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1 Introduction

Many real-world phenomena, such as stock prices, heat conduction in materials with
memory, and population growth model, are affected by random influences or noise in re-
cent decades, necessitating the inclusion of randomness into mathematical descriptions
of the phenomena. Stochastic differential equations (SDEs) emerge as a powerful tool for
describing and analyzing such phenomena. The theory of SDEs can be successfully ap-
plied to a wide range of interesting areas, including economics, epidemiology, chemistry,
mechanics, and finance. For more details on SDEs, we refer to [1-6]. SDEs driven by frac-
tional Brownian motion (fBm) can be used to describe noise in a variety of fields, including
financial mathematics, hydrology, medicine, and telecommunication networks. However,
sometimes the Gaussianity is not realistic for the model. The Rosenblatt process is a non-
Gaussian process with notable properties such as increment stationary, long-range depen-
dence, and self-similarity. As a result, a new class of SDEs driven by the Rosenblatt process
appears to be of interest; see [7-10].

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The

images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13663-023-00744-z
https://crossmark.crossref.org/dialog/?doi=10.1186/s13663-023-00744-z&domain=pdf
mailto:juanjose.nieto.roig@usc.es
http://creativecommons.org/licenses/by/4.0/

Kasinathan et al. Fixed Point Theory Algorithms Sci Eng (2023) 2023:7 Page 2 of 23

Furthermore, many physical problems are classified in the literature by abrupt changes
in their states. These abrupt changes are referred to as impulsive effects in the system.
Many physical problems can be modeled using impulsive differential equations. In many
fields of applied research, such as physics, engineering, economics, and medicine, impul-
sive differential equations have been proved to be extremely useful. The impulsive system
is divided into two categories based on the length of the impulsive acts:

(i) The instantaneous impulsive system, in which the length of these sudden changes is
small in comparison to the entire evolution process. For example, heart pulsates,
natural disasters and shocks, etc.

(ii) The noninstantaneous impulsive system, in which the length of these abrupt

changes continues over a very finite time interval.

For example, a very well-known application of noninstantaneous impulses is the intro-
duction of insulin into the bloodstream, which is an abrupt change, and the consequent
absorption is a gradual process as it remains active over a finite time interval. Many authors
have recently looked into noninstantaneous impulsive differential equations [11-16].

Many fundamental control theory problems, such as stability, pole assignment, and op-
timal control, can be solved under the assumption that the system is controllable. The
ability of a system to move around in its entire configuration space with only a few per-
missible actions is referred to as controllability. Real-world applications of controllability
include predator—prey systems, blood sugar levels, rocket launching issues, missiles, an-
timissile issues, etc. Exact controllability [17-19] and approximate controllability [20—24]
are well-developed control ideas associated with control systems. Kalman [25] introduced
the work on exact controllability.

Moreover, Naito [26] established approximate controllability results for the semilinear
system by using the Schauder fixed point theorem. Many authors have been demonstrated
controllability results for SDEs with impulses [27—33]. Huan [34] investigated the control-
lability of impulsive stochastic integrodifferential equations with infinite delay. Yan and Jia
[35] investigated the controllability of a class of impulsive stochastic integrodifferential in-
clusions with state-dependent delay. Furthermore, asymptotic behavior of mild solutions
and controllability results on noninstantaneous impulsive SIDEs driven by mixed fBm are
uncommon in the literature, which motivates the research presented in this paper.

Motivated by the above facts, we consider the following noninstantaneous impulsive
neutral SIDEs with infinite delay:

t
d[l?(t) +¢(t, 19{)] = 4&7[19({) +¢(t, 1%)] dt + / Ot - s)[z?(s) +(s, ﬂs)ds] dt
0

+ Ut P dt+ g(t, D) do(t) + o () dZor (1), te U(Sk: teal, (1.1)
k=0
90 = AL (t)), tel Jtosd
k=1
9(0) = € B,
where 9 (-) takes values in 2~ with the inner product (-,-) and norm | - ||, o/ is the gen-

erator of an analytic semigroup {S()}izoon Z,and O=sp=tg <ty <s1<tp<---<t, <
Sm < tme1 = b <00, J =[0,b]; for each t > 0, &7 is a closed linear operator with dense
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domain Z(<7) independent of ¢, and for 0 <s < t, ©(t — s) is a closed linear operator
with domain 2(0) D Z(&/). The function (¢, ¥(t,)) represents the noninstantaneous
impulses in the intervals (t,sk], i = 1,2,...,m. The time history 9 : (—00,0] — 2~ given
by 9¢(0) = ¥(t + 0) belongs to the abstract space Z defined axiomatically. Let E; be a
real separable Hilbert space containing the Wiener process {w(t)}i=o. In the real separa-
ble space Ey, Z» = {Z»(t)}i=0 is a Rosenblatt process with Hurst index 7 € (1/2, 1),
provided that w and %, are independent. The maps ¢ : J X B — X, 1: T x B — X,
9:J x B—>1L3E;, 2),0:T > L3Ey, Z), and S : (b, sx] x B — 2 satisfy certain
conditions that are specified later.

The main contributions of our work are summarized as follows:

e a class of stochastic integrodifferential noninstantaneous impulsive systems with state-
dependent delay (1.1) is formulated;

e the existence and uniqueness of mild solution of the aforementioned system is in-
vestigated using stochastic analysis theory, fixed point technique, and resolvent operator
theory;

e the exponential stability and controllability results of the mild solution of (1.1) with
state-dependent delay;

e an example to depict the results obtained.

