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This paper investigates the synchronization problem of inertial neural networks (INNs) with time delays
by virtue of event-triggered (E-T) impulsive control, in which a Lyapunov function based E-T mechanism
is used to determine impulsive instants. The synchronization analysis of INNs through E-T impulsive con-
trol technique unlike time-triggered impulsive control, which would be activated when certain well-
designed conditions exist, E-T impulsive control is only allowed when certain well-defined events occur.

Besides that, control input is only required at triggered instants and also no control input is required for
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two triggered instants in a sequence. Considering the E-T mechanism, the synchronization analysis of the
INNs is discussed by reduced and non-reduced order approaches and constructing the suitable Lyapunov
functionals. Finally, two simulation results are provided to illustrate the efficacy of the theoretical results.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

The dynamical behaviours of neural networks (NNs) with iner-
tia, i.e. inertial neural networks (INNs), have been extensively stud-
ied so far and many attractive results on the asymptotic and
exponential stability of equilibrium for delayed INNs have been
obtained. The synchronization problem of inertial delayed neural
networks has become a prominent topic in recent years. Many
potential applications for synchronization exist, including secure
communications [1,2], information science, and image encryption
[3,4]. With increased interest in INNs, many researchers are inves-
tigating the synchronization problem of delayed INNs. Zhang and
Cao [5] investigated the finite-time synchronization of delayed
INNs by using integral inequality method. In [6], global exponential
stabilization and lag-synchronization of the delayed INNs are con-
sidered. By utilizing matrix measure and Halanay inequalities,
some sufficient conditions for the stability and synchronization
results are derived for a class of delayed memristive INNs [7], iner-
tial bidirectional associative memory NNs [8]. In [2], a class of INNs
with multi-proportional delays was considered. First, the original
INNs with multi-proportional delays can be expressed as a first-
order differential equation by designing a suitable variable substi-
tution. Second, certain new and effective criteria for achieving
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finite-time and fixed-time synchronization of the INNs are estab-
lished by using Lyapunov functionals and analytical techniques,
in connection with unique control algorithms. Tang and Jian [9]
investigated the exponential synchronization of INNs with discrete
and finite distributed time-varying delays through periodically
intermittent control. Although the switching speed of the power
amplifiers is finite, time delays in neural systems are common
when NNs are used in embedded systems, which affects the
dynamical behaviors of NNs [1,2,4,9,10]. Therefore, it is required
to investigate the synchronization of time-delayed INNs. Mean-
while, several control systems, including sliding mode control
[11], adaptive control [12,13], feedback control [14], sampled-
data control [15,16], pinning control [17,18], periodically intermit-
tent control [9], impulsive control [19,20], event-triggered control
(E-TC)[21,22], have been developed to investigate synchronization
and stability problems.

