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The convective 3-D MHD boundary-layer transport of Casson liquid by an un-
steady stretchable sheet set in a permeable medium with variable thermal con-
ductivity is researched. Conservation laws of the mass, the momentum, and the 
energy are changed into ODE, which are numerically dealt with fourth order 
Runge-Kutta integration scheme in relationship with shooting procedure. The 
dimensionless velocity, temperature, skin friction coefficient and the local Nusselt 
number inside the boundary-layer are processed and examined through graphs 
and tables for various parameters that portray the flow. The numerical outcomes 
got for the specific case are sensibly in great concurrence with the existing re-
sults. 
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Introduction 

The significance of MHD stream has importance in many designing cycles, for ex-
ample, peristaltic MHD blower, warm encasings, quickening agents, geothermal frameworks, 
atomic garbage removal, polymer and oil advances, and plan of cooling frameworks with flu-
id metals. Each such utilization of MHD gives rise to inspect the issues which incorporate 
MHD. The MHD are utilized by the authors like Seth et al. [1], Murthy et al. [2], Sheikhole-
slami and Shehzad [3], and Sheikholeslami [4]. Especially, the related boundary-layer flows 
over different surfaces subject to different conditions of motion. Crane [5] developed the 
closed-form solution for viscous fluid-flow by stretching surface. Later, the Crane’s concern 
has been considered widely from various researchers, Abd El-Aziz and Afify [6], Mabood 
–––––––––––––– 
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and Das [7], Abd El-Aziz and Afify [6], and Thumma et al. [9]. In fact, Casson fluid model is 
a decent one to investigate their properties of non-Newtonian fluids which has been appeared 
by the investigations in Haldar et al. [10], Sivaraj et al. [11], Gireesha et al. [12], Nayak et al. 
[13], Hamid et al. [14], and Hari Krishna et al. [15].  

All the previously mentioned considers are identified with stream and warmth move 
qualities over uniform extending surfaces. In any case, for more reasonable portrayal of the 
stream design, it is essential to incorporate the shakiness into the overseeing conditions of the 
issue. Wang [16] was the main scientist who examined an insecure limit layer stream of a flu-
id film over a precarious extending sheet. Irfan et al. [17] mathematically dissected the inse-
cure 3-D progression of Carreau nanofluid. Ramadevi et al. [18] inspected the impact of 
thermo diffusion on time subordinate Casson liquid. Trivedi and Ansari [19] examined the 
temperamental Casson nanoliquid stream in a permeable medium. Kumar and Srinivas [20] 
explored the impact of Joule warming and warm radiation on shaky hydromagnetic stream of 
synthetically responding Casson liquid over a slanted permeable extending sheet. Murthy 
[21], Lakshmietal [22], Reddy et al. [23], Nayak et al. [24-26] conveyed the influence of var-
ious other properties on the flow past an unsteady stretched/shrunk surface. 

The convective boundary condition in permeable media has been generally explored 
tentatively and numerically for a long time because of the numerous essential applications. 
Regarding this, 3-D MHD flow by Kumar et al. [27], effect of variable viscosity, Khan [28], 
and effect of MHD cross diffusion Ramadevi et al. [29] on Casson fluid/nanofluid subject to 
convective stretched surface have been studied. Related works can also be found from the pa-
pers of Nayak et al. [30], Kumar et al. [31], Raza [32], Nayak et al. [33], Raju et al. [34], 
Mabood et al. [35], Nayak et al. [36], Mahanta and Shaw [37], and Butt et al. [38]. 

A close perception toward this way reveals that so far nobody has developed a nu-
merical model for convective MHD 3-D progression of Casson liquid with variable warm 
conductivity over an insecure extending surface. Remembering this, an examination has un-
dertaken and the outcomes are plotted and the mathematical results are shown in tables. The 
significant perceptions of the examination are recorded in the end. 