The outline of this paper is as follows. In Sect. 2, we presnet certain prominent pre-
liminary results needed to establish the findings of the study. In Sect. 3, we investigate
the existence and uniqueness of mild solutions for the aforementioned system (1.1). In
Sects. 4 and 5, we establish the asymptotic behavior and controllability results of system

(1.1), respectively. In Sect. 6, we provide an illustration on how to use our findings.

2 Preliminaries
2.1 Stochastic integration
Let L(E;, Z7) be the space of all bounded linear operators from E; to 2, i =1, 2.

2.1.1 Wiener process

Let (2, F, Fi=0,P) be a complete probability space, where Fi,t € 7, is a family of right-
continuous increasing o -algebras with F; C F. Let Q; € L(E;, E;) be two operators de-
fined by Qie’l: = )Jle/l with finite traces tr(Q:) = 3%, )\’Lj < 00, where ei:,j > 1, is a complete or-
thonormal basis in E;, and {A’i},zl are nonnegative real numbers. We define an E;-valued

Brownian motion w(t) as

o®) =) M B0,

j=1

where g;(t) are real independent Brownian motions.
Let ¢; € L(E1, Z7) and define

00 1/2
lnlly = |:Z\/)»]1¢1ejl:| :
j=1
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If ||y ||L% < 00, then ¢ is called Q;-Hilbert-Schmidt operator. Denote by LL3(E;, 27) the
real separable Hilbert space of all Q-Hilbert—Schmidt operators with inner product

(¢1,P2)1 Z ¢16’1,¢2€/
j=1

We introduce the space PC(Z") of all F;-adapted measurable 2" -valued stochastic pro-
cesses {¥(t) : t € [0,b]} > ¥ is continuous at t # t;, ¥(t;) = 9(t7) and ¥ (t]) exist for all
k=1,2,...,m, provided that

1/2
191re = ( sup E[20]%)
<t<

We suppose that the phase space is axiomatically defined and assume, as proposed by Hale
and Kato [36], that (4, || - || %) is a seminormed linear space of Fy-measurable functions
mapping (—00,0] into .2, fulfilling the following fundamental axioms:
(A1) If 9 : (—00,& + b] > 27, b >0, is such that #|[g,& + b] € C([¢,¢ + b], Z) and
¥, € A, then for every t € [g, ¢ + b], the following conditions hold:
(i) ¥¢isin %;
(i) 1@ 2 < 7*|9¢|l %, where ¥* > 0 is a constant.
(i) 19ellz < pi(t—e)sup{llF(s)ll 2 : & < s <t} + pa(t — &)[|% |l 3, where #* >0 is
a constant; 1, o : [0, +00) — [1,+00), t is locally bounded, and p; is
continuous with #*, 1, uo independent of 9 (-).
(A2) For v(-), the map t — o is continuous from [e, ¢ + b] into A.
(A3) The space £ is complete.

2.1.2 Rosenblatt process
Let Q, € L(E,, Ey) represent a nonnegative self-adjoint operator. Let L3 = L2(QY2E,, 27)
denote the separable Hilbert space of all Hilbert—Schmidt operators from Q'2E, into 2/,
equipped with the norm

anZH@QWH—M@Q%)

The Wiener—It6 multiple integral of order k with respect to standard Brownian motion
B =B(1), teR,is given by

t/ k
= p(A,K) /R ) /0 (]_[(s—tj);“”*“-”)/k)) dsdB(t1)... dB(t), (2.1)
j=1

where a, = max(a,0), and the normalizing constant p(.7, k) ensures IE(.Q‘;I}(l))2 =1.The
process (2 J}},(t))tzo is called the Hermite process.
« For k=1, process (2.1) is the fractional Brownian motion with Hurst parameter
e (1/2,1).
« For k=2, the process given by (2.1) is called the Rosenblatt process, and it is not a

Gaussian process.
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Let {Z 5 (t) : t > 0} represent a one-dimensional Rosenblatt process with Hurst constant
FC € (1/2,1). Now the Rosenblatt process with parameter .5¢ > 1/2 can be written as

) CLYOY 0K, 0K
L) = p() fo /0 ( /H 2 (t,tl)T(t,tz)dt)dﬁ(mdﬂ(tz), 22)

where 8 is a Wiener process, and K (4, s) is given by

_ t _ -
mt%dsl/Z #fs ( _S)% 32, 112 4o fort>s,

fort<s,

I(?f’(t) S) =

QA1 . . .
where m_» = [m]m, B(:,-) is the beta function, p(%) = 1 23&;—1 is a nor-

malizing constant, and .7 = @ The covariance of Rosenblatt process 2 (t) is

E(Zw (t), Z () = %(SW + 27—t s*7).