Impulsive control has received a lot of interest because of its
many applications in real-world networks. The convergence rate
of the systems may become quicker or slower, or even non-
convergent, if the state of nodes is subject to instantaneous change
at certain impulsive instants [23]. Therefore, it is necessary to
investigate the role of impulsive control in the synchronization
and stability of the dynamical systems. Many studies are currently
being researched on the impact of time-triggered (T-T) impulsive
control on neural networks. But the working period of impulsive
controller cannot be changed until controller is formatted. That
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is, the impulsive instants are pre-designed, making impulsive
instants stationary [24-26]. In addition, the memristor based
delayed NNs was explored by impulsive controller in [24], where
the impulsive instants cannot be changed until the controller is
formatted. In current technological advancements, the selection
of a controllers such as sampled data control [27,28], H,, control
[29], optimum control [30], sliding mode control [31], impulsive
control [32], has a significant impact on the output of the system.
There are two broad groups of state feedback control techniques
for synchronization that have been studied thus far. One is contin-
uous or piecewise continuous control, for example, sampled data
control [27], optimum control [30], or sliding mode control [31],
requires the controller to react as the state error changes. More-
over, continuous controller upgrades, would require a large
amount of power. It’s possible that the other, which is discontinu-
ous, can aid with issues like impulse control. Furthermore, the
impulsive control technique has sparked the interest of many
scholars, because of its applications in finance, biological models,
and medicine. It is a discontinuous control approach with a range
of benefits over continuous control (like state-feedback control)
systems, such as high reliability, efficiency, easy installation, and
minimal maintenance costs. In general, the sample period of a
time-triggered control (T-TC) cannot be set too high in order to
ensure that delayed NNs are synchronized. However, if delayed
NNs are in perfect working order to be dependable, a shorter sam-
pling interval may result in resource waste. Furthermore, on a net-
work channel with limited bandwidth, the T-TC technique
dramatically increases the likelihood of packet waiting and colli-
sion. Thus, researchers have devised a control that is triggered by
events in order to overcome the limitations imposed by existing
T-TC techniques. This control is called E-TC. Unlike T-TC, the E-T
mechanism has proven significant benefits in reducing controller
update times in order to achieve the desired results [33-39]. For
instance, in [36], the synchronization issue of delayed switched
NNs with communication delays has been researched by E-TC. It
significantly reduces the number of control updates required for
coupled switched NNs synchronization tasks involving embedded
microprocessors with limited on-board resources. To reduce the
control updates a distributed E-TC technique under the periodic
sampling has been introduced in [40] for leader less synchroniza-
tion of delayed coupled NNs. In [41], secure communication based
quantized synchronization results has been given for master-slave
NNs under the E-TC. An E-TC strategy is a type of control applica-
tion approach that is inserted between both the sampler and the
controller by an E-T strategy that has been predesigned. When
using E-TC, sampling is only accomplished when the state-
dependent error reaches a tolerable level of severity. When com-
pared to a T-TC procedure, the E-TC method has a lower likelihood
of redundant information transfer. E-TC laws govern whether sam-
pling should be performed rapidly or slowly, and whether sam-
pling information should be conveyed for control update
purposes. The approach was then applied to networks, and
event-triggered impulsive control (E-TIC) approaches were pre-
sented as a result of the application. Whenever the E-TIC strategy
is violated, the combination of delayed impulsive control and the
E-T mechanism produces E-T instants, and delayed impulsive con-
trol is only applied at these E-T instants. As a result, in order to
increase the performance of systems under E-TC, it is necessary
to improve the approach used to determine whether an event
has occurred. From the perspective of application, the E-TIC tech-
nique is appropriate, and the control approach will effectively
increase the utilization of resources in systems with restricted
bandwidth. Following up on the aforementioned investigations,
the authors discuss INNs with E-TIC, and thoroughly investigate
the synchronization criteria of this network. As far as the authors
are aware, few literature studies have devoted to the synchroniza-
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tion problem for delayed INNs with both order reduced and non
reduced method through the E-TIC scheme, which is another moti-
vation of our research. Motivated by the preceding discussions, our
paper’s main conclusions are summarized below:

1. Up until now, no related synchronization results have been
reported for delayed INNs by using reduced and non-reduced
order method. Therefore, to shorten such a gap, we will present
several new results guaranteeing synchronization of delayed
INNs in this brief. To solve this problem an E-TIC approach is
proposed. The NNs in this paper are with inertial term, which
extend the earlier publications [34-40] without inertial term.

. Several researchers in [1,5,6,9] apply the reduced-order method
and in [42,43] apply the non reduced-order method to study the
dynamical behavior of delayed INNs, as we known, the INNs
system with reduced-order method may rigor in real world
applications. Different from those works, in this brief learn
about the two methods namely reduced order and non- reduced
order (Direct method) methods are clearly described, as well as
how their shortcomings are exposed and how non reduced
order method is optimal to meet them.

. Besides, by designing a E-TIC scheme, the leader-follower syn-
chronization of the addressed delayed INNs is studied and some
effective conditions are given. It is important to note that the
dynamic behaviors of a class of INNs are analyzed in this paper
by employing some new Lyapunov functions without using the
variable transformation, this differs totally from the classical
reduced order method.