Mathematical formulation 

Let us consider 3-D laminar flow of an incompressible Casson fluid by an unsteady 
stretching surface in a porous medium. The rheological relation for Casson fluid-flow is de-
scribed by: 

 *
0     (1) 

or 

 

2 ,
2

2 ,
2

y

B ij c

ij

y

B ij c

p
e

p
e

  




  


  
   

  
 

 
  

 

  (2) 

The governing expressions for unsteady 3-D flow can be expressed by [37, 38]: 
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The corresponding boundary conditions are: 
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We consider the specific model for variable thermal conductivity: 
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where   is the thermal conductivity parameter. This relation can be written as 
(1 ),k k   see Irfan et al. [17]. Further, w /(1 )u ax t  and w /(1 )v by t  are stretch-

ing velocities. Following the transformations, Butt [38]: 
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In view of eq. (8), eq. (3) is identically verified and eqs. (4)-(6) yield: 
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The boundary conditions are written: 
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One can set: 
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Here, 
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The non-dimensional wall shear-stress and wall heat-flux are respectively: 
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Numerical procedure 

The system of eqs. (9)-(11) subject to boundary conditions (12) is computed by us-
ing forth-order Runge-Kutta method with a shooting technique. Letting: 
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Then the equivalent forms of eqs. (9)-(11) under the new variable is: 
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the corresponding boundary condition in new variables are given: 
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Now to solve the initial value problem (16), we need the values for y3(0), y6(0), i.e. 
f‴(0), g″(0), and y7(0), i.e. θ(0). But no such values are known in advance. 

In this method we have to choose , which is satisfied at a finite value, say .  
The guess for (0), (0),f g   and (0) have been taken and fourth-order Runge-Kutta tech-
nique is employed to get the solution. Then we compared the estimations of ( ), ( ),f g   and 

( )  with the boundary conditions and are adjusted using shooting iteration technique for bet-
ter approximation. Step size 0.001  is considered to get the numeric simulation and ex-
actness to fifth decimal place is picked as convergence criterion. 

Discussion and validation 

In this section we discuss the indicators of the characteristics: the velocity, tempera-
ture, sheath friction coefficient, and local Nusselt number profiles for varied estimations of 
unsteadiness parameter A, the stretching parameter α, the Casson parameter β, the porosity pa-
rameter λ, the magnetic parameter M, the Biot number Bi, the variable thermal conductivity 
parameter ε, the radiation parameter R, and the Prandtl number Pr, and they are presented by 
well-structured graphs and numerically computed tables. 

In general, the values of the parameters are fixed as follows: A = 2.2, α = 0.5, β = 
1.5, λ = 2.0, M = 1.0, Bi = 5.0,  = 0.7, R = 1, Pr = 0.9. When compared our results with Butt 
et al. [38] in tab. 1, it appears to have come around to the view that increase in  upsurges the 
absolute value of (0), (0)f g  in the present result and the results of Butt [38]. It is remarka-
ble here to mention that our results are very close to the results of Butt [38] and therefore in 
excellent agreement with it, see tab. 1. Same aspects are visualized for different estimations of 
λ, see tab. 2. 

Table 1. Comparison of results for f″(0) and g″(0) for different values of α when M = 0, λ = 0, and β → ∞ 

α 
[38] Present results 

–f″(0) – g″(0) –f″(0) – g″(0) 

0.0 1 0 1 0 

0.1 1.020260 0.066847 1.02025978 0.06684715 

0.2 1.039495 0.148737 1.03949519 0.14873691 

0.3 1.057955 0.243360 1.05795478 0.24335980 

0.4 1.075788 0.349209 1.07578811 0.34920865 

0.5 1.093095 0.465205 1.09309502 0.46520485 
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Table 2. Comparison of results for f″(0) for different values of λ when M = 0, α = 0, A = 0.5, and β → ∞ 

Velocity profile manifestation 

In this analysis, fig. 1 portrays the axial as well as transverse velocity for various es-
timations of A. Here, it is demonstrated that undergoing a continuous change, the A makes 
diminution of the velocity profile. With an expansion of A the velocities ( )f  and ( )g  di-
minish together with a reduction in the thickness of the respective momentum boundary-
layers. The very cause of such diminution is due to less stretching of the surface. In further 
part of the analysis, fig. 2 depicts effect of α on ( )f  and ( ),g  respectively. Greater estima-
tions of α shows higher stretching rate along y-direction compared to x-direction. Thus with 
an increment in α, velocity in y-direction enlarges while it shows opposite behavior in x-
direction. The effect of β on ( )f  and ( )g  is illustrated in fig. 3. We take note of that with 
amplifying β, the velocities ( )f  and ( )g  and the respective boundary-layer thickness get 
diminution which is due to an increment in the fluid resistance. It is likewise watched that the 
magnitude of the axial velocity is greater than that of transverse velocity. A diagram showing 
the relation between variable quantities of porosity parameter and the flow fields ( )f  and

( )g  has been illustrated in fig. 4. It elucidates that for growing λ, the velocities ( )f  and
( )g  decline as a result of resistive force offered by the porous medium. Figure 5 delineates 

the impact of M on ( )f  and ( )g  . The increasing M diminishes ( )f  and ( )g  prompt-
ing descending velocity boundary-layer thickness. The Lorentz force which is having control 
over the fluid motion emerges due to the connected transverse magnetic field, and is being the 
primary cause for lessening the fluid velocity. 

  
Figure 1. Effects of A on f′(η) and g′(η) when  
β = 1.5, λ = 2.0, and α = 0.5 

Figure 2. Effects of α on f′(η) and g′(η) when  
β = 1.5, λ = 2.0, M = 1.0, and A = 2.2 

λ 
[38] Present results 

–f″(0) –f″(0) 

0.0 1.167212 1.16721163 

0.5 1.366237 1.36623757 

1.0 1.539051 1.53905159 

1.5 1.694085 1.69408510 

2.0 1.835962 1.83596217 
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Figure 3. Effects of β on f′(η) and g′(η) when  
α = 0.5, λ = 2.0, M = 1.0, and A = 2.2 

Figure 4. Effects of λ on f′(η) and g′(η) when  
β = 1.5, α = 0.5, M = 1.0, and A = 2.2 

Temperature profile manifestation 

Figure 6 is shown to examine impacts of A and β on temperature ( )  . The escalat-
ing values of β improves ( )  and the related thermal boundary-layer thickness. Increasing β 
declines the fluid velocity by decreasing the yield stress. Thus the rate of heat transportation is 
impressively enhanced by an expansion of β. Meanwhile the temperature curves in fig. 6 
magnify due to rise in A . More heat is dragged from the sheet to the fluid when A hikes. For 
this reason ( )  increases. Figure 7 is sketched to see the impact of α and λ on ( ).  It is un-
derstood that ( )  and furthermore the thermal boundary-layer thickness diminish with in-
creasing α. Furthermore, rise in λ augments both the temperature as well as the thermal 
boundary-layer thickness. Figure 8 exhibits the temperature profiles for different estimations 
of ε and Bi. Here θ(η) profiles get intensified when we amplify Bi. In fact, Bi creates pro-
found convection so that its higher values generates the higher θ(η) profiles and more ther-
mal boundary-layer thickness. From the same plot we visualize that the amplified estimation 
of thermal conductivity parameter 𝜖, θ(η) diminishes. Figure 9 narrates that the rise in mag-
netic field strength upsurges θ(η) and the thermal boundary-layer thickness. In the same plot it 
is noticed that the increment in R peters out θ(η) in the boundary-layer region. More radiation 
from the fluid indicates that more loss of heat from it thereby loosing temperature. 

 
 

Figure 5. Effects of M on f′(η) and g′(η) when  
β = 1.5, α = 0.5, λ = 2.0, and A = 2.2 

Figure 6. Effects of A and β on θ(η) when  
α = 0.5, λ = 2.0, ε = 0.7, M = 1.0, Bi = 5.0,  
R = 1.0, and Pr = 0.9 
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Figure 7. Effects of α and λ on θ(η) when  
A = 2.2, β = 1.5, ε = 0.7, M = 1.0, Bi = 5.0,  
R = 1.0, and Pr = 0.9 

Figure 8. Effects of Bi and ε on θ(η) when  
A = 2.2, β = 1.5, λ = 2.0, M = 1.0, α = 0.5,  
R = 1.0, and Pr = 0.9 

 

Figure 9. Effects of R and M on θ(η)  
when A = 2.2, β = 1.5, λ = 2.0, Bi = 5.0, α = 0.5,  
ε = 0.7, and Pr = 0.9 

Skin friction profiles manifestation 

Figures 10-14 are depicted to visualize impacts of different physical numbers on ax-
ial skin-friction coefficient: 
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A comparison of figs. 10 and 11 show that both skin friction coefficients decay with 
rise in α. In accordance with fig. 12, the surface viscous drag: 

 1 11 (0) and 1 (0)f g
 
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diminish for varied estimations of β and A. It is obvious from fig. 13 that the bigger values of 
λ lower both: 
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A similar kind of result is accomplished for different M in fig. 14. In all the men-
tioned figures transverse surface viscous drag: 
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is of greater magnitude than axial surface viscous drag: 
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Figure 10. The

1/2Rex fxC for different α and A  
when λ = 2.0, Bi = 5.0, β = 1.5, ε = 0.7, M = 1.0,  

R = 1.0, and Pr = 0.9 

Figure 11. The
1/2Rey fyC for different a and A  

when λ = 2.0, Bi = 5.0, β = 1.5, ε = 0.7, M = 1.0,  

R = 1.0, and Pr = 0.9 

 
 

Figure 12. The (1 + 1/β)f″(0) and (1 + 1/β)g″(0) for 
different β and A when λ = 2.0, Bi = 5.0,  

α = 0.5, ε = 0.7, M = 1.0, R = 1.0, and Pr = 0.9 

Figure 13. The (1 + 1/β)f″(0) and (1 + 1/β)g″(0) 
for different λ and A when β = 1.5, Bi = 5.0, α = 

0.5, ε = 0.7, M = 1.0, R = 1.0, and Pr = 0.9 
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Figure 14. The (1 + 1/β)f″(0) and (1 + 1/β)g″(0) for 
different M and A when β = 1.5, Bi = 5.0,  

α = 0.5, ε = 0.7, R = 1.0, and Pr = 0.9 

Nusselt number profile manifestation 

At the beginning, fig. 15 reveals that Nusselt number: 

 

1
2Re Nux x

  
 
    

decays with the rise in β. The rate of heat transportation decreases due to hike in λ, fig. 16. 
Further, heat transfer rate from the stretched surface augments with increase in Bi, fig. 17. 
The rate of heat transportation declines for rise in ε, see fig. 18. Figsures 19 and 20 indicate 
that heat transfer rate gets diminution for rise in M and R. However, rise in Pr exhibits exactly 
opposite effect on:  

 
1
2Re Nux x

  
 
  

  

(see fig. 21). From tab. 3, it is obtained the variation of heat transfer rate (0)   for varied 
estimations of A, α, β, λ, M, Bi, ε, and R. It is observed that heat transfer rate (0)   peters 
out for rise in A, β, λ, M, and ε while reverse trend is the result in respect of hike in α, Bi, R. 

  
Figure 15. The Nux

-1/2
Rex for different β and A  

when λ =2.0, M = 1.0, Bi = 5.0, α = 0.5, ε = 0.7,  

R = 1.0, and Pr = 0.9 

Figure 16. The Nux
-1/2

Rex for different   and A 
when β = 1.5, α = 0.5, Bi = 5.0, M = 1.0, ε = 0.7,  

R = 1.0, and Pr = 0.9 
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Figure 17. The Nux
-1/2

Rex for different Bi and A 
when β = 1.5, λ = 2.0, α = 0.5, M = 1.0, ε = 0.7,  
R = 1.0, and Pr = 0.9 

Figure 18. The Nux
-1/2

Rex for different ε and A  
when β = 1.5, λ = 2.0, α = 0.5, M = 1.0, ε = 0.7,  
R = 1.0, and Pr = 0.9 

 

 
 

Figure 19. The Nux
-1/2

Rex for different M and A 
when β = 1.5, λ = 2.0, α = 0.5, Bi = 5.0, ε = 0.7,  

R = 1.0, and Pr = 0.9 

Figure 20. The Nux
-1/2

Rex for different R and A 
when β = 1.5, λ = 2.0, α = 0.5, M = 1.0, ε = 0.7,  

Bi = 5.0, and Pr = 0.9 

 

Figure 21. The Nux
-1/2

Rex for different Pr and A 

when β = 1.5, λ = 2.0, α = 0.5, M = 1.0, ε = 0.7,  
R = 1.0, and Bi = 5.0 
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Table 3. Values of Nusselt number for various estimations of physical parameters 

 

Conclusions 

Convective 3-D MHD boundary-layer flow of Casson fluid over an unsteady stretch-
ing sheet in a porous medium with variable thermal conductivity is discussed. The velocity 

( )f   diminishes for rise in α, whereas ( )g  upsurges. The fluid-flow gets diminution in the 
presence of rise in A, M, λ, and β. The increase in A, M, λ, and β, Bi and Pr leads to growth of 

( )  while that of α, ε, and R undermines it. The magnitude of: 

A α β λ M Bi ε R Pr –θ′(0)  

0.1         0.47289707 

0.2         0.46828722 

0.3         0.46367995 

 1.0        0.39689824 

 2.0        0.43433661 

 3.0        0.47022120 

  1.0       0.38043921 

  2.0       0.37583439 

  5.0       0.37221670 

   1.0      0.38082903 

   2.0      0.37753352 

   3.0      0.37473275 

    0.5     0.37911083 

    1.0     0.37753352 

    1.5     0.37607916 

     0.5    0.22953004 

     0.75    0.26916828 

     1.0    0.29432728 

      0.5   0.38666381 

      1.0   0.36573850 

      1.5   0.34993454 

       0.1  0.32330287 

       0.3  0.34090226 

       0.5  0.35444160 

        0.5 0.39184063 

        1.0 0.37393555 

        1.5 0.35585298 
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 1 11 (0) and 1 (0)f g
 

      
          

      
  

decreases due to increase in β and contributes opposite effect for α, λ, and M. The heat trans-
fer rate was found to be higher for increment in α, Bi, R, while it became lower for rise in A, 

β, λ, M, ε, and Pr. 
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Nomenclature

A – unsteadiness parameter 
a, b – rate constants, [s–1]

 
 

Bi – Biot number 
B0 – strength of uniform magnetic field, 

[Tesla] 
eij – (i, j)th component of the deformation 

rate, [s–1] 
ρCp – specific heat capacity of fluid, 

[Jkg2m3K–1]  
hf – convective heat transfer coefficient,  

[Calm–2s–1K–1] 
kf – thermal conductivity, [Wm–1K–1] 
k*

 – mean absorption coefficient, [m–1] 
K – porous medium permeability, [m2] 
M – Hartmann number 
Pr – Prandtl number 
py – yield stress, [Nm–2]  
R – thermal radiation parameter 
Re – Reynolds number 
T – temperature of the fluid [K] 
Tw – temperature of the fluid on the wall, 

[K] 
T – ambient fluid temperature, [K] 
Tf – temperature for convective heating, 

[K] 
∆T – temperature difference, [K] 

1/2
fRex xC  – local axial skin friction coefficient 

1/2
fRey yC  – local transverse skin friction 

coefficient 
1/2Re Nux x
  – local Nusselt number 

(u, v, w) – fluid velocity components along  
(x, y, z) directions, [ms–1] 

Subscripts 

f – fluid 
w – quantities at wall 
 – quantities at free stream 

Greek symbols 

α – velocity ratio parameter 
β – Casson fluid parameter 
λ  – porosity parameter 
h – shear stress 
μ – dynamic viscosity of fluid, [kgm–1s–2] 
μB – dynamic viscosity of  

viscoplastic fluids, [kgm–1s–1] 
π – product of the component of deformation 

rate itself, [s–2]
  πc – critical value based on the type of non- 

-Newtonian model 
ρ – density of fluid, [kgm–3] 
σ – electrical conductivity, [S/m] 
σ*

 – Stefan Boltzmann constant, [Wm–2K–4] 
n – kinematic viscosity, [m2s–1]
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