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Abstract: In this article, we are concerned with the neutral impulsive stochastic integro-differential equations
driven by Poisson jumps and Rosenblatt process. By using resolvent operator and some analysis techniques,
we ensure existence and uniqueness of solutions. Further, we investigate exponential stability of mild solu-
tions. We have also given an example to illustrate our theoretical results.
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1 Introduction

In the past decades, the theory of nonlinear functional differential or integro-differential equations with re-
solvent operators has become an active research field due to their applications in many physical phenomena.
The resolvent operator is comparable to the semigroup operator for abstract differential equations in Banach
spaces. However, the resolvent operator does not satisfy semigroup properties. The study of deterministic
neutral functional differential equations was initiated by Hale and Mayer [17]. For more details on the theory
and their applications, we also refer the readers to Hale and Lunel [18], Kolmanovkii and Nosov [20] and so
on. Deterministic and stochastic differential equations have gained great popularity in the last few years due
to their use in many areas, such as physics, electronics, control theory, engineering and economics. Several
authors have considered the existence, uniqueness and asymptotic behavior of mild solutions, and many im-
portant theory and applications findings have been obtained. For more details we refer to the papers by Ali et
al. [4], El-Borai et al. [11], Gorec and Sathanantham [12], Gupta and Dabas [15], Gupta and al. [16], Laksmikan-
tha [22], Ahmed [2], Ahmed et al. [3], Arthi and Balachandran [5],Gupta et al. [14], Levin et al. [24].

On the other side, fractional Brownian motion was intensively explored due to their applications in vari-
ous domain. We point out that, a fractional Brownian motion (fBm) of Hurst index H < (0, 1) (see [21, 26] for
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more details) is a Gaussian process BH = {BH (t), t = 0}, centered, with the covariance function
Ry(t,s)=E (BH(t)BH(s)) - % (tzH +s2H - s|2H) .

We also mention that fBm is not a semimartingale and when H = 1/2 , the fBm becomes standard Brownian
motion . Further, if H > 1/2, the fBm B have a long-memory and this property makes it an ideal process to
modeling in biology, mathematics finance [7, 8] etc.
Moreover, the fBm belongs to Hermite family processes, it’s selfsimilar which being defined as limits that
appear in the so-called Non-Central Theorem. For d = 1, they have the following representation
t a
Yf{’d = C(Ho)/.../ /H (s- xj)f‘rl ds | dBx;...dBxy, Vt>O0,
R & \o /=1

j=

where {By, : x; € R,i=1, ..., d} are some two-sided Brownian motions, c(Hy) is a normalizing constant such
that 1 H-1 1
ElY®42 -1, Hy==+———, He (%, 1).
| 1 ‘ ’ 0 2 + d ) € (2 )

When d = 1 the process become a fractional Brownian motion, thus Taqqu [32] have named the Rosenblatt
process when d = 2, which is not Gaussian process but they have stationary increments and long range-
dependency. Recently, the Rosenblatt process have attracted attention of many authors due to their proper-
ties. For example, Meajima and Tudor [29], Veillette and Taqqu [36] have given many important properties
of distributions, Bernet and Tudor [6], Viens and Tudor [35] established the construction of estimator for the
self-similarity parameter H.

Based on the above works, we investigate the following neutral stochastic functional integro-differential
equations with delay and impulses effects

d [u(t) - q(t, uy)]

t
A (u(t) - q(t, up) + / Y(t-s) [u(s) - q(s, us)] ds + f(t, u)
0

t

+ /g(t, s, us)ds} dt +/h(t, ug, VIN(dt, dv) + o(DdZ8(0), t € [0, T], t#t, (1)
0 o
Au(t) = Lu(t)), t=t,k=1,2,---,
uo(t) = ¢(t) ePC([-1,0,H), -T<t=<O0,

where A : D(A) C H — H is the infinitesimal generator of a Cy-semigroup (T(t))¢o of bounded linear oper-
ators in a Hilbert space H; for t > 0, Y(t) a closed linear operator on H, with D(A) c D(Y). The impulsive
moments t; satisfy the condition 0 < t; < tp < +++ <t < «++, limy_ ooty = oo, I : H — H, Au(ty) =
u(ty) - u(ty), u(ty) and u(ty) are the right and left limits of u(¢) at t,, respectively which is the jump size of the
state u at ty. For ¢ € PC, ||@|| = supsc(_, g1 ||@(5)[| < oo, where PC = {¢ : [-r,0] — H, ¢(t) is continuous
everywhere except a finite number of points 7 at which ¢(f;), ¢(t;) exist and ¢(f,) = p(D)}.

For any t € [0, T] and any continuous function u, the element of PC is defined by u¢(0) = u(t + 0), -1 < 0 <
0.The functions g, f : [0, +o0) x PC — H, g : [0, +o0) x [0, +00) x PC — H, h : [0, +o0) x H x § — H and
o : [0, +o0) — L%(Y, [H) are appropriate functions, and Zg is assumed to be a Rosenblatt process.

The particular case Y(t) = 0 and h = 0 of Eq. (1) has been considered by Ma et al [25], where the authors
used an impulsive integral inequality to prove their result. It should be mentioned that there is no work yet
reported on the exponential stability of neutral impulsive stochastic integro-differential equations driven by
Poisson jumps and Rosenblatt process. Motivated by this facts, our main objective is to study the exponential
stability for a class of neutral impulsive stochastic integro-differential equations(1). In this paper, we derive
existence and exponential results for the system (1) with the help of resolvent operator and fixed point tech-
niques.

In the first result, we obtain the sufficient conditions proving existence and uniqueness of the mild solution
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of (1) by utilizing Banach fixed point theorem under Lipschitz conditions on nonlinear terms. While in the
second result, we have proved the exponential stability of mild solution via an integral inequality. Our arti-
cle, expands the usefulness of stochastic integro-differential equations, since the literature shows results for
existence and exponential stability for such equations in the case of semigroup only (see [2, 3, 11, 14, 16] and
the references therein ). The results obtained improve, extend and complete many other important ones in
the literature.

The following is the organization of this paper. We recall some preliminary definitions and outcomes
in Section 2. Section 3 is devoted to investigate existence and uniqueness of mild solution. The exponential
stability for the mild solution is also discussed. We give an example in the fourth section to illustrate the
results. The last section is dedicated to conclude this paper.

2 Preliminaries

In this section, we provided some basic results about Poisson process, Resolvent operator and Rosenblatt
process.

2.1 poisson jumps process

Let By(H) the Borel o-algebra of H. Let (p(t)), (t = 0) be an H-valued, o-finite stationary $¢-adapted Poisson
point process on (Q, S, P). The counting random measure N defined by

N(t1, 1 x0)w) = Y 1ups)w)),

ti1<ssty

for any U € Bg(H - {0}). where 0 ¢ 6 is called the Poisson random measure associated to Poisson point
process p. The following notation is used

N(t,0) = N((0,t]x0).

Then it is known that there exists a o-finite measure 8 such that

E(N(t, 6)) v(0)t,

exp(~tv(0))(tv())k

P(N(t,0) = k) X

This measure v is said Levy measure. Then the measure N is defined by
N((0,t]1x0) = N((O, t] x 6) - tv(6).

This measure N(dt, du) is called the compensated Poisson random measure, and dtv(0) is called the com-
pensator (see [30]).

Definition 2.1. Let6 € B(H—{0}). P?([0, T]x8; H) is the space of all predictable mappings h : [0, T]|x0xQ —
H for which

T

//IEHh(t, W7 deA(dv) < oo.

0o 0

T
We may then define the H-valued stochastic integral / / L(t, vV)N(dt, dv), which is a centered square-
0 8

integral martingale [30].
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2.2 Rosenblatt process

In this subsection, we recall some basic concepts on the Rosenblatt process as well as the Wiener integral
with respect to it. Consider (én),c 7 a stationary Gaussian sequence with mean zero and variance 1 such that
its correlation function satisfies that R(n) := E(&yén) = anzL(n), with H € (%, 1) and L is a slowly varying
function at infinity. Let g be a function of Hermite rank k, that is, if g admits the following expansion in
Hermite polynomials

800 = S eHi(, ¢ = EEGH ),

j=0
then k = min{jlc;#0} = 1, where Hj(x) is the Hermite polynomial of degree j given by H;(x) =

. XZ : XZ
(-1Ye7 dd—;].e‘T. Then, the Non-Central Limit Theorem (see, for example, Dobrushin & Major [10]) says

ni,, Z][Ztl] g(¢&;) converges as n — oo, in the sense of finite dimensional distributions, to the process

L k 1,1-H
zh(0 - et i0 [ [ ([]-y %)) dsdpo-- b, @
Rk O j=1

where the above integral is a Wiener-Ité6 multiple integral of order k with respect to the standard Brownian
motion (B(y))ycr and c(H, k) is a positive normalization constant depending only on H and k. The process

(Z,k{(t))tzo is called as the Hermite process and it is H self-similar in the sense that for any ¢ > 0, (Z’P‘I(ct)) d
(c? Z’;,(t)) and it has stationary increments.

The fractional Brownian motion (which is obtained from (2) when k = 1) is the most used Hermite process
to study evolution equations due to its large range of applications. When k = 2 in (2), Taqqu [32] named the
process as the Rosenblatt process. The stationarity of increments, self-similarity and long range dependence
(see Tindel, Tudor and Viens [33]) were made that the Rosenblatt process is very important in practical ap-
plications. However, it is noted that Rosenblatt process is not Gaussian. In fact, due to their properties (long
range dependence, self-similarity), the fractional Brownian motion process has large utilization in practi-
cal models, for instance in telecommunications and hydrology. So, many researchers prefer to use fractional
Brownian motion than other processes because it is Gaussian and it facilitate calculations. However in con-
crete situations when the Gaussianity is not plausible for the model, one can use the Rosenblatt process.
In recent years, there exists many works that investigated on diverse theoretical aspects of the Rosenblatt
process. For example, Leonenko and Ahn [23] gave the rate of convergence to the Rosenblatt process in the
Non-Central Limit Theorem and the wavelet-type expansion has been presented by Abry and Pipiras [1]. Tu-
dor [34] established, the representation as a Wiener-Itd multiple integral with respect to the Brownian motion
on a finite interval and developed the stochastic calculus with respect to it by using both pathwise type cal-
culus and Malliavin calculus (see also Maejima and Tudor [27]). For more details on Rosenblatt process, we
refer the reader to Maejima and Tudor [28, 29]), Pipiras and Taqqu [31] and the references therein.

Consider a time interval [0, T] with arbitrary fixed horizon T and let {Z q(), t €0, T]} be a one-
dimensional Rosenblatt process with parameter H (%, 1). According to the work of Tudor [34], the Rosen-
blatt process with parameter H > 1 can be written as

t t t e ot
zu-d) [ [ | [ 2y yadu| dBo)dBG:), ©
0 0

1Vy2

where K (t, s) is given by

t
KH(t, s) = CHS%’H /(u - s)H’3/2uH’1/2du fort>s,
S

o H(2H - 1)
T\ pa-2H,H-1y

with
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B(., )denotes the Beta function, K¥ (¢, s) = Owhent < s, (B(t), t € [0, T]) is a Brownian motion, H = H“ and

d(H) = H+1 A/ m is a normalizing constant. The covariance of the Rosenblatt process {Z u(), t e O, T]}
satisfy

E(Zy(0Zn(9) = 3 (527 + £ - |s - ¢1)

The covariance structure of the Rosenblatt process allows to construct Wiener integral with respect to it. We
refer to Maejima and Tudor [27] for the definition of Wiener integral with respect to general Hermite processes
and to Kruk, Russo, and Tudor [19] for a more general context (see also Tudor [34]).

Note that

T T
Zy(t) = I(11,)(y1, y2)dB(y1)dB(y2),
/]

where the operator I is defined on the set of functions f : [0, T] — R, which takes its values in the set of
functions g : [0, T]> — R? and is given by

H H
1F)(y1, y2) = d(H) / £ 28,y 2w, y)au

y1iVy2
Let f be an element of the set € of step functions on [0, T] of the form

n-1

f= Zail(ti,tm]’ ti € [0, T].

i=0

Then, it is natural to define its Wiener integral with respect to Zy as
T el T T

[ £00d240) 1= 3 ai@uttio) - Zute) = [ [ 10001,2)dB)dBG).

0 =0 0 0
Let JH be the set of functions f such that

T T
Fies=2 [ [aOs v dysdys <.
00
It follows that (see Tudor[34])
T T
Ifll5c = HQH - 1)//f(u)f(v)|u - v 2 qudv.
00

It has been proved in Maejima and Tudor [27] that the mapping
T
F [ rvdzy
0

defines an isometry from & to L?(Q) and it can be extended continuously to an isometry from H to L%(Q)
because € is dense in H. We call this extension as the Wiener integral of f € I with respect to Zy. It is
noted that the space H contains not only functions but its elements could be also distributions. Therefore it

is suitable to know subspaces || of H : |H| = {f [0, T = R| [ [T 1fQ)[IfW)|u - v|*H-2dudy < oo}. The

space |H| is not complete with respect to the norm ||.||5¢ but it is a Banach space with respect to the norm

T T
If\Ifge) = HQH - 1) F@)[IfW)|u - v[* 2 dudv.
/]
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As a consequence, we have
L%([0, T]) ¢ LYH([0, T])  |H| C K.

For any f € L%([0, T]), we have

T
IF1% < 2HTH! / F(s)ds
0

and
1F11Esc; < CEDIF Zmgo, 1y “)

for some constant C(H) > 0. Let C(H) > 0 stands for a positive constant depending only on H and its value
may be different in different appearances.
Define the linear operator K}, from € to L*([0, T]) by

T
. oK
W0y = [ FOSFCE Y2
yivy,
where X is the kernel of Rosenblatt process in representation (3)
t , ,
oKH oKH
x(t, Y1, YZ) = 1[0,r]()’1)1[o,t]()’2) W(u’ )ﬁ)w(u, )’z)du-

y1iVy2

Note that (K;,l[oyt])(yl, y2) = K(t,y1,¥2)1[0,q(¥1)1[,g(y2).- The operator Kj; is an isometry between & to
L?([0, T]), which can be extended to the Hilbert space . In fact, for any s, t € [0, T] we have

<KH1[OJ],1<H1[O,S]>LZ([O = (K 00, K, - Mo, oo,y
tAS tAS
= / K(t, y1,y2)K(s,y1,y2)dy1dy,
0O o0

t s
H(2H—1)//\u—v|2H-2dudv
00

(L0, Lo,s1) g¢ -

Moreover, for f € H, we have
T
Zu(f) - / / (Kif)v1, y2)dB(y1)dB(y2).
0 0

Let {Zn(t)}nen be a sequence of two-sided one dimensional Rosenblatt process mutually independent on
(Q, F,P). We consider a K-valued stochastic process Z(t) given by the following series:

Zot) = > za(0Q?en, t=0.

n=1

Moreover, if Q is a non-negative self-adjoint trace class operator, then this series converges in the space K,
that is, it holds that Z(t) € L?(Q, K). Then, we say that the above Z o(t) is a K-valued Q- Rosenblatt process
with covariance operator Q. For instance, if {0 },cn is @ bounded sequence of non-negative real numbers
such that Qen = onen, by assuming that Q is a nuclear operator in K, then the stochastic process

2o =3 2010 e = 3 Vonzalen, 20, (5)

n=1 n=1

is well-defined as a K-valued Q- Rosenblatt process.
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Definition 2.2. (Tudor[34]). Let ¢ : [0, T] — LQ(K, H) such that >~ | HK;((le/Zen)||L2([O’T];H) < oo, Then,
its stochastic integral with respect to the Rosenblatt process Z(t) is defined, for t = 0, as follows :

t o o ot
[ 00120 =3 [ 990 endzn(s) = Y- [ [KitpQ e, y2)dBOdEG). (@
0 0 0

n=1j n=1

Lemma 2.1. For : [0, T] — LY(K, H) such that >, \|¢Ql/2en||L1,H([O’T];H) < oo holds, and for any a, b ¢
[0, T] with b > a, we have

2

b w b
E / Y(s)dZo(s)|| < c(H)(b-a)" 13" / 1Y(s)QY 2 en | ds.
p n=1y
If, in addition,
Z p(6)QY?ey|| is uniformly convergent for t € [0, T1,
n=1
then, it holds that
b 2 b
E / P(s)dZg(s)|| < CLHN(b - a?-! / 1) 2 sy -
a a

Proof. Let {en}nen be the complete orthonormal basis of K introduced above.
Applying (6) and Holder inequality, we have

2

E

b o b
[v0azes)| = B[S w610t endzs)
a n=17y

- b
= Y E / Y(s)Q'*endznls)
n=1 a

- b b
= ZH(ZH—l)//||1p(s)Ql/2en|\|\l/)(t)Ql/zen|\|t—s|2H’2dsdt
n=1 a a

2H

IN

oo b
CH Y ( / |¢(s)0”2en|”Hds)
n=1 a

IN

-
ctinb-a* S [ 196)0" en|ds.
n=1

O

Lemma2.2. [37] Let a function I’ : [-r,+o0) — [0, +o0) be such that there exist positive constants w >
0, a;j(j=1,2,3),and B;(i = 1, 2, - - -) such that

a1e7 fort e [-r,0],

t
ae +ay Supge(_,0] It +6) + a3 /e"”“‘s) sup I(t+6)ds

@ < o¢[-r,0]

¥ Z Bie “Ur(¢)) fort = 0.

ti<t
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+oco

Ifa, + & + Z Bi < 1,the I'(t) < Ne ! for t > —r, where I' > 0 is the unique solution to the equation
i-1

+oo
a + e’ + > Bi=1and N = max{ay, & =1y 0.
i-1

1
(w aze

2.3 Partial integro-differential equations in Banach spaces

In this section, we recall some fundamental results needed to establish our main results. For the theory of
resolvent operators we refer the reader to [13]. Throughout this paper, H is a Banach space, A and Y(t) are
closed linear operators on H. Y represents the Banach space D(A) equipped with the graph norm defined by

lyly := |Ay|+|y| for yeY.
The notations C([0, +o0); Y), B(Y, H) stand for the space of all continuous functions from [0, +oo) into Y, the

set of all bounded linear operators from Y into H, respectively. We consider the following Cauchy problem

t

) = Ap(D+ / Y(t - s)p(s)ds, for t>0,

0
vo € H.

@)
p(0)

Definition 2.3. ([13]). A resolvent operator for Eq. (7) is a bounded linear operator valued function II(t) € £L(H)
for t = 0, satisfying the following properties:

(i) I(0) = I and |II(t)| < MePt for some constants M and B.

(ii) For each x € H, II(t)x is strongly continuous for t > 0.

(iii) II(t) € L(Y) fort = 0. Forx € Y, II(-)x € C'([0, +o0); H) N C([0, +o0); Y) and

t
TOx = ABx+ / Y(s)(¢ - $)II(s)xds
0
t

= II(tH)Ax + /H(t -s)Y(s)xds fort=0.
0

Remark 2.1. There exist a constant M > 0 such that ||II(t)|| < M, for t € [0, T].

The following assumptions are imposed on the system under consideration:

(H1) A is the infinitesimal generator of a strongly Co-semigroup {S(¢)}¢o on H.

(H2) Forall t = 0, Y(t)is a closed linear operator from D(A) to H, and Y(t) € B(Y,H). Foranyy € Y, the
map t — Y(t)y is bounded, differentiable and the derivative t — Y'(t)y is bounded and uniformly
continuous on R™.

Theorem 2.3. ([13, Theorem 3.7]) Assume that (H1)-(H2) hold. Then there exists a unique resolvent operator
for the Cauchy problem (7).
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3 Main Results

3.1 Existence of mild solution

In this section, we present and prove the existence and uniqueness of mild solutions of Eq.(1) by means of
the theory of resolvent operator and contraction mapping principle. First of all, we begin with the definition
of mild solution for Eq.(1)

Definition 3.1. An H-valued stochastic process u(t), t € [-1, T}, is called a mild solution of Eq.(1) if
1. u(’) e PC(-t, T], L*(Q, H)),

2. forte [-1,0], u(t) = p(t),

3. fort e [0, T], u(t) satisfies the following integral equation:

) = 10 [9(0) - 4(0, )] + (6 )
/H(t s)f (s, us)ds+/1'.l(t s)/g(s n, uy)dnds

£ 3 - L) + / / TI(¢ - $)h(s, us, VIN(ds, dv) ®

0<[k<l’ 0

/H(t s)a(s)dZQ(s) P-a.s.

In order to attain the result, we impose the following assumptions:
(H3)(i) For all t € [0, T], there exist constants 0 < K; < 1 such that, for 1; € PC, j = 1, 2, the H-valued
function q : [0, +o0) x PC — H satisfies the condition

la(t, Y1) - q(t, Yo)I] < Kl [h1 — o]

AISO’ Kl = Ssup ||q(ta O)H'
telo,T]
(ii) The function g is continuous in the quadratic mean sense. V¢ € PC,

lim E||q(t, @) - q(s, @)||* =
t—s

(H4) There exists a constant K, > 0 such that, for ¢; € PC, j = 1, 2, the mapping f : [0, +00) x PC — H
satisfies the following Lipschitz condition for all t € [0, T]:

It 1) = (&, Y2)l| < Kal[h1 — o[-

Here K, = sup ||f(t, 0)]|.
telo,T]

(H5) The mapping g : [0, +o0) x [0, +o0) x PC — H satisfies the following Lipschitz condition. For t € [0, T],
there exists a constant K3 > 0 such that, for i; € PC,j =1, 2,

< Ks||y1 = ol

t
H/gmawwgmwﬂm
0

Here K3 = T sup |g(t,s,0)]|.
Oss<t<T
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(H6) The mapping h : [0, +o0) x O x PC — Hi satisfies the following Lipschitz condition. For t € [0, T], there
exists a constant K, > 0 such that, for ; € PC,j =1, 2,

1/2
/Hh(t,l,th)—f(t, Yo, V)II*A(@v) v (/Ilh(t,llh,l/)—f(t, l/)z,V)IIZ/I(dV)> < Kullh1 = o]l
9 o

1/2
(/ |[h(t, 1, v) - f(t, P2, V)IIZA(dV)> < Kullh1 = ol
0

(H7) The impulsive function I, : H — H is continuous. There exists constants d; > 0 (k = 1, 2, ...) satisfying

+o0

Z dy < oo, such that
k=1

k(1) = L] < dicl[p1 = 2|, [[1(0)]] = O forall Yy , Y, € PC.

(H8) The function ¢ : [0, +o0) — LY o(Y, H) satisfies
[0y ds < oo, v ¢ 0,171

We have the following two conditions for the complete orthonormal basis {an },cn in Y.

hind 1
(CDD " [|0Q? anl|r2qo,1y;m) < ==

n=1
oo

(C.Z)Z ||0(t)Q% an||y is uniformly convergent for all ¢ € [0, T].

n=1
We now establish the existence and uniqueness results for Eq.(1).

Theorem 3.1. Assume that hypotheses (H1)—(H7) are satisfied forall ¢ € PC, T > 0, and

4 (S
AR <Zd> <1. ©)

Then, the Eq.(1) has a unique mild solution on [-T, T].

Proof. To begin, we introduce A7 := PC([-1, T], L?(Q, H)) the Banach space of all continuous functions
from [-7, T] into L*(Q, H) equipped with the supremum norm ||[|3 = supsc[_r.71(E||£(s)||*). Now consider
the closed subset Ay = {u € Ar s u(r) = ¢(r)fort € [-T, 0]} of At endowed with the norm || - ||4, . The

problem (1) is transformed into a fixed point problem. We define the operator ¥ : Ay — Ag by
(Pu)(t) = p(t), t € [-1,0] and for t € [0, T]

W@ = 100 [$(0) - g0, $)] + g(t, uy)

t t S
+0/H(t—s)f(s,us)ds+o/1'[(t—s)0/h(s,n,un)dnds

+ 37 I - L () + / 1t - $)o(s)dZE(s) P~ a.s.

O<ty<t
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Now, to prove the existence result of mild solution of Eq.(1), it is sufficient to show that ¥ has a fixed point.
To this end we subdivide the proof into two steps.
Step 1: First, we show that the map t — (¥x)(t) is continuous on the interval [0, T]. Let m be suffiicently

small, foru € Ayand 0 < t < T. We get

2

Ef|(#u)(¢ + 1) - (O = 12E|| (1t +D - 110)) [$(0) - (0, )] || +12Ellq(t +L,u,7) - 4(¢, o]

t+1

2 2
+12E‘ ‘/ I(t + 1 - s)f (s, us)ds
t

+12E (H(t +T-s)—I(t - s)) (s, us)ds

(H(t+7—s)—1’[(t—s)>/sg(s,n,u,,)dnds ’
0

+ 12E

2

2
+ 12E

/ (11t +1-5) - 1€t - 5)) h(s, ws, VINGs, du)
0

2
+ 10E

t
0/
t
o/
t+ S
+12E /H(t+7—s)/g(s,n,u,1)dnds
t 0
t
o/
t+
t

1
/H(t +1-8)h(s, us, vN(ds, dv)
0

2
2B S (H(t+7—tk)—1'[(t—tk)) Lu(t)
o<ty <t

2
+12E Z ot+1- t L (u(t))

t<tk<t+7

2

t t+1
+12E / (¢ + 1 s) - (¢ - 5)o(s)dZE(s) +121EH / (¢ + 1 - 5)o(s)d 2t (s)
0 t

12
j=1

By Definition 2.3-(ii) , we have
lim P1 =0.

=0
By using (ii) of (H3) we obtain that
lim Pz =0.

-0

By using Holder inequality we have:

2
ds.

Py st]E/[H(H(t+7—s)—1’[(t—s))f(s,us)
0

By Definition 2.3-(ii), we have
~1im(<H(t +1-8)-I(t - s)) f(s,us))=0

[—0

and by combining the assumption (H4) and Definition 2.3-(ii), we obtain

2 .
H (H(t +1-8)-I(t - s)) f(s, us)|| < 2M? (208 4 2B (K, |Jue||? + Ks),
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The Lebesgue dominated theorem, implies that

_11mP3 =0.

=0

Using Holder inequality, we have

ds

t+1
P, < E HH(t+7—s)f(s,us)
/

t+l t+1

/||H(t+7—s)|\2dsIE/Hf(S,us)IIzdS
t t

IN

t+1
TMZ/]E||f(s, us)||Pds.

t

IN

Thus, we have
~IIITI P4 =0.

1—0

By using similar arguments to P, and combining assumption (H5) we obtain

llm P5 =0.

1—0

Also, with the same argument to P5 and using assumption (H5) we obtain that

~lll'Il P6 =0.

1—0

Similarly, with the same argument to P; and using assumption (H5) we obtain that

_1i1’I1P11 =0, jimPlz =0.
1—0 [—0

For P, application of Lemma 2.1 gives

¢
pP; < 2cH(2H—1)t2H‘1/ I (H(t+7—s)—H(t—s)) o(s)||%%ds.
0

By Definition 2.3-(ii) we have
(H(t+7—s)—H(t—s)) o(s) >0, asl— 0

and by Definition 2.3-(i) we have the inequality :

2
HI’[(t +1-5s) - II(t - s)a(s)

< 2M2(2+DB 4 e*?)llo(s)I17s,

0
LQ

and by the Lebesgue dominated convergence theorem, we get

lim P7 =0.

-0

By Lemma 2.1 we have
t+1
Pg < 2cH(Q2H - 1)72H‘1/Hl'[(t—s)a(s)Hf?Z ds,
t
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since s € [0, T], we have
t+1

Pg 2cH(2H - 1)1 p? / |\o(s)||f?2 ds,
t

IN

and regarding to (H7), we get
llm P 8 = 0.

1—0

By using Definition 2.3-(i) we have

2 .
H (H(t +1- ty) - II(t - tk)) Ik(u(t;))’ < 2M2(e2(“1)ﬁ + eZIﬁ)dkHu(t;)Hz.

By combining assumption (H6) and Definition 2.3-(i), we have

_hm P9 =0.
=0

By using assumption (H6) and Definition 2.3-(i), we get

~111'Il P10 =0.
=0

Therefore,we can conclude
lim E[|(¥x)(t + T) - (¥x)(8)||* = 0.
1—0

Hence, the above arguments imply that function t — (¥x)(t) is continuous on the interval [0, T].
Step 2: In this part of the proof, we will verify that ¥ is contraction mapping in /AIT1 with some T; < T to be
specified later. Let u, v € /ALT1 and t € [0, T]. By virtue of elementary inequality we obtain

{ 2
1(Pw)(©) - ()OI < g llalt, u) - gt voll* + 175, H/H(t—S) f(s, us) = f(s, vs)] ds
0

t S S 2
+|| [ H(t-s) | [ g(s,n,up)dn - [ g(s,n,vy)dn| ds
[re0|] /
2
+ (¢ - s) |h(s, us, v) - h(s, vs, v)N(ds, dv)| ds
[l |
2
+|| D 1t - ) [Tx(6) - Lly(£)]

O<ty<t

By using assumptions (H3)-(H6), Defintion 2.3 together with Holder’s inequality, we get

t
22 4MP K3t
E[|(Pu)(6) - ()OI < K1E||ut—vt|\2+4T_I£<12t/EHus—v3\|2ds+1_7Ki/E||us—Vs||2d5
0 0

t

2
2102 4M2 ind _ _
+4Afffa/EHus—vsH2ds+ = (Zd,) Ellu(ty) - v(ty)| .
0 i=1

Hence, we have

sup ]E|\(‘I/u)(s)—(‘lfv)(s)||2s@(t) sup E\|u(s)—v(s)||2,
se[-1,t] sel-1,t]

where

2
Kit+K3t+Ki)t  aM? (3
00 = K, + app? K2 G K di| .
() =L +4 1-K  (1-Ky) 2’
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By inequality (9), we have
2
4M2 +oo
6(0) = K; + a-K (; di> <1.

Then there exists O < T; < T such that 0 < 6(T;) < 1 and the operator ¥ is a contraction on flTl and hence it
has a unique fixed point on [-T, T;], which is a mild solution of Eq.(1) on the interval [-1, T;]. By repeating
a similar process the solution can be extended to the entire interval [-7, T]. O

Remark 3.1. Notice that we can extend the solution for t = T. Indeed, if we assume that the constants

K1, K>, K3, K, which appear in assumptions (H3)-(H6) are independent of T > 0, then the mild solution is
defined for all t € [-r, T}, for each T > 0. This will play a crucial role in our analysis of stability. Therefore, in
the next section we will assume that the solutions are defined globally in time (for instance, under the previous
assumptions).

3.2 Exponential stability

In this subsection, it is established the exponential stability in the mean square moment of the mild
solution for Eq.(1), we need to state the following additional assumptions.

(H9)The corresponding resolvent operator (II(t))¢. of Eq. (7) verifies the following : There exist v > 0 and M > 0
such that ||II(t)|| < Me ™, forall t = 0.

(H10)There exist nonnegative real numbers R; > 0 and continuous functions
& 1[0, +00) = Ry, &(t) < e, i=1,2,3,4,a; > 0suchthatforall t > 0and i; € PC

llg(t, Y1)II* < Ra||1])? + &1(D),
|IF(t, Y211 < Ra|[ha]|* + &(8),

¢ 2
H /h(t,s, P3)ds|| < Rs||ps|* + &(0),
0

1/2

JIne I A@n v | [ e pa ]2 | < Rallal 000,
6 6

(H11)The function o : [0, +o0) — L%(Y, H) satisfies the following condition in addition to assumptions (C.1) and
(C.2):

+oo

/e”s||0(s)|\i%ds < oo,
0

Theorem 3.2. Assume that the conditions of Theorem 3.1 are satisfied and (H9)—-(H11) are fulfilled. Then the
mild solution of Eq.(1) is exponentially stable in mean square moment provided

5{[M?(R; + R3 + Ry)[+*] + [M*(3:23 dp)*1}

1-k? <1, (10)

where k := /R;.

Proof. From (10), it is possible to find a suitable number I > 0 small enough such that

k+ SMZ(RZ +R3 +R4) " SMZ(Z;: dk)z

A=D1 - B i-0 -



DE GRUYTER

Exponential behavior = 15

Let assume that u = ~ — [ and u(t) be a mild solution of Eq.(1). Then, from (8) we have

Elu@|? < LEllt u)|P + E {|[TO$(0) - (0, §)]| 2

+

M-

j=1

t
/ TI(¢ - $)f(s, us)ds
0

t S
/ I(t - 5) / &(s, 1, up)drds
0 0

By assumption (H10) we get

where A; =

According to (H9) and (H10) we obtain

451

J2

<

IN

<

DIt - )L ()

O<ty<t

Ji(0).

10
T BT +

10M?

1-k

J1 ()

/\ze"’”,

IN

IN

e ?VE||(0)|| +

2 2
+

t
/ 11(¢ - 5)o(s)d 28 (s)
0

t

//H(t - $)h(s, us, v)N(ds, dv)
0

0

2
+

)

1
ZEllg(t u)|®

%{RﬂEHutHz +&1(0}

KE||uel|* +Are™",

L EIT0q0, $)I

10M?
1-k

e T {RiE]|g]|* + &1(6))

10M?
where A = = [E[|¢(0)[|* + {RiE||¢]|” + a1}].
Employing (H9) , (H10) and Hoélder’s inequality, we get

where A3 =

5M2R3 Qas
Y1 -k)y-p

J5(t)

IN

IN

5
7%l

E

t
/ (¢ - $)f (s, us)ds| |2
0

¢ 2
( / Me "9 (s, us)nds)
0

t
/e"”(t"s)EHustds +Aze M
0

2

(1)

(12)

(13)
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Also with the same arguments, we have

IN

t
1) = HE| [ Nee

/g(s, n,xn)dn‘ ds

’ (14)
< 5M2 /e VIR Jug| P ds + Age ™,
0
5M2R4 ay
where A, = .
R CE ST
By Lemma 2.1 and (H11) we have
t
J5 < I > kMZC(H)tZH"1 /e"zw(t"s)Ha(s)H%o ds
il Q
0
_ut SM? 2H-1 -0t t 2
< e* mc(H)t e /e”SH(i(s)HL%ds.
0
According to assumption (H11), there exist a constant v5 > O such that, for all ¢ > 0,
t
fic(H)EH*le*“ / e"%|(s) 170 ds < As. (15)
0
Thus
]5(1’) < /l5e_’”.
and
¢ 2
Je® < //MawmmwaM)
0 8
< 7(61M k)R‘* / e VIR ||u|? ds + Age ™M, (16)
0
_ 6M* «a
where A¢ = g o
By using (H7) and (H9) we have
sm? ()’ ~27/(t-t) 12
5O < ¢ ddi] e Elfu(t)l|
i=1
(17)

IN

5M2 +oo +oo _ (t_t ) ~ 5
T 2o di ) [ Dodi ) e TR (sl
i=1 i=1
The above inequalities (11)-(17) together with Lemma 2.2, imply that
E|lu(t)||® <ve for  te[-1,0]
and

t
MMWSWWMMMWWWW#W“WMW%WS
-1<60<0 > -1<0<0

+oo
> wpePCWE| )|’ t20
i=1
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where

2 6
g=2M (5(21+_Rk3)+R4) and v = max (ZA, sup E||¢p(0)|] )

i-1 ~T<6<0

And we observe that k + 35 + 3177 wy < 1.

Thus, the mild solution of Eq.(1) is exponentially stable in mean square moment, since k + L Z o1 Wi <1
and by Lemma 2.2 we have the existence of two positive constants C and r such that E||u(t)| |2 < Ce™" for any
t = -7, where 6 > 0 is the unique solution to the equation k + Tlfee" +3 5wy =1and

C = max{v, %} > 0.
This completes the proof of the theorem. O

4 Illustration

This part consist to make an application of the theory studied above. Consider the impulsive neutral
stochastic partial integrodifferential equations of the form

diw(t, §) - B (t, wlt -1, §)] = [w(t, §) - Ba(t, wlt -1, )]

B
t
2
+ / bt - s)a%[w(s, ) - (s, wis — 1, £)]ds
0

t
+ﬁ2(t’ W(t_r9 {))"’/BB(t, S, W(S—r, 5))d5:| dt (18)

0
+/ﬁ4(t,x(t—s),z)ﬁ(ds,dz),+o(t)dzg(t), O<tsm t#t, telo,Tl,

]
w(t,0)=w(t,m) =0, O0<t<T,

Awlty, (&) = ﬁs SwWity, ), t=ti k=1,2,-,
w(t, &) = ¢(t, {) € PC([-1, 0], L%[0, 71]), -T<t<O,

where Zg is Rosenblatt process define on probability space (Q, F,P), B1, 82 : R xR — R,

B3, B4 : R" xR* xR+ R, b : R* — R are continuous functions, 5 > 0 constant and

0:[0,00) — L% (Lz([O, al), L2([o, n])).

Let H = Y = L?[0, 7] with the norm || - || and en(x) = \/gsin nx, n=1,2,---.Then (en)ncy is a complete
orthogonal basis in Y. In order to define the operator Q : Y — Y, we chose a sequence (0n),»1 C R* and set
Qen = 0nen , and assume that 37, \/0n < oo. Define the process Z by

ZH(t) = Z % UnZIrLzIen,

n=1

where H ¢ (%, 1) and {ZI,Z[ } N is a sequence of two-side one-dimensional Rosenblatt process mutually
independent. "

Define the operator A : D(A) C H — Hby A = a Z. * with domain D(A) = H}(0, m) n H?(0, m).

It is well-known that A is the infinitesimal generator of a strong continuous semigroup { T(t)} o on H,
which is given by

+oo

T(t)x = Ze n’ (x,en)en and Ax = - Zn X, en)en, x € D(A).

n=1

We suppose that:
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(i) There exist a positive constant I;, 0 < 7rl3 < 1 such that
|B1(t,y1) = B1(t,y2)| < lilyr - yal, £20, y1,y2 €R.
(ii) There exist a positive constant, I, > 0 such that

|B2(t,y1) = Ba(t,y2)| < Lalyr - yal, t20, y1,¥2 €R.

(iii) There exist a positive constant, I3 > O such that

t
| [ [Bsteyn) - Batt.ya)] ds| < iy -yl €20, yry: € R
0

(iv) There exist a positive constant, I, > O such that

<lylyr —yal, t20, y1,y2 €R.

‘ / [ﬁll(t: Y1, V) _B4(t5 YZ, V)] N(dsy dV)
0
(v) There exist nonegative real numbers Qq, Q2, Q3, Q4 > 0 and functions &1, &, &3, &, : [0, o0) — R* with
&i(t) < Pie"“ (i=1,2,3,4), P; >0, such that

B1(t,y)|* < Quly)? + &),
B2, V)| < Qaly|? + &),
t

| [ Battos.as| < asly + 500,

< Quly)? + &(0).

0
~ 2
\ / Ba(t, v, y)N(ds, dv)
0
(v) The function o : [0, o0) > LY (L*([0, 71]), L2([0, n])) satisfies
t oo
[ 16®Iyds <o, tcl0,7) and [ &o@)yds < .
0 0

Let Y : D(A) C H — H the operator define by Y(t)(z) = b(t)Az for t = 0, z € D(A). For & € [0, nt], we define
the operators q, f : [0, 00) x H + H], g : [0, o0) x [0, 00) x H + H, h : [0, o0) x 6 x H + H and I; : H — H by

G(t, §)(&) = B1(t, P(£)),
F(t, )(§) = Ba(t, ¢(€))

/ fi(t, s, $)(©)ds = / Bs(t, s, p(E)ds,
/ h(t, §)(E) = Balt, (&),
0

O =R0@ k=12,

If we put

u(t)(&) =w(t, &), fort=0, and ¢ < [0, ],
©(0)(&) = up(8, &), for —1<0<0, and ¢ €0, ],
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then, Eq.(18) takes the following abstract form

t
du(t)-q(t,u)] = AOAO—daudyi/Yﬁ—ﬂ[Mﬂ—qﬁ,mﬂd5+ﬂﬁud

t

/g(t Ss us)dS] dt+/h(t ug, VIN(dt, dv) + o(0dZa(0), t € [0, T], t # ty,
0
Lu(ty)), t=t, k= 1,2,

¢ € PC([-1,0],H), -T<t<O,

+

Au(t)
uo(t)

(19)
Moreover , if b is bounded and C* function such that b is bounded and uniformly continuous, then (H1)
and (H2) are satisfied, and hence, by Theorem 2.3, Eq.(7) has a resolvent operator (H (t)) 150 ON HL. Using
Lemma 5.2 [9], let u > § > 1 and b(t) < exp(-pBt), for all ¢t = 0. Then the above resolvent operator decays
exponentially to zero. Specifically || II(t)|| < exp(-at) where a =1 - 1/6.
For (t, s, ¢;) € R* xR* x H, j = 1, 2, respectively by assumptions (i), (ii), (iii) and (iv), we get

llg(t, d1) - q(t, p2)|| < Li]|p1 — P2,
If (¢, d1) = f(¢t, @)l < L]|p1 — Pl

< I3]|¢1 - P2,

t
8(t,s, 1) - glt, s, pr)]| d
Ho/g S, P1) -8\, S, P2)| ds

| [ [t ¢1.v) - hee, ga vt av)] | < s - gl
zZ

llg(t, 1)l < Q1]|p1]? + & (D),
IF(t, )1 < Qallpa)? + &(8),

t
| [ste.s.g0ds| < aalinl + 50,
0
2
h(t, §1,v)ds|| < Qul[dal| + &u(D).
| 1. ormas <auon o5

We have also that
| @) - 1(2)

< dill¢1 - P2l

where d; = &, k=1,2,. andde—ng < oo

Thus, all assumptions of Theorem 3.1 are fulfilled. Therefore, the existence of a mild solution of Eq.(18)
follows. In addition, by Theorem 3.2, we easily see that the mild solution of Eq.(18) is exponentially stable
in the 2nd moment.

5 Conclusion

In this article, we showed existence and unicity of mild solution to Eq.(1) by using Banach fixed point
theorem. Further, we investigated exponential stability of mild solutions. The last part of this paper is
devoted to an example to illustrate our results.
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