sides of Eq.(2.4). we getFp.z.e~ (Elt)-E (a))

TIqpEed.2 ( E ( t )- E (a ))*(ol < T Tq .9 3. egpi (E(t)-E(,0)(E(0 - E(a))-0I MCl 1£1+

T Iqp,Eee#1(2(t)-E(a)) 1 A [ r(/1-0) ce.2(Ect)-Eca))(E(t)-E(a))-6~ .61 T Q(t) 1< m Lp/7r(p +n-6)
if p > 0.

M F I- l 11 - 15 ) Ce.2 ( Elt )- E ( a ))( E ( t ) _ E ( a))-0~ » 0 as t »£1 +[ppr(p +n-15)

Lemma 2.2. Let n- 1 < p < n. 6€ (0.1],0 5q E l with n € N and O= p+q(n - p). If Q e CY_.0 [a. bl
then

TIO-PE TA.6.PEQ= T rp·p.E T A P.£+P.EQ and
al- ~ + ia+ Z--1 £ 1 +

TAllp.E TIC:IP·EQ - 'I['Aq(n-p).p.EQ
a u cr

Proof.

TIO.p.E Tzf,pao= T 1-6.p.E (TI-q(n-P).p.E Tzsp·q·p.EQ)
0 -0 67 + -- a+ ( c/+ El - J

-T IP+qln-14.9.2 T I-qln-p).9.2 TAP·q·12.an
£1+ £1+ -0+ 4,

- T Tp.PE Tzy.q.p.E/n~
- 1(14- £14- F.

T60.p.E TIP'P'EQ _ T,an.p.E TIn-0.p.E T IP'P'En
0+ at a -r- £,T *£

= Tzy'.p.E T I,1-£/(n-p).P.Eg
a

- TAq(n--p).p-EQ
a-/-

Lemma 2.3. Let Q e 14 (a. b).If there exists 764,~n-p).P.EQ in 14 (a, b). then

T~p.q.p.E TIP-P.ER = T /V{"-P~·p·E TLJq(n-p).p.EQ
a+ a+ F al a+

Proof.
T~p·q.p.E T Tp.p.En _ T rq('1-p)'p E Tzl#f·E TI/i~P.EQ

a+ i£,+ 9 - la+ (1 Ct l

TIq(n-p).p.E ~TL3np.ET I,5--6.p.E j TIP.P.EQ
a-+ a a JO

_ T I~(/1-p),PE Tzln.p.E TI'i q(,1-p).PEQ
1.- al- a-

- TIq(,1-P),P.E Tnqi_n-p)·p,EQ.
lit <1

Lemma 2.4. Assume n- 1 < p <n for n EN,p E (0.1].0 9 q 5 1 and 15=pt q(/1 - p). If Q e
911_0[a.b]. then TArif·P·E TIL,pip.EQ exists in (a. b] and

TA*.p E Tcf.EQ(t) =Q(t), t€(a,b]·
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Proof.

Tz<f.P.E T.Cy.EQ(t) = ~Trf/?-p).p,E T Lfi,;-P).P EQ~ (t)

- Q (t ) - ~ e~2 (E (0 -2(67)) CE (0 - E (a)) 4(n- p )-k I£94('1-p).p.Ea

k=I pq(n-p)-kE(q(n - p)-kt l)

= Q(t).
Theorem 2.1. Assume n- 1 <p< n forn EN.pe (0.1].0 5,751 and O=pt q(n- p). If Q
En [a.b]. then

k=()

where. 6 -pt q(k -p).

Proof. Let f(t) = Tiji-q)(n-p).p.EQ(t) and (=n-q(n- p),

TAff.P.EQU) = iz24PE,f(t)

= Ttlf,E ~(t) -rep l=(t) - E(a))k T q.p.En-1 2=1(E(t)-E(a)),-
4-0 

pkk! Lia - fE
- Tjjf.E ~r 11-q)(n-p).p.Elt,(t) - 12 pkk!

,1-1 eppi(E(t)-ECa)) (E(t) - E(a))k

k=()

X frAC.P.E ~TIN-q)(n-p).PE ) f(a)}1L £1+
-T£~-4(n--p).p.E TIPP,30(t) .-x, pk~k! -E(£t))ksz<f.EQ(a)-~

k=()

Lemma 2.5. Assume n -1 < p < n for n EN.p€ (0.1].0 IS q 1 1 and 0 -pt 4(12 - p) such thi
n - 1 < 0 < n. If Q € CZ[a. b] and T CL-0 B.EQ E C*E [a, b] then

n 1 22-1(ECt)-ECa))< 1 , 6-k

k=()

Proof.

74/7.E TAff.P.EQ(0 = TI/tp.E <TIqul-P).P.E TAP.q.p.EQ~ (t)
(1+ a+

= T¢p.E Taff~P·EQ(th
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/,l 1
T re P.E TAff,PE©(t) = per(0·) ,~a- el-(ECO-Ecti))(Eft) - E(a))0-'E~(s) TZ<f·EQCS)Zks1- (1+

1 fr 29·(E(t)-E(ct))(E(t)-E{a))0-'Et(s)par(15)./a-
a-+
rn_#,p.E©~ (S) ~ AS

-

== ~ e£#1(2(t)-Ela))(£(t)-E(£1))#--'E~(s) Thlf·=per ( o)  J £1 -r (1

<TjnA-p.E ~TIC~-6.p.E® (s) ~ Zls.

By using integration by parts. we obtain

TIO.P.E TA/'f~PEQ(t)
a. a

1 c£263(t)-Ets))(ECT) -ECS))29-1 flrb,11--1.p E ~T Ir-15.p.EQ~ Ca)~

po-Irco)
1 ~~ e'*-(Ert)-ECs))(E(t) -E()s)0-2Et(.r) Thqi-1.p.E, p0- ir(0 - 1 ) J Q

ft<I-1 PIE OIN"-EQ) (S)~ AS,

If we proceed the above steps (n - 1) times. we get

T j.13.p.E TABP+4 2*20(t)
Cl

1 4 -1
- p~-'~I~(15 - /l) ~~+ 2%-(Ect)-ECS)) (E(t) - E()3)0-CH-1)Ed (s) TUJ~i- ].p.E

<T~Ip.E (T/£70PEO) (s)} zls

n !1221 (Ect)-EC £7 ))(E (t )-E(a)) 6-k .rep {TAYfkp.E (Toop.20) (a)}pa-kr(0-k+1)k=I
n 1 „%1(2(1)-E<an (Ect) - E(a))  13-k=Q(t) - I 06-kroo-k+ 1)'k=11

<T£~n-k.p.E (T 1.1-0.P.EQ~ (61)~ .

2.1 Equivalence relation between the generalized Cauchy problem and the Volterra integral
equation

Let us consider the non-linear E-Hilfer generalized proportional fractional differential equation

Ttlpvp'·-34(0 =Q ~t. 31 (t)..51 ~-~-~~, TEA q >1, b>£120. (2.6)a

111

TI'CO.P.E.:4(t) = Ii,Fil-,FI(Ti). Vi e R, Ti E J (2.7)a
i=1
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where, Q ~t,-51 (t),31 (41) = 0 (4) --*t)
O<p< 1,0 5,151 and Q:JxR)<R-+Risa continuous function. Moreover. we will add e
operator B and the control function u into the problem 2.6-2.7

f Tb~f-p E-4(t ) = Q <t. 21 (t) . 24 <~~ ~ + Bit(t)
(2.tLTI : 6.p.E .*t) = Eml Vi-fl('Ii).a

Now, we have to show that the equivalence relation between the Cauchy problem 2.8 and ti-
Volterra integral equation.

A eppiCE(t)-E(a)) (E(t) - E(a))29-134(0 = pprip)
ill fri

x I 'li / 29-CE(Ti)-E(.s)) (E('ci) - E(s))/,- 1 2,3 (s)(Q <s. 34(s) . 21 <-1 jl j' As C 2.i
i=\ Jal- ~11 / f

1 ~ e p p r EE ( t ) - E c s ) ) ( E ( t ) - E ( s ) ) p -- 1 E A ( s ) Q ~s . 51 ( s ) . 34 < -3- ~ %1 As,| pP~(p) Ja+ ~rl / /
where,

1
A= .

p=·L (E{ Ii)-E(a)) 1 - ' A 6-1'22;Li pie p ( LE[i ) - E (a))

Lemma 2.6. Let 0<p< 1.0 5qf 1,6 =pt q(1 -p) and assume that Q <.,.14(.),57 ~i:i~~ w
Ci_0[a.b] for any 351 € CI_*[a. b] where Q : (a.bl x R x R -» R be a function. If 57 €Clt_d Ia./
then 31 satisfies our proposed problem Eq.(2.6)-Eq.(2.7) if and only if.KI satisfies Eq.(2.9).

Proof. Let us consider .51 € C~-0[a, b] isa solution of our proposed problem Eq.(2.6)-Eq.(2.7).

Now we have to prove that 34 is a solution of (2.9). Now.

~TIP.PET'l~ff.PE-4~ (t) = 31(t) -
 epzp

i

 (Ew)-Ecto)(E(t) - E(a))0-1 (T-10-50 P.E.31) (a),a pe--ir<.10)

which gives,

221(3(11--2(1))CE(t)-3(£1))13-1 (TI£'f~'1 PE.4~ (a)91(t)  -e
p
 pe- Irco)

Cs\\
+ ppr(p ) 417 ) 7

1 ~~ ~ e ~p ~ ( E{r) -3(s) ) (E (t ) - E (s) ) p- 1 Et (s) Q ~s. -11(s), 31 1 - 1 1 A .f . (2.1 (i

Let us take t = Ti and multiplying vi on both sides of (2.10). we get

Pie£~ CE(,ri)-Ecu))(E (Ti) -E (a))0-1/1/24(Ii) = po-Ir(6) (TI1713.p.E-1) (a)

1 Mi (tiet!(ECT,)-E(s)) (E(ti) - E(s))p-' EA (s)Q ~s, 91(.r).-,4 (i-~ ~ AS,
pITU)) Ja+ ( 9 //
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which implies that

Ul 
(TIPO.P.334)(a)

221 (El r,

i~t Mi21(Ti.)  = 
~0_ 111-10) i~;

 .)-E(£7)) -
121ie P (2 ([i ) - E (a)) 13- 1

+ Ppr(p) i=i ·1£/+11M i e .* ( Elti )- ELs )) CE ( Ti ) - £(s)) p - 1 E&(s)Q ~s .-iti (.4 ..yi ~ .~~ 9~ Zts . (2 . 11 )

where ci > a.
Hence by (2.7). we get

TI'-70.p.Est(a) =
/1

/71 4
1 1 22!.czcti)-Ecs)) (E(,Ici) -E(s))/'-12&(s)Q~s.51(.5),-51~~~ As. (2.12)"L Mi 1 e 9

pprlp) i=\ la+

After substituting Eq.(2.12) in Eq.(2.10). we get the required result.
Hence 34(t) satisfies Eq(2.9).
Conversely, suppose that 31 E Clto[a, b] satisfies Eq.(2.9). we have to show that ACT) also satisfies
Eq.(2.6)-Eq.(2.7). Now applying the operator T(Dff-3 on both sides of the equation Eq.(2.9) we get.

T -0·P· i T -0.p,E / A e 91(3(t ) -E (a) ~ (E(t) - E(a)) 6-1

(ppr(p)
/11 '·L

x 1~,01, i ert-(E{ri)-Ecs)) (ECE·) - E = (s)Q ~s,ACs),A (1)) L3,~
i==l J a+

~70#192/ 1 ftee.2(3(t)-Ecx))(2(t) -E(s))p--lE,3(s)0 ~s.  31(s).31 ~·~~~~ 21.5~ . (2.13)a C pprol) Ar
By using the Proposition (1.1), we get

Cs\\Teifp·.331(t) = Eriz)~(1 -p).p.EQ ~b,51(s),51 ~ j~ ~ ~ (t),
a

Since -1 G C{>_0[a.b] and by the definition of weighted space C~_dIa. b] we get Tlfip.EA E Ci _0[a,b]
and by the Eq.(2.13)we get

T 9,1( 1 --P).1).EQ = T 01.p.Elr / 1 -4( 1 -p),p.EQ E Cl - 13.E [a· b]£1 r

And for Q ~s.-51(s),-51 ~1~1~ (t) E Ci-*[a.b] , it gives that
17 J

T 71-4(|-P) PE Q E Cl -6.E[a.bl,

and from the definition of C;1-0.E [a. b]. that
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T It -q< 1 -p),P.EQ E C! -,9,E [a. bl.al-

Now applying the operator T Cf '-p).p E on both sides of Eq.(2.13).we get

T 4~ 1-P).P ET 019.E 31(t ) = T 4% 1 -P).P.ET q*1-p).P E~ <s. -14(S) . 24 ~ ~ ~ ~ (t )

Cs N \ e p221 (EU) -E(S))T I'-J-~~' ~~~*~~EQ(a 1
=Q<s. 51(s).311 -11- (2.14

411// p'/c i -P) -1 r(q(1 - /7))

= g ~s.21(s).31(0)
Hence,

41 -p).p.E 02+P.E.*t) = Q <s. 31(s). 51 li) ) .

Now, we have to prove that Eq.(2.17) holds. To prove the initial condition Eq.(2.17) holds. we hav
to applying the operator I£'--13 pE on the both sides of Eq.(2.91 we get

FIt-15.p.EA(t) = TIl-d.p.E < A cgpl.(E(t)-ECIL)) 1,~,(t) - 'C'/,Cne-1
(-M , .JIC,j/

m f.-ti ·><Evi ~ egpl(ECT,-)-ECs))(E('ci) -E(s))p-'st(s)gis.-*.s).51<-1~1~1 A.5'~
i= 1 J (t C (9//

-k- T Il-d·P·E
a

~ p/'I-~(1,) ~* et»(t)-Els)) (E(t) -E(s))P-- ' EA (s)Q ~s. 31(s).51<-:01 jl zls.~1.
CA) 3 7

And then using Proposition 1.1, we get

Ill fri 221 ( Etri )- -(s ))TIi .- 15 .P .E .54(t ) = Ae P Lpi .1 e P
~,9-lf(O~ ~CE{t)-3(a)) r

a-r ppr(p) i=[ Jai

( E ( 'ri ) - E ( s ) ) p - 1 E t (s) Q ~s, 34 ( s), 31 < -1 ~ ~ As + 7 I 1 -q( 1-p).P,EQ ~s,34(s),51 891 (t).
£1+

(2.15

Since 1-0< 4(1 - p).so taking the limit as t-*a+in the Eq.(2.15). we get

T I 11-6 P.2 31 (a+ )
£l

/S\\po-' r(0) 41 fv (Etri )-ECs) j (Ecri) - 3(s))p-' EA(s)(Q ~s, A(s), A 1-1 1 As. (2.16A Lpi /ppript i=\ Jut
Next. substituting t = Ti and multiply pi on both sides of Eq.(2.9), we get
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A £21(Ecti)-ECa)) ,_, , _, Hl)-1Al ,-4 Cci ) = ppr(p) Pie P ( El 'ci )- 21 £7 ))

m f -Ci o-\ 
AS><12 Pi I e p1- (El,ri)-E(s)) (Ecri) - ECs))p-' ENs)Q ~s, 31(s),21 <·~~·~ ~

i= \ ·ja-

+ pprip) Ja- 4)) AMi (r,eep-(Ecri)-Els)) (ECTi) -E(s))p-' EA(s)Q ~s.91(s)..g ~

which gives that,
111 111 f

~m~Ii ) = AE 'lli <T CP . EQ ~s . 31 (s ). 31 l - ~ ( Ti ) LI-lie p ( Ecci )- E (a))0- 1/4 )) mri==1 i==I i=]
m /

t ~ Mi ~'r /up·P·EQ ~s. ACS). 51 ~~ ~ ~ (Ii·)
i==1

= Evi ~T If..P=(Q ~s, 51 (s) ,31 (1.~~~ Cri) <1 + AIL Pie 112 (ECTi)-EC a ) ) (E (Ti) - E (a) )0- 1~
i=I Crl/ i= 1

Thus,

m pl}-1 r(15) #t /.r'1~Pi-9(Ii.) = A 1 ,£4 / 2%1 ( ECT,)-E(s)) ( ECT,) - E(s) )/'- I ENs)Q ~s. 51(s). jl ~ i- 1 1 As. ( 2.17)ppr(p ) i= i J (/ < 11 //
Hence frot„ Eq.(2.16) and Eq.(2.17).we get

/1T<170.PE-14(a+) = Evi-li(Ii). (2.18)a
i- 1

this completes the proof.

3 Existence of solution

Now in our next theorem. we prove the existence and uniqueness of solution of (2.6)-(2.7) in the
weighted space Cfil.E by the concepts of Krasnoselskii's fixed point theorem.

Theorem 3.1. [12. 16](Krasnoselskii's fixed point theorem) Let B be a non empty bounded closed
convex subset of a Banach space X. Let N.M : 8 -*X be two continuos operators satisfying:

• Nx-+ My € B whenever.r.y € 8.
• N is compact and continuous.
• M is contraction mapping.

then. there exist u e B such thatit = Nli + Mlt.

Let us consider the following hypotheses:
(Hi): Let Q: (a. b] xRxR»Rbeafunction such that Q € C~f-'ig~[a, bl for any 31 € C]t_o,z [a, b].
(H,): There exists a constant k>0 such that

1(Q(t.x.co)-0(t,y,0)15 kl.r-ylle.el, Ve)-meR and t€J.

(HJ): Let us assume that

k¢< 1.
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where.

0 - 13(0-/') <lAiEN,(ECTi) - E(a))P+29-1 + CE(b) - E(a))p~, (3.ppr(p) ~ i= i
and

/.1
13(19. P) = 2-1(1 - OP-'dt, Re(6), Re(p) > 0,

is the Beta function.
(14): Also let

ki< 1,

where,

x = 0(0' P) M

pprip) | Al £Vi (E ( Ti ) - E (a)) P+0- 1 (3 .:
i=1

(Hi): The linear operator Wit : 112(J.R) -0 R is defined by

1 ft e~pl.(E(t)-E(s))
 (E(t) - E(s))p-' ENS) (Bit) (s)As.

pprip) J a+

has bounded invertible operators (Wati)-1, which takes the values in £2(J. R) and there exists
positive constant MW such that || (Wotti)-111 6 Mtv.

Theorem 3.2. Let 0 < p < 1,0 5 4 5 1 and 15 = p + 41 - p). Suppose that the assumptior
(Hi).(Hi)· (H-t) hold. Then the problem (2.6)-(2.7) has at least one solution in the space C~-0[a. bl

Proof. Given that jIX 11/1-0.:[a,b] = sup,GJ~(E(t) -E(a))1-0X(t)~ and choose k 2 MIIXI|c-0,Efa.b
where

m
M = 0<0'P~ <1/\IX,li(E('ci)-E(a))P+0-1 +(E(b)-E(a))/7~ . (3.3ppr(p) C i=i

also consider Bk = <~31 E C[a. bl : 11-141|61-0[a.b] 5 k~ . Thus Vt e [a. b] consider the operators 9 and 9
defined on Bk by

CLK--~) (t) . 1 (/ effil(E(t)-ECA) (ECT) - ECs))p-1 Ed(s)13 ~s. 24(s).31 <2.~ Zls,
pprlpj Ja« < 71 /

0-1C 921) (t) = ppr(p)
A ce.2 (Eft)-Era)) (E(t) - E(a))

m rti n -1
x I>li / + emi-CE(ri)-E(s)) CE(Ti) - E(s))p-1 EA (s)Q <s, 31(s), 21 < 3 %1 j' ts.

i=1 J a
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Stepl. For all A. 31 E Bk, yields
~ (yfA (t) + gA(t)) (E (t) - E (a))1 -,3 ~

< (E(t) -E(a))1-0 ft (E(t) -E(s))p-I (E{x) -E(a))0-'E~(s)- ppr(p)
|Q ~s,31(s).,Cl ~£~~ CE(s) -E(a))0-' ~ Zls

A ~11 (E(t)-E(a))1 -0 <Ii
+ 154 (E(t)-E(s))P-' (3(s)-2(a))0-1

ppr(p) i-1 ppr(p) ./ 6,+

-/Sll
~Q ~s,34(s),A l - 1 1 (Eeri) - E(a))0-1 Zhs

f m
F13(15·P) 1 IA'I>iCE(4)-E(a))P+0-1+ (E(b)--E(a))p~* Iixil Lppr(p) C i==i

5 11XHM

<P<00;

this implies that yi31 + 9121 € Bk·
Step2. We show that M is a contraction. Let 21.-51 E Ci _0[a. b] and t E J then
((721(0 - 331(t)) (E(t) -E(a))1-0

(g ~s,51(s). 31 (-lij -Q ls.3*(s)·3i~·~) ))|zls= ~Ae41(2(t)-E(a)) ILvij'--£/('-p)·p·E /
(1

i=1 <n / f
2.kA m fti

5 ppr(P) £i~BL (ECT) - E(s))p- ~ CE(s) - E(a))0- 1 26 (s) ~31(s)- 3(s) ~ As

F 2kA
13(°,p)EpiCE¢ci) -E(s))"0-1~ Ilk-3ill CI-t}EIa./71- Lppr(p) i=i

~( 6.31(t) - (73¥(t)) (E(t) - E(a))'-1}I Ekzdl .51 - 3illci-0.3[a,b] (3.4)

Hence by (H-t) and Eq.(3.4), we can say M is a contraction.
Step3. Now. we have to verify that the operator N is continuous and compact.
Since the function Q is continuous. so the operator N is also continuous.
Hence, for any .51 e Ci_0[a, b]. we get

13(10 P)
||.*34|| 5 11Xll ' CE(b)-E(a))p< co.ppr(p)

This shows that 71  is uniformly bounded on Bk· Therefore it remains to prove that the operator :H  is
compact. Denoting sup(t.51)6,/)<BA ~Q ~s. 31(s). 37 ~?i~ ~ ~=6<ooand for any a< Ii<52<b,

~(E ('[2) - E (a)) I -0 (gf.51('C2)) + (E (Li)- E (a)) 1-0 (9.l-51 (,cl)) I
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(E(52)-E(a))1-0 /0 2-21(E(rl)-ECS))<-/ 11 ep ( El '[23 - E (s)) P-' ENS) Q ~s . 9(.r). -51 ~ -~- ~ ~ As
ppr(p) ./£,4-

~ (E(Qi ) - 2(a))1-0 Ineep!-(E(ti)-E(s)) (Eccl) -E(s))/'-' Et(s)© ~s,31(s).3i ~:~-~ ~ As~ppr( p) . 1 a.

1 fri F1 (E(T2) - E(a)) 1-0 (E (I,)- E (s))p- 1 (E (Li)- E (a)) 1-0 (E (51) - E (s) )P-1~6 #Pr(p) ,~2 L

x EACs) |((2 ~s.34(s),31 <-s-j ~ As

1 fri
+ *pr(pj .L; (Etri ) - E (a)) 1 -0 ( Etri ) - ECs)) P-' ENs)|Q ~s ,-1 ( s ). 31 (4-)) 1 Zls

~(ECED-E(a))1-6 (9(-14('[2)) + CE(51 )-E(a) )'-0 (ff.51('ri ))~ »0 as '[2 -4 Ti.

As a consequence of Arzela-Ascoli theorem Yf is compact on Bk. Thus, as a result of our propose
problem (2.6)-(2.7) has at least one solution.

4 Uniqueness of solution

Theorem 4.1. Let 0 < p < 1.0 5,15 1 and 16= p + q( 1 - p) . Suppose that the assumptions (/12) -
(H3) hold, then the problem (2.6)-(2.7) has a unique solution in the space 4-0,E [a. b].

Proof. Consider the fractional operator T : Ci -6,3 [a, b] -> Ci _o,E [a, b] defined by:

((TA) (t) = ppr(p)
A (91(Elt)-Ela)) (E(t) -E(a))0-'

x I>i ~19 (3(,Ci)-3(s)) (E(,1[i) -E(s))p-'EA (s)~~~s, 34(S). 34 ~~-~ ~ 2~~s
i=\ Ja+

4 1 ~e*(3(t)-E(s))(E(t) -E(s))p-'E&(s)(Q <S.31(s).51~3~~ As. (4.1ppr(p) A- \ 17 //
1 21=LE(t) 1Clearly the operator T is well defined. Now forany 141 ,212 € Ci_0[a.b]. t€Jand ~e p ~ <

gives
~ ((T,,541 ) (t) - (9512) (t)) (E(t) - E (a))1-*I
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iii I

- ppr(p) i.=i '/cr
CE(0 -E(a)) 1 - 0 ~·t Cs\\ /

+ /_(E(t)-ECs))p-l E-1(s)~Q<5:591(s).Al| - 1 1 -Qls.312(3)..94 <·Irjlts
Fulpj .ht ( n // 1

k A / m /.TI
< - 1 Evi / C E( 'ri) - E( .5.))p-- NE{ .9) -- E Ca) )1~- 1 E-a CS)As~ T|.Al - 12 ||C'-6.*.b]- p/,r(p) 4.= i J'r
~k-62(0 -E(£02 -0 q CE(t)-E(x))/'-' CE(s)-E(a))1 -62.-1(s)~ 1|At- 2421|C_o.E[a.bl ·Pl>RP, C L

kA m
< - 13( 6. p) 12 vi ( E(Ii) - E (s) )p+0- 1 11-341 - 12 llc! -6.33 Iti.b]- pl'U<P) i=1

~ k (E(b)-E(a))P ".P)11511 -,5121'Ci-6,z[a.b]·ppr(p)

Hence.
E j'TAI - '1-312 1 1 ct -O.3 [i'·b]

k C in
5 pir--p Co. p) < IA Irvi (E (Ii)-E (S) )p+0-1+(E (b)- E (a))p~ 11 311 -3*2|Ici -6,z [a.bl

i=l

11'1911 - '1142||c_o:[a,b] 5 k¢11-§4 -312||Ci-6.cia.bl · (4.2)

Thus. from (HU and (4.2). 9- is a contraction map. Hence by the theorem. our proposed problem (2.6)-(2.7) has a unique
solution.

5 Controllability

In this part, we investigate the controllability of our proposed problem.

Definition 5.1. Suppose that for any given initial state 310 and any given final state 31. there exists a
piecewise right-dense continuous function u E £2(J. U) such that the solution A of satisfies 24(t) = 31
then we can say that is controllable on J.

Definition 5.2. A function A e C( J. R) is a solution of system if and only if this function is a solution
of the following integral equation

A eppiCE(t)-E(a))(Ettj -E('y))~-1pprcp)
~-' 1 }1 r '% 29· EECT,)- ECs)) ( E ('ci ) - E (s )) P -' ra c /21(t) = < x Li-1 jui.Ja - is)0 <s. LACs).21<4~ + (Bit)(s)~ As

Blt) (s)) As(2(1 ) - E CS))p-| 28 CS)(Q ~.9. SACS).31 ~ 4-~ + C

(5.1)
where,

1
A= ,

p °- 1 r( ·6) - 62;11 vi e p p ~ c E ( Ii ) -E w ) ) ( E ( 52 ) - E ( a) ) 0- 1

te [a, t] =JC T.
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Lemma 5.1. Suppose that the assumptions (Hi ) - (H5) are satisfied and 21(to) be an arbitrary poir
Then the solution 34(t) of a system (2.6)-(2.7) on [a,t] is defined by the control function

t,(t) = CH/ox)-1 ~211 - ~pr~ 0-1A 6,%1(2(0-ECO)) (3(0 -E(a))

Cs\\x~kii / ep(E(ti)-3(s))(2(Ii) -3(s))p-'EZN©(Q ~s..4(s).311 - )~ As
2-1 Ja+ \21 f

' ppI~(p),jrze£#1(E(t)-ECS)) (E(t) - ECs))P-' Ed(s)<~s.34(.s).34 ~~~~ As-~ .

t e [to . to + a]. The control function u (t ) has an estimateliu ( t ) liE Mo with

221(E (t)-E (to))/\e P
Mo= 13¥11 + (E(t) -E(to)) 15-1

u ppr(p)
ep+ , 62(0 - E(to))P.ppr(p + 1)

Proof. Consider the solution 31(t) of system on t E [a.t] c T defined by Eq.(5.1 ). Then

51(t) = ppr(p)
A ,%1(Eit)-Sta))(E(t)-E(a)f '

ft i px E vi / e--p !-(ECT<·)-E(s)) (E('ri) - E(s))p-1 E-1(s)Q <s. 24(s). 31 ~~1~ + (Bu) (s)~ As
i= i J Crr

1 rt eepl.CE(t)-ECA) (E(t) - E(.Y))p-I Et(.9)0 ~S.-4(3).51 ~-~2~ + (Blt) (.r)~ As

A £21(3(t)-E(a)) (E(t)-E(a)) 0- 1Cpppr(p)
'll r Cs\)x ~li ~'eppiCE(·ci)-E(s)) (ECTi)-E(s))P-' EA(s)(Q ~s,31(s),371 1 -1 1 As

i=\ Jae-
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A ent (E(t)- E (a)) (ECT) -E(a))29-1. CP
p/'r(p)
m r.c i p \

XEM, i. ep-(ECTi)-Els))(Etri)-E(s))p-'Et(s)8(Wa)-1
i=\ la-

fi-1 (E(t ) - E(a) ) (E (t)-E(a))0- 1
ppr(p)

i=\ ·4+
CE(t)-E(s)) , 1 P-' 36(s)Q ~s. 31(s).241 -11 6,6~ As

Cs\\ 1
ep (Elt) -E (s))

ppript Ja"

~ 1 (t e~(E(t)-2(s))(ECO -E(s))l,-1 Eil(s)Q ~s.51(.5) ..4 ~i~1~IAs
pprlp) .jat \17/7ft ef~ ( ECT)-E (s)) ( E ( t ) - E (s ))p- 1 Ei (s ) B ( Wo<)-'
Prf(p) .la-*

A c~(EU)-E(al)(E(t)- E(a))0-1It  - ppr(p)
0 23 ( Ecci )-E ( s )) ( Ecti ) - 3 (s)) D-- 1 36 (s)(Q ~s , 21 ( s), A ( i) ) LicX LA ep

i=\ J Ct.

' ppr(p) JE,+1 ~ret-fiE(t)-E(s))(E(t) -E(s))p- 1 38(s)Q <s. 31(s), A <~2~ ~ 6.6~

- A ce/(E(t)-5(a)) CE(t) - 2(a))
0-1

ppr(p)
Ill fri o i

x X Vi / e--p-(Ecti)-EM)) CE(Ii) - 2(s))p-' E~(s)Q ~s..4(s). 31 ~-~1~ ~ As
i=l ./al·

(ECT)-Ecs)) CE(t) - E(s))/'-1 Elts)Q <5. 31(s), 51 ~-1-~ ~ AsPprlp) Ja« < 11 //
+ W(ot)(Wow)-1 ~211 - ~p~A<~1~ c942(0--ECa)) (E(t) -E(a))0-1

m r

i=_\ Jat

b 1 f~ 2%1(E(t)-E(s)) CEW) - E(s))p-i Et(s)Q ~s...tl.(s).24 ( ··-)) AS~pprip) .L.- Cliff J
= 341.

Now .we find the control estimate as follows
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~t'(01= ~(Wa)-1 ~i - A £79(Ect)-Eca))(E(t) -E(a))0-1
ppr(p)

m fri 221(Elri)-Ecs)) (El'Ii) - -x111-4 j e p : (sjjp-- J =a f fs \\

i= 1 ·la+

- ( s ) Q < .r . 31 { .r ). 21 E - 4 .9
<11

Cs\\6 1 ( t £ ~1 ( E C t ) - E (s) ) C E ( t ) - E ( s ) ) p- 1 E a ( .s) (Q ~ s . 31 ( s ) . 31 < 4 1 1 As.~ ~pprlpj J 0+
5 1(1/Va)-11 ~1.3111 - lAi el-1.(Ect)-E(£1)) (E(0 -E(a))~-1ppr(p)
x £,4· ~~ eep!(Ecri)-E(s) ) CE(Ti) - E(s))p-' Es (s) ~(Q ~s.57(s).31 <-1~ h~ as

i= I .1 0+ \11//
1 /4 -10 j err{E(t)-ECs))(E(t) -E(s))p--'ENs) Q~.f.-4(s).31<-:01~1 6.F~pprlp) Jw 411 //

enl-(=(r)-E<to))Ae p<(Wa)-1 (15911+ ppr(p)
 (E(t)-E(to))0-1

e=.!  (E (2 1 -E (to))e p
1 ppr(p + 1) (E(t) - E(4,))/7/~

S M~.

The proof is complete.

Theorem 5.1. Suppose that the hypotheses (Hi ) - (Hi) hold. then the controllable on J provided

e £F- (E(tota) -E(to)) (E(to ta)-E(to)) 1-q(I-p)

M ( 5 . Ip/'r(p + 1)
Proof. Consider the subset DES C Ci _0.3(J. R) as follows

DE.6 - <~x € Cl-15.E(J,R) : 11,11£-0.- 5 6~~ e

Now define the operator K : DE,6 + DE.6 as

A E-=1(3(t)-E(a)) ,- 5-1A-31(t) = ppr(p) Cp l =( t ) - E ( a ))

m t.'Ci. En.LCE(ri)-ECS)) /-/ ~s; RES), 51 ~:~ + (Bit) (s)~ LlsX rpi / e p (2(Ii) - E(s))P-1 ELJCS)(Q
i = \ ·1 ~t#

1 M 221(E(t)-Eis)) ,·r, .eppprlp) .Ici+ l- 1 - E(s))/'-~ ENs)Q ~.r. -51(s),21 ~·~·~ + (Bit) (s)~ zls.

The operator K is well defined and the fixed points of K are solutions of Eq.(2.8) . Indeed x E DE
is a solution of Eq.(2.8) if and only if, it is a solution of the operator equation x = Kx. Hence th
existence of a solution of Eq.(2.8) is equivalent to determine a positive constant 6 such that K ha
fixed point on DE.6· Consider the operators Ki. 4 defined on DE.6 by
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Ki 24 (t) = A „~CE(t)-E(al) (E(t) - ECa))15-1

m fri E.El(ECT,)-E(S))XEMi / e p ( E ( Ii ) - ECS)) p- I EL (s ) ( Blt ) (s ) Zks
i=\ J a-

1 rt 221(3(0 -E{SY) (E(t) - E(s))  /7-1 Ed(s) (Bu) (s)As,ep
Pprlp) .~1+

and

A C!12(ECt)-E(a)) (Ect)-E(a)) 0-1K2.11(t) =

m cri p i
x 1>i / + e--i--CE(ri)-E(s)) (ECTi) - ECs))P-1 36 (s)Q ~s. 31(s). 24 <1 1 jl A.Y.

i=/ J a Cliff
~ 1 ~t eep!(ECt)-3(s)) (E(t) -E(s))p-'Ea(.r)Q ~s.21(.r).31 1 -11 1 As.pprip) .~+ ( 77 7 /

Step 1: The operator Ki maps DE,6 into itself, it follows from Lemma 5.3 that.
|RE (t)-E(to)) 1 -0 (Ki 31)(t )11

- ~ A (E(t~--~_E~4))) 1 -0 22=1(ECT)-Eca)) (E(t) - £(ct))0- 1

Ill Pri r.-1

x ~Vi / er-r<Ecri)-ECS)) CE(Ti) - E(s))p-' EA (s) (Bu) (s) As
i=\ J a+

- 1 f' e*-LE(t)-ECs)) C.E(t) -E(s))p-LENs)(Bit) (.,·)2~

~ A (E(t)- E(tc,)) 1 -1~ ce~1(EU)-E(a)) (E (t)- E (a))0-'ppr(p)
m pri P \

i =\ J a
~2 221(3(1)-ECs)) (E(t) - E(s))p- ' ENs) 1IBIJ 11(ti) (S) 11 AS= eppprip) . j'i

5 8
Thus Ki maps DE,6 into itself.
Step 2: The operator K, is continuous. Let {-R„} be a sequence in DE.6 satisfying 34 -9 31 as n -4 00.
Then,
|| (E (t) - E (to)) 1-6 ((K~.1,; ) (t) - (Ki-51)(t))llc



l 252 S.Manikandan. S. Sivasundaram, D. Vivek. K. Kanagarajan

A(Eft) -E(to)) 1-0
221(E (13 -EW))

CP (E(t) -E(a)) 15-1

ppr(p)
'11 F ti eLIC E (r ,)- ECS ))x ~ Vi / e p (E (Ti)- E (s))p-' EL (s)

i=\ J at
Cs\\ C

|Q~s. -Rds).ail - -Q s.24(s).31~-~-~~|| As

/4 221(2(0-Ets))ep CE(t) - E(s))p-1 ENS)pprlf)) · lat

5 ||Q (.r. 4(s).-Rn ~~~ -Q ~s. -ACs), fA ~~9~~ ||c

(E(0 - E(a))'-4(1-P)
p/'r(p +1)

By the Lebesgue dominated convergence theorem, we know that 11 ((K231,1 )(t) - (KiA)(t)) llc -
0 as n -4 00. Hence & is continuous.
Step 3: Now we show that K2(DE.6)· We prove this by contradiction. suppose that there exists
function G(.) e DE.6 such that 1|Ki-51|Ic > 6.

6 < A c9-(ECt)-ECa))- ppr-(p)

~ (E (t ) - E( a ) ) 1 -0 ,~ e fff (E{, )-E(s)) (E (t ) - E (s) ) p- 1 Ez~s)(Q <s. G(s) . G < -1 ~ '~1 Z~s
p pr Cpj a.

1 4 C,%-1 (E (t)-E(a))
ppr(p)
m rt, p- 1

x I>i / + e.-3--CE(Ti)-ECs)) (E(Ii) - E(s))P-1 E' (s)0 ~s. G(s). G <-~l~ ~ ds
i=\ Ja

~(E(t)-E(a))'-0 /4 21(ECt)-E(s))1 ep  ( E ( t ) - E ( s)) p- 1 E'(s ) Q ~s , G(s). G <-1 %1 ~ dsppr(p)
A 221(E(t)-3(a))< CPppr(p)

M rti p \x E fi / + e --p - (Ecti)-3(s)) (ECTi) - E(.5))p-' E'(.<)© <s. G(s), G < ·1~ %1 ds
1-1 Ja

+ M (ECT) - E (a)) 1-q('-p) s
ppr(p + 1)

Dividing both sides by 6 and taking the limit as K -9 00 we get

/w(ECt)-E(a))1-4(1-p~ 21,

ppr(p +1)
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which contradicts Eq.(5.2) This shows that Ki(DE 6) C DEB·
Step 4: Now we have to show that K,(DE,6) is equicontinuous and bounded. From step 3. it is clear
that K,(DE 6) is bounded.
(E(to)-E(a)) 1-0 (Ab).51(72) - (E (ti)- E (a))1 -0(Ki) 34(ti)||

- ~| (3(12) -E(£7))1 -0 ft/ e*(Ect)-Ecs)) (£(t) - Ets))/'-1 Ed(%)0 ~s.-51(s). 31 (1) ) Asppr ( p ) Ja \BJ 7
(E(ti) - E(£7))1-0 /' egi·~CE(t)-E(.s)) (E(t) - E(.5.))P--i EZN.f)Q ~s. 31(.s). 5Z ~~~~-~ ~ As~~ppr(P) J a-

< (E(to - E(a))'-1 - (E(ti) -Efa)) 1-0 /.~ e~ (Ect)-E(4)) CE(t) - E(s))p-| 38(5)ppr (p ) J £1+
Cs\\Q ~s.51(s),311 - 9 zls~~
CrIf

_~_~|(E(ti)--E(a))'-0 rt ,

J,1 + C '11
~ efim-E(s)) (E(o) - E(s))p-' En(s)Q ~s.31(s). 31 < -1~ ~ As I

~ ~{E(tj) - E(a)) 1-0 rt . 1
ppr(p) Ja-

29-(ECt)-Ecs)) (3(12) - ECs))/'-'En (s)0 ~s. 34(s).31 1 --~ ~ A.r~~

5 (E(t,) - E(a) )/'- 1 - (E(ti ) - E(£7)) 1 -0 Al ~~t egf  (EN)-E(s)) (E(t) - E(s))P- 1 E' (s)ds
pprip) J Cl +

(E ( ti ) - E (a )) 1 -# 11 1~t (ff ( Ect )- Ecs )) CE (ti ) - 2 ( s )) p- 1 E'(s ) dspprlp) j a-
CE(ti)-E(a))1 -# 7+ M ~-eppicE(t)-ECS)) CE@2) -E(s))p-1 E'(s)£isppr( p ) JU

(E(4)-E(a))1-15(K2)31(h)-(E(ti)-E(a))'-0(Ki)34(ti)|| -4 0 as 8 -44

It follows that ||K221 - Ki.,Ic -40 ast2 -» tl. Hence. K2 (DE.6) isequicontinuous.
As a consequence of Steps 2-4, together with the Arzela-Ascoli theorem, one has that Ki is compact.
We conclude that K = Ki + K,is continuous and takes bounded sets into bounded sets. Also. one
can verify the validity of X,(Ah (DE.6)) =0 since (Ki (DE.6)) is relatively compact. It follows front the
inclusion (Ki (DE.6)) c (DE.6) and the equality X(K€DE 6)) - 0 that

1(K(DE.6 )) 5 1(Ki (DE.6 )) + 1(K- (DE.6 )) 5 X,(DE.6 ),

for every bounded set (DE.6) of Ci -6.E (1· R) with X.(DE.6) > 0· Since K(DE.6) C DE.6 for convex.
closed and bounded set (DE.6) of Ci-0.2(J. R). all conditions of the Sadovskii fixed point theorem
are satisfied and we conclude that the operator K has a fixed point x e (DE.6) that is a solution of (2.8)
with 31(t) = -94. Therefore the proposed problem (2.8) is controllable on J.

6 An example

Let us consider the Ambartsumian equation with generalized Hilfer PFD on timescale as
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(6.
1-13.3,-c,+ ' -31(0) = 531 (~) + 0-4 (~)

Now comparing Equation (6.1) with our proposed problem (2.8), we get
P==4, q==4, P==i. 0-4, a.0. b.1, vi==5. A/2- V~jasm==2, Ii== 52,T:z
4 6 0.1]
Also,Q : [0.1]xRxR -+ R. isa function defined by

Q ~451(t),A (t~) =-+-124(t)I+311 1-1, t€[0,11.t+3 1 /?t \
7 80 (3/

Clearly. Q is continuous function and

1|(Q <t·211(t),341 (L~ ~ -(G ~t. 31*th-·+ (1-) )  < - I 3?i - 312| ·Cn//1-80
Hence the hypotheses (Hi). (H2) hold with k = 4.
Now choose E(t) = 12 + 1, then it implies that E(t) is positive increasing and continuous in [0.11.
Next substituting the values that we mentioned above in IAI

1
/3 1,1

-0.1.
(*)7 'r@) - (5£(4) (6)(3-1) + Oe{ 2) (A)(9-17 j

and

0- 391, {~A~ (5 ~1~ ~V~ ~~~~ +1~ -2.04.(3) (37
This implies that k¢ < 1. which is (H))

Further more X = 0.46 and k <1, which means that the assumption (Hzl) is also satisfied. Sc
defined problem has at least one solution and hence is unique on J.

1-q(1-p)
M . -Al(-5.102171888)

ppr(p + 1)
< 1.

Hence our proposed problem is controllable on J.
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