Consider the E;-valued stochastic process Z;(t) by the series

Zo®) =Y 5(1)Q%e,  t>0,

j=1

where (1) is a sequence of mutually independent two-sided one-dimensional Rosenblatt
processes on (€2, F,P). Let Q € L(E;, E;) be the operator defined by Qe/2 = A’zeé with finite
trace tr(Q) = Zjofl )»"2, where )»é >0forallj=1,2,...,and {61l2 :j=1,2,...} is a complete
orthonormal basis in E;. Let 2, (t) be the E;-valued Rosenblatt process with covariance
Q defined as

P () = Zo(H) = Y\ 4ht5(0)é).
j=1

Before announcing the following definition, let us clarify some facts about Rosenblatt pro-
cesses. Define the linear operator K7, from £ to L2([0, b]) by

b

(K3 (L t) = / f(t)%(t, tr, ) dt, (2.3)

t1Vviy ot

where £ is the set of step functions on [0, T] of the form

n-1
f= Z ailg,g,,  t€[0,0],
i=0

and K is the kernel of Rosenblatt process in representation (2.2),

b K AK

Kt t1,t2) = 1jo,¢ (’q)l[o,t](fz)f —— ) —— (L t)dt
vt ot ot

The operator K7, is an isometry between £ and L2([0, T1), which can be extended to the
Hilbert space Z .
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Definition 2.1 ([6]) Let ¥ : 7 — L3(Q"Ey, ) be such that 3., K3, (¥ Q"2,) ;2 <
00. Then for t > 0, its stochastic integral with respect to the Rosenblatt process is defined

as

t 00t ,
[ v9azr0 -3 [ vo g
0 i Jo

:Z/o /o (K (¥ Q26))) (11, 1) dB(t1) B (ta).
j=1

Lemma 2.1 ([7]) Let ¥ : J — L4(QY%E,, Z°) be such that p ||1ﬁQ1/2e/é||L1/L#(J,%) <
00. Then for any a,b € J with b > a, we have

b
E‘ / V(S dZp(s)

2 % b ,
<moeo-aP 1Y [ Qe s
j=1 7
If, in addition, 3, 1 QY2€, || uniformly converges for t € ], then

b 2 b 9
E‘ | v69dZe )] <mato-a? [uol;ds (2.4)

Lemma 2.2 ([6]) If.Z : J — L3(Ey, Z) satisfies foh ||f/"(s)||]i2 ds < 00, then (2.4) is a well-
2

defined X -valued random variable, and

t 2 t
]EH / F()d L w(s)| <2502 / ||y(s)||i% ds.
0 0

Remark 2.1 The Rosenblatt process is a generalized one. The Rosenblatt process is impor-
tant, because it is a “Hermite process’, which is the limit of normalized sums of long-range
dependent random variables. However, a number of integral representations clarify the
nature of the Rosenblatt process and will be described further. The Rosenblatt processes
include
(i) The time;
(i) Spectral;
(iii) Finite time interval, to construct stochastic integrals in which Rosenblatt processes
appear as the integrators by means of Malliavin calculus.

This is also a wavelet representation due to Vladas Pipiras, which extends the wavelet rep-
resentation of fractional Brownian motion to the Rosenblatt process. The Rosenblatt pro-
cess admits a version with Holder-continuous sample paths up to order % <H< 1. How-
ever, unlike the family of fractional Brownian motions, the family of Rosenblatt processes
is not Gaussian. Furthermore, by appealing to a relationship between forward integrals,
Skorokhod integrals, and Ito-type formula for functionals of a Rosenblatt process is given
under some general applications. A detailed history, construction, and many properties of

Rosenblatt processes are given in [7].
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Lemma 2.3 ([6]) For any p > 1 and arbitrary Ly(K, 7)-valued predictable process G(-),

2p
sup E
s€[0,t]

/S GW)dw(v)
0

p t 2p\1/p P
< (p(2p-1)) ( fo (5|60 ds), (=0,

In particular, for p = 1, we have supy.o ; Ell [3 G(v) dw(v)||* < fOtIEIIG(S)lli1 ds.
2

Lemma 2.4 (Bochner’s theorem [37]) A measurable functionV : J — 2 is Bochner in-
tegrable if ||V is Lebesgue integrable.

2.2 Integrodifferential resolvent operator
In this part, we recall some basic results about the resolvent operators for the following

integrodifferential equation:

9'(t) = 0) + [ K(t—s)9(s)ds for t>0,
9(0) = v € Y,

(2.5)

where & and K(t) are closed linear operators on a Banach space Y.

Let X; and Y be two Banach spaces. By £(X;,Y) we denote the space of all bounded
linear operators from X; to Y. To simplify, we write £(X;) when X; =Y. Let X; be the
Banach space Z(47) equipped with the graph norm given by ||#x, = |« + |9 for
9 € Xj. The notation C(R*, X;) stands for the space of all continuous functions from R*

into X;.

Definition 2.2 ([38]) A bounded linear operator-valued function Z(t) € L(Y), t > 0, is
called the resolvent operator for system (2.5) if it satisfies the following conditions:
(i) Z(0)=1,and || Z(t)|zcv) < Me"* for some constants M and y;
(ii) Forall 9 €Y, Z(¢) is strongly continuous for t > 0;
(iii) For ¢ € X1, Z(-)9 € C'(R,,Y) NC(R,,X;), and

t
X' )0 = A R(t)Y +/ K(t —s)Z(s)0 ds
0
t
:%(t)%ﬁ+/ RZ(t-s)K(s)dds, t>0.
0

In what follows, we suppose the following assumptions.

(R1) .o is the infinitesimal generator of a Cy-semigroup {&(t)}>o.

(R2) For all t> 0, K(t) is a continuous linear operator from (X, | - [Ix,) into (Y, || - [Iy).
Moreover, there exists an integrable function p : R, — R, such that for any
y € Xy, t— K(£)y belongs to WH(R,,Y), and

d
N—Kwy fuﬁmw&ﬁﬂye&amuzo}
dt ¥

Theorem 2.1 ([38]) If hypotheses (R1) and (R2) are fulfilled, then equation (2.5) has a
unique resolvent operator (% (t))i>o-
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Remark 2.2 From this definition we deduce that 9 (t) € Z(&) and the function s — K(t —
5)U(s) is integrable for all t > 0 and s > 0.

Lemma 2.5 ([38]) Let assumptions (R1) and (R2) be satisfied. The resolvent operator
(Z ()10 is compact for t > 0 if and only if the Cy-semigroup (S(t)) 0 is compact for t > 0.

2.3 Mild solution
Definition 2.3 An Fi-adapted stochastic process ¥ : J — 2" is said to be a mild solution
of system (1.1) if for every t € 7, ¥ (1) satisfies the following conditions:

@) 9(0) =@, 9(t) = AL o (), te (b, s, k=1,2,...,m,

(i) the consecutive equations: for all t € [0, ],

t
() = Z )| +£(0,0(0))] - ¢ (6, 9) + /O Rt —-s)(s,0)ds
t
+ / Z(t—s)g(s, ¥5) dw(s)
0
t
+ / At —5)o(s)dZ w(s),
0

and

(iii) for t € [sy, tiis1], we have
t
D(t) = (- 5[ (5109 (6)) + £ (510 95)] - £ (690 + / Rt (s, 9 ds
t t
+ / K (t—s)g(s, ¥5) dw(s) + / RH(t—35)o(s)dZ(s),

3 Existence and uniqueness of mild solution
To establish the existence and uniqueness of mild solutions for the stochastic system (1.1),
we make the following hypotheses:

(H1) The map ¢ :J x & — 2 being continuous, there exist A7, #; > 0 such that

Elc9)| <4 VieT, v e,

E[¢(t 1) - ¢ (& 3)|* < A EI9) - 32)%, te T, 01,0, € B
(H2) The map [: J x B — Z being continuous, there exist A1, .} > 0 such that

E|i, )| <4 Ve T, 0B,

E[i(t, 1) - I, 192)”2 < ME|9 - )7 te T, 0,02 € B

(H3) The map g:J x & — L1(E;, 2) being continuous, there exist .45, .#; > 0 such
that

Elat 97y = A VteT.p e,

E|g(t,91) - g(t, 192)”@ < ME|91 - 0a|’, te T, 0,0 € B.

Page 8 of 23
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(H4) The map o : J — L3(E,, Z) fulfills

t
f o@|?3ds <0 Vie .
0

There is a constant ., > 0 such that |lo (s) ||]i2 <M, in J.
2

(H5) The maps F : (t,sk] x £ — 2, k=1,2,...,m, are continuous, and there exist
N 7.» M g, such that

E|A0)|* < ANn VieT, e,

E| St 1) - Iit, 92)|* < MAE01 - 0212 te T, 01,0 € B.

Theorem 3.1 Assume that (R1), (R2), and (H1)—(H5) hold. Then the stochastic system
(1.1) has a unique mild solution where

6 = lffr}(affn{%z,o,///ﬂkfgz,k} <1
with
oo =3[ M + MM + M Mati],
Cox = Y2 M 5 + M (205 + 1) + Mo M, + M Mot ),
provided that Mz = sup (o p | Z (D).
Proof For r >0, we define
B, = {9 € PC(2): |95 < r}.
Obviously, B, is a bounded and closed subset of PC(.Z"). Define W on B, as follows:

ROl + 20, (0)] - ¢ (69 + [y Z(t—9)U(s, 9,) ds
+ [y B(t-35)g(s, 05) do(s)
+ [y R(t=-5)o()dZr(s), tel0t],

(WD)(1) = | At (1)), te (tosds>1,

K (t = si1) [k s1, D (7)) + (51, D5 )] = £ (D)
+ [y A= s)Us, 05) ds + [, R(t—5)g(s, D) deo(s)
+ [, AB=5)0(8)d L (5) L € (sitin], k>0,

Step 1: To demonstrate that W is well defined, for ¢ € B, and t € [0,;], by Holder’s
inequality and (H1)-(H4) we have
E| (w9 <5E|20)[e + ¢ (0,90)]]"

2

t
+5E| (00| + SEH / Rt - 5)(s, 0,) ds
0
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2

t 2 t
+5E / R(t—s)g(s, 05)dw(s)|| +5E / At —5)o(s)dZ (s)
0 0

<5[2M5E||I* + 245N, ]| + 5N + 5MpEN + 5M 5t N
+5(287 M,
= %1.

Thus

E|(w9)®)|* < %. (3.1)
For t € (t,s¢), k=1,2,...,m, we have

I CIOT ol FACEIC)] R (3:2)
Similarly, for t € (si, ti,1], k = 1,2,...,m, by Holder’s inequality and (H1)—(H5) we obtain

E[(w9)®)” < 5| 2(t- 5[ Asw 9 (€)) | + SE[¢ 10 2] + SE[ ¢ (6 9]

2

2
+5E +5E

t
/ R (t-s)l(s, ) ds
sk

t
/ Bt - g, 0,) deols)
sk

2
+5E

t
/ RB(t—5)o(s)dZy(s)
sk

< 10.M N, + 10M 5N +5M; +5.M G40 M
+ 5 ML 1 Ny + 10087 M,

=Gk

Therefore

E|(wo)®)|* < i (3.3)
Using (3.1)—(3.3), for all t € [0, b], we have

E|(wo)®)]* < max (1,65, G} <.
By taking the supremum over t we get

E[(@9)®)5 <r.
Thus ¥ : B, — B,.

Step 2: Let us show that W is a contraction mapping on ;. For 4,9, € B, and t € [0, t;],
by Holder’s inequality and (H1)—(H4) we have

E||(W91)() - (¥8:)(0)] < 3E[ ¢, 9,) - £ (6,9, |
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2

t
+3E / %(t—S)[[(S,'L?lX)—[(S,’l?gs)]dS
0

2

¢
"3 H/o‘ Z(t=5)[9(s,1,) = 85, 1,)| do(s)

<3|l — Dalipe + BAM Gy ||91 — Dol et
+ 3 ML M1 |01 — Db

< Grollth — P2 llpes (3.4)

where, €50 = 3.4, + 3///%///[’:% + 3///%///9{1.
For t € (t,s¢], k=1,2,...,m, by (H5) we obtain

E[(Wi1)(0) - (W) (0] < 51191 - D23 (3.5)

Similarly, for t € (s, tx;1], by Holder’s inequality and (H1)—(H5) we have E||(W3)(t) —
(W)

< B~ 50 A1 () - s 02
+ SIEH%(f - Sk)[f (Slo (01)51() - C(Sk’ (ﬁZ)Sk)] “2

t 2
FAE[ £ (4 01,) - £ (692, +4E f R (t—3)[I(s, (D1)s) = (s, (D)) | ds
Sk
t 2
+4E / - 9)[a(s, (91):) - a5 (92)5) ] do(s)
Sk
<8MYH M ||01 — D2 lp + 8M G M ||D1 — D3 + 4 M |91 — Dall3e

+ 4 MG M, 100 = Dol b + &AM M gtics1 |1 — Do |5

Thus
E[(W01)(0) - (W) (0] < Goxllon - 93¢, (3.6)

where

Grx = 8//(%;///yk + 8//4%///; +4M + 4//(%;///[tl%+1 + 4//{%///gtl<+1.
Gathering (3.4)—(3.6), for all t € [0, b], we have

E[ (w910 - (W) < €l - Dl
where €5 = max;<x<u{%2,0,-# 4, ¢2x} Thus ¥ is a contraction mapping on B,. By the
Banach fixed theorem the stochastic integrodifferential system (1.1) has a unique mild

solution on 7. O

4 Stability analysis of mild solution
In this section, we investigate the exponential stability of stochastic integrodifferential
evolution system. We make the following assumptions.

Page 11 of 23
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(H6) A resolvent operator (Z(t)) (>0 is exponentially stable, that is, there exist
B, #2 >0 such that

|2 < Aze”', t=o0.

(H7) The map o : J — LL4(E,, 2) satisfies

t
/ efs ||cr(s)||i% ds<oo, teJ.
0

(H8) There exist continuous functions 8; : R* — R*, k=1,2,...,m, and nonnegative
real numbers vy, v3 > 0 such that
(i) B¢ 9)]> <R(1),
(i) BNt )I* < vmE[9)1? + Ry,
(i) Eflg(t,9)]1> < vsE[|0]* + R,
(iv) E At )] < Rak(t),k=1,2,...,m.
Moreover, there exist aj, ay, a3, asx > 0,k =1,2,...,m, and B > B >0 such that

Ni(t) <aeP, i=1,2,3, and Rgt) <age?, k=1,2,...,m
Theorem 4.1 Assume that (R1), (R2), and (H1)—(HS8) hold and

551 + 54253 < B.

Then the unique mild solution of stochastic system (1.1) exponentially decays to zero in
mean square, that is, there exist M, A > 0 such that

E[o)|* < e™, t=0,

where M; = max{ Mz, M, M3} and A = min{A1, Ay, A3} with

ap + das

(%1=q1+q2+q5+5(%;? —,

’ 28 -B

ap + ds

M =q) +qy + a5 + 542 =

s 1 2 28— B
Mz = A4,

A =28 — 1, Ay = 2B — o, Az = 2B.

Proof For t € [0,;], we have

t 2
E|9®)|* < 5E|2®)[¢ +£(0,90)]])* +5E[¢ &, 90| + SEH/O R(t-9)l(s, ;) ds

2

2
+5E +5E

t
f (- 9)a(s, 9 doo(s)
0

t
f B -9)0(8)d L (s)
0

5

= Z f@i. (41)

i=1
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By (H6) and (H8) we have

P, =5E| 209 + £(0,9(0)]|*

< [10.2LE|p|* + 10428, |e

= qre P, (4.2)
P, =5E||¢ (9]

<58,(t) <5a;e Pt < 5a;e7 2!

= que 2P, (4.3)

By Holder’s inequality and (H6) we have

2

t
P3 =5E / R (t—s)l(s, ) ds
0

t
<542, / 2PIE (s, 9,)| ds. (4.4)
0

By (H6) and (H7) we have

t 2
Py = SEH/ Z(t—s)g(s, Vs) dw(s)
0

t
_ —s 2
55%%/0 e bt )IE”g(s,l?S)”L%,
t
Ps <5287 ) u / e PR o (s) ||fL% ds.
0

Let g5 be a constant such that 52267 ~1)./2, fot e‘zﬁ(t's)E||a(s)||i2 ds < qs for t > 0.
2
Consequently,

D5 < qse L. (4.5)
By (4.2)—(4.5),
SPE o
e I [ ey e M

t t
<+ o+ Qs + 54250 + Ug)/ K9] ds + 5///;2/ PNy, +R3,) ds
0 0

t ag +a
<qi+ o+ qs + 5.4 +v3)/ ezﬂsE||z?s||2ds+5///;222 g
o _

Let My =qr+qo+ Qs + 5///%% and p; = 5.4%(v1 + v3).

Then we have

t
BN <A+ s [ BN ds
0
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Using Gronwall’s inequality, we get
E[o®)]” < Aae™, (4.6)

where Ay =28 — ;.
For t € (s, tis1], k=1,2,...,m, we obtain

E[(w2)®)” < 5| 2t~ 5[ Asw # (€)) | + SE[¢ 610 2] + SE[ ¢ (9]

t 2 t 2
+5E / RA(t-s)l(s,0)ds| +5E / Z(t - s)g(s, ;) dw(s)
sk sk
t 2
+5E / R (t—35)o(s)dZ(s)
sk
5
=y 7). (4.7)
i=1
By (H6)—(H8) and Holder’s inequality,
P} =5E|Z(t - s)[ (s (1)) 17
<1022 [(Rap)e + (R1)(]
— q% e 2Pt (4.8)
P} =5E|¢ (51 95)] |
<5R1(t) < 5ale’ﬁt <5728t
- qﬁ e 2Pt (4.9)
t 2
@; =5E / R(t—s)l(s, V) ds
sk
¢ 2
<5.42, f e PIE (s, 9,)| ds, (4.10)
0
t 2
P, =5E / Rt —5)g(s, ;) dw(s)
sk
t 2
<s5.42, / e IE g(s, 097, ds (4.11)
0
t 2
P3 =5E / RB(t—35)o(s)dZL s (s)
sk
t
<55 267 ) / e ?PIE|o(s) ||fL% ds. (4.12)
0

Let q > 0 be a constant such that

t
545246771 / e—2ﬂ<‘-5>]E||o(s)||i% ds<gqi, t>0,
0

Pi < qre (4.13)
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Using (4.8)—(4.13), we obtain
B9 (t) H2

t t
<ql+qleale5l /0 PPE| (s, 9| ds+ 5.4 /0 E | gls, 9|2, ds

t t
<qp+qy+ Qs+ 5250 + vB)/ PSR 0412 ds + 5///;2/ ems((Rg)s + (Ng)s) ds

a2+a3

< c|1 +q2+q5+5%j 26~ 5,///j(v1 +v3)/ P E||9,|% ds.

Substituting ., = q} + q3 + q3 + 542, ‘Z;? and p, = 5.4%(v1 + v3), we get

PR 0O < Mo+ 12 /OtezﬁS]EnﬁSnMs.
By Gronwall’s inequality,

E|o@®)| < e 2t (4.14)
Now, for t € (t, si], we get

E|8®)| < e, (4.15)

where 3 = ag and Az =28.
For t € [0, b], we have

E[o()|* < Ae™, t>0.4,A50,

where #; = max{ 1, My, #3)} and A = min{A1, Ay, As).
This completes the proof. O

5 Controllability results
This section is devoted to the study of a class of noninstantaneous impulsive stochastic
differential equations driven by mixed Rosenblatt process of the form

d[ﬁ‘(t) +Z(t, l?t)] = ,saf[ﬁ(t) +(4 19t)] dt+ /Ot Ot - S)[l?(s) +Z(s, l?s)ds] dt + Cu(t)dt

+1(t, 0 dt+ git, 0) do(t) + c() dZ e (1), te U(sk, tie1), (5.1)

k=0
9() = AL 0 (k)), te U(tk,Sk
¥(0)=¢p € B,
where the control function u € L2(7, &), the Hilbert space of all «7-valued F-adapted

measurable square-integrable process on J, and C is a bounded linear operator from .o/
into 2. We make the following assumptions.
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(H9) The linear operator %;k” (L2 ((si, tan ], @) = L2(Q, ), k=0,1,2,...,m,

defined by
" tee1
Do u = R (i1 — S)Cu(s) ds
Sk

has bounded invertible operators (%ﬁk“)‘l taking values in
L2((si, tie1l, d)/ker(@s;k“), and there exist .Z¢ > 0 such that

|27 < .
Definition 5.1 An F-adapted stochastic process ¢ : 7 — 2" is said to be a mild solution
of the stochastic system (5.1) if for all t € 7, ¥ (t) satisfies the following conditions:
(i) 9(0)=¢p € %B;

(ii) ?(0) = AL (), te (bosl, k=1,2,...,m;
(ili) the following integral equations are satisfied:

t
() = ZO)[e +¢(0,9(0)] - ¢ (t,9¢) + / R(t - s)l(s, V) ds
0
t t
+/0 %(t—s)Cu(s)ds+/0 Z(t—s)g(s, ;) dw(s)
t
+/ R(t—-35)o(s)dZp(s), te[0,t],
0
and
t
B (1) = Z(t - s1)[ (5109 (7)) + £ (s10 ﬁsk)]—f(t,ﬁ¢)+/ R (t - s)U(s, U5) ds
sk
t t
+/ %(t—s)g(s,ﬁs)dw(s)+/ R (t—-s)Cul(s)ds
(t
+/ Rt —-38)o(8)dZLw(s), te[si,ta1l.

Definition 5.2 The stochastic control system (5.1) is said to be controllable on 7 if for all
0,01 € Z, there exists a suitable control u € L*(7, &) such that the mild solution of the
stochastic control system (5.1) with respect to u satisfies ¥ (0) = ¥y and ©(b) = ¥};, where b
and ¥; are preassigned time and terminal state, respectively.

We may choose the feedback control u(t) as follows:

u(t) = ()™ [mm = B (ti1 = 5[ (5109 (£)) + £ (516, 96) ] + ¢ (a1, Dy,

1 el
- K (b1 — 5)I(s, D) ds — K (tis1 — 5)9(s, 05) dao(s)
Sk Sk
a1
- / 40 —S)O(S)df%(S)}’t € (Swtl, k=0,12,...,m, (5.2)
Sk

where .%(0, -) = .
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Lemma 5.1 Let assumptions (R1),(R2), (H1)—(H5) be satisfied. Then the control function
of the stochastic control system (5.1) can be estimated as |u(t)|| < ¢y for all t € (si, tis1],

k=0,1,2,...,m where

Mex = 6MI[ENOy, I* + 205 N5, + (1 +2.45)N;
+ %%1/1/[{%*_1 + %;ftlﬁk/’/g + 2%%%&%%]

with N g, = E||9o].

Proof Replacing t with ti,1, k=0,1,2,...,m, and % (,,,1) = Uy,,,, = 01, the value of the

control function u(t) from (5.2), we obtain

19(£k+1) = %(tk+1 - Sk)[ﬂ( (Sk: L (ti)) + ;(Sk’ ﬂsk)] - C(tk+lr ﬁtkA)

ter1 te1
+ Rtk —s)Culs) ds + R (b1 - 5)I(s, 05) ds
Sk 5
el e
’ A (i1 = 5)g(s, U5) doo(s) + B (b1 —8)0 () d L sy (s)
Sk Sk
) %(tkﬂ - Sk)l:tfk (Sk’ v (t_)) + ((Sk, ﬂsk)] - g(tlwl, ﬁtkﬂ)
el tier1
+ K (b1 — s)U(s, 05) ds + Rbear — )g(s, 0) deols)
*k Sk
el
+ R(ts1 — )0 (8)d Ly (s) + (%:k” )(%fl‘“)_l
Sk

x [mm = B (b1 = 1) [ Fic(s16 9 (£)) + £ (516 96) ] + £ (a1, Dy,

el el
- [ A -9t [ B 9000 doto)
Sk Sk
el
- A —S)O(T)dﬁ‘}f(f)}
Sk
= ﬁtl&l'

Thus u(t) directs the behavior from the initial state to the target state:

Efu]” <6](2*")

IHZ

|:]E”l9tk+1 ”2 + EH%(tl(+l - Sk)[jk<sk7 19(t7)) + ;(sk’ ﬂsk)] ”2

2
+E

el 2

‘%(tl(+1 - S) [(Sr 195) ds
]
< 6ME[ElDy,, 1> + 25N g + (1 +245) N + Mp N,

+ Mt N + 2M LA N ]
= Mex O

el

+E %(tk+1 - S)g(S, 05) d(,()(S)

Sk Sk

+E[¢ (b, 0y, + B

tk+1
/ Bt - 5)0(5) AL (5)
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Theorem 5.1 Let (R1), (R2), and (H1)—(H5) hold. Then the stochastic integrodifferential
system (5.1) is controllable on J .

Proof By Lemma 5.1, employing methods similar to those in Theorem 3.1, we can show
that the stochastic control system (5.1) is controllable on 7. O

6 lllustration
Consider the following noninstantaneous impulsive stochastic integrodifferential system
of the form

|: tp)+—/ / ,osm 3 (s, p) dpdsi|
aa [z?(tp)+—/ / ,os1n 19(5, d,ods:|dt
/@(t—s)[ﬁ(t p)+—/ / p sin z?(s,p) dpds]

_NE G "
+ 106{(1 + fz) Sln(l?(f,p)) +e d%ﬂ(t)

3 7
+ %sin(ﬂ(t,l))) dZ ), pelol],te < 101| U (_,11|’

10
96 p) = Lsin(o( > te(2 7

,p) = —sin —, , — |

PI=3 10’ 10’ 10
9(40)=0= (1),

19(0: ;0) = Vo, (61)

thereby 2, is a Rosenblatt process defined on a probability space (2, F,P), and Z(t) a
Wiener process, 0 =59 =1ty < t; <s1 <ty = b <00, withsy=0,t; = %,sl = %tz =b=1.

LetE; =E, =R, o = l,wli =1,k=1,2.Let 2 =% =1L%*([0,1]). Define & : Z — Z
as & = a% with domain 2(«7) = 2°2([0,7]) N ([0, 7]), and

1
A9 (p) = /0 min(p, 2)9 (o) dp, o € [0,1],

() = {9 € L*([0,1]) : 9(0) = 0; (1) = 0},

where we have taken ¥ (p) = ¥ (-, p). We may show that the operator . is an infinitesimal
generator of a Cy-semigroup.
Initially,

1 P 1
Mﬁ(p)=f0 min(u,r)ﬁ(u)du=/o Mﬁ(u)du+p/ V() dps.
P

Let v be an eigenvalue of o7, and let ¥ be an associated eigenvector. Let ® : #(&/) C £ —
Z be the operator defined by O(f)(z) = O() oz for t > 0 and z € (). Considering
v =0, as &V is of class C!, we have (/%) = 0, and fpl ¥(t)dz =0 for all p € [0,1]. By
differentiating we deduce that ¥ is zero. Thus 0 is not an eigenvalue of .27
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So we may suppose that v # 0. The relation .2/ = v shows that ¥ is necessarily of class
C}1, so by differentiation we get

1 1
Vo e, v'(p)=p0()=p0(e)+ [ D()dt-po(o)= [ Do)
o o
By taking the second derivative we get

vd"(p) =-v(p), pel0,1].
Therefore
¥+ =0 withw =1/v,
and, consequently, there exist .#7, %5 € R such that for all p € [0, 1],
9 (p) = A sin(Vw p) + Hscos(Vwp) ifw >0,
9(p) = 4 sinh(/—w p) + 5 cosh(v/—w p)  if o <O0.
The condition #(0) = 0 implies that %3 = 0. Since v®'(1) = 0 and %3 # 0, we have

cos(vw)=0 ifw >0 and cosh(v/-w)=0 ifw <O0.

The second condition is impossible. Therefore we have v > 0 and ¢ = (n7 + %)2 forneN.

For v € (), ¥ : p > JHysin((nm + 5)p) and v = m for all ¥ € Z(&7). In summary,
2

the eigenvalues of A are the real numbers v, = (;,,2, n € N, and each eigenvalue y,
n+7)

corresponds to a subspace of dimension 1 generated by x, : p = Kj sin((n7 + 7)p).
We have (¢, 9,) =0 for all k # n and (9, ?,) = 1. Hence %] = /2, and

P(p) = «/Esin((mr + %)p), neN,

is the orthogonal set of eigenvectors of <7.
Thus we obtain that for ¥ € Z(&7), the following expression for the Cy-semigroup
(T (1) =0 on 2 generated by the operator <7:

(TW)? =" (9,900, and 0= v,(0, 0.0, V€D (),

n>1 n>1

where

and ﬁn(p)zﬁsin<<nn+%)p>, neN.

v, = ———
" (nm + 3)?

Let 9 (¢)(p) = 9 (4, p). Define the functions ¢, [, g, %, and o as

1 1 1
o) =15 [ [ psin(eo)dods 100 - sin(2(t,9)),

2
10et(1 + t2)
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BL0) = 5 sin(dLp), AL = sin(ﬁ (% p)> o) =et,
and the operator 4 as follows:

(D) (p) = cos(t)e' 7V (p), te€[0,1],9 € D(),p €[0,1].
Then system (6.1) is the abstract formulation of system (1.1),

d[9(t) + £ (6 90)]

t
=d/[0() + L (L V)] dt + / Ot —)[D(s) + £ (s,9) ds] dt
0

+(t, ) dt+ git, 9 dw(t) + o (V) dZp(t), forte U(sk, tie1ls (6.2)
k=0

9 = AL 9(8)), for te| Jtosd,
k=1

?(0)=¢p € A.

Moreover, 1(t) := cos te* is a bounded C! function such that ' is bounded and uniformly
continuous, so that (R1) and (R2) are satisfied.

We obtain A} = A, = M=M= 50“/V My = SI,JVyl( e///yk:%.Set///%:I.
Now we obtain

100 ’

G0 = 3M¢ + 3MEME +3M L Mgti = 0.044,
Cox = 8MHM g+ 8MY My + 4 My + Mo MG, + M Gy Mytis1 = 0.59,
1
€ = max{6a0, M g, 2%} = max{0.0éM, g,0.59} =0.59<1.
This implies that the assumptions of Theorem 3.1 are satisfied. We may conclude that the
stochastic integrodifferential system (6.1) has a unique mild solution on 7.

Let the final state be denoted by ¥4,, and let the feedback control u(t)(p) be defined as

follows:

utp), te(0,3],

u(t)(p) = u(t, p) =
u2(t:,0): te(l(y ]r

where

3

N R e T O £y

2 i 3
./o %(——s)l(s,z?)( )ds—/(; .@(E—S)Q(S;ﬁs)(/’)dw(s)
/0%(— —s)o(s) dg%(s)il
0



Kasinathan et al. Fixed Point Theory Algorithms Sci Eng (2023) 2023:7 Page 21 of 23

wa(t, p) = (@;)‘l[m —%(1 - %) [ﬂ(%,ﬁ(%_))(p) + 4(%@(%))@)]

1 1
+(1,9()(0) - / 1L~ (s, 0,)(p) ds - / (1~ (s, 9)(p) des)

1 3
_ /7 %’(1—0 —s)a(s)df%’(s)]:

10

and

3

3 10 3 1

2w (4 p) =/ %’(E —S)ul(s, p) ds, Y1 uy(t,p) = /7 K (1 - s)uy(s, p) ds.
0 10 o

Hence, the control function steers from initial state 9 to final state ¢,, and all the as-

sumptions of Theorem 5.1 are fulfilled. Thus we can conclude that the (6.1) is controllable

onJ.

7 Conclusions

A novel class of noninstantaneous impulsive SIDEs driven by Brownian motion and
Rosenblatt process has been studied. Initially, the existence and uniqueness of mild solu-
tions are obtained using stochastic analysis, analytic semigroup theory, integral equation
theory, and fixed point methodology. In the later part, the asymptotic behavior of mild
solutions for the aforementioned system has been established along with the controlla-
bility results. Finally, our main findings are verified through an example. There are two
direct issues that require a further study. First, we investigate the optimal problems for
the noninstantaneous impulsive stochastic integrodifferential equations driven by Levy
processes. Second, we study the approximate controllability for the stochastic integrodif-
ferential system with Markov switched stochastic system. For future work, we can present
noninstantaneous impulsive SIDEs inclusions with Clarke subdifferential.
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