Notations: Let R and R" denote the set of real numbers and real
n-dimensional space equipped with the Euclidean norm || - ||. R™™
the set of all real n x m matrices. For any matrix M € R™" M" rep-
resents the transpose of a square matrix M and the symbol *
denotes the transpose of a block matrices and diag{...} express a
diagonal matrix. 0 and I are respectively denotes the zero and iden-
tity matrix with appropriate dimension. I' = {1,2

2. Preliminaries and model description

Graph Theory: Let G = (V,E, A) be an N-order digraph, where
the edge set is E, and the node set is V. The ordered pair of node
(i,j) represents the directed edge &; € E in digraph G, where node
j is a node i’s neighbor. Denote the set of neighbors of node i as
E; = {j € V|¢; € E}. The definitions of matrices A,B,D,L and H
can be found in [44] and thus are omitted here.

Consider the INNs consisting of N identical nodes with the
dynamics of the i node is described by the following second-
order differential equation:

2 . .
T~ A B )+ Tl (0) + DS (x(t — ) + 100
+oi(t), iel. (1)

where d?x;(t)/dt* is called as the inertial term of the INNs (1);
Xi(t) = (X1 (t), ..., xn(t))T € R" is the vector state of the i"" node at
time t;A = diag{as,...,a,},B = diag{bs,...,b,} are constant matri-
ces with a,, b, > 0;C = (¢),,, and D = (dp),,.,» P,4=1,2,....n
denote the connection weight matrix and time delayed connection
weight matrix respectively; The nonlinear function f(x;(t))
(Fxia(0),...fxa(0)"  and  f(xi(t — @) = (fXa(t—)),...,
f(xm(t — @)))" are the activations function for the INNs (1); ¢ is
the constant time delay; I(t) = (I;(t),...,I,(t))" is the input vector;
v;(t) represents the control input to realize leader-following
synchronization to be defined later.
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The initial conditions of the INNs(1) is represented as follows:

dx;(r)

Xi(r) = Ui(r)7 ds = Qi(r)7

where vi(r), 0;(r) € 2%' ([-¢,0],R"), 2% (|-7,0],R")is the set of

functions which are continuously differentiable defined on [—¢, 0].
To continue, consider the following assumptions, definitions,

and lemmas.

- <r<0,

Assumption 2.1. The activation functions f,(-): R — R in (1)
satisfy Lipschitz condition, that is there exists a constants F, > 0
forallp=1,...,nu,v € R such that

‘fp(u)_fp(y)‘ng|u_y"

Definition 2.2. [45] Suppose that 7" : R" — R" is locally Lipschitz
function, the upper right-hand Dini derivative of ¥~ along a non-
linear impulsive delay system is represented by

D" v[g] = lilgi+ sup% [7(0+18) — 77(0)].

Lemma 2.3. [45] For the impulsive system with time delay
0(t) = F(00).t > to,t # tn, 0(t) = 8a(0(t ).t = ta,n € Z,.,0 —to = ¢

with E-T mechanism ¢, = inf {t > t,_1 : Q(t,0(t)) > 0}the Lipschitz
function 7R = Ry and there exist constants
c¢>0,a, >0,d;, >0,7>0,y>0, with a,€(0,g,nez,, (a)
7(8(0)) < ey (0),¥9 e R"Yne Z,; (b) DH[f] <cr(B(t):
wherever e~y (0(t +5)) < 7°(0(t)),Vs € [—, 0], t # tp,where 0(t)
represents the solution of the impulsive model; (c) Sequence {a,}

i
in E-T mechanism satisfies a, + 3 (a,_x — dn_y) <1,V L€ Sp,Vn = 2,
k=1
where S, =1,2,...,n—2,n— 1. Then the delayed impulsive con-
trol model does not reveal Zeno behavior (ZB) under E-T mecha-
nism. Moreover, the triggered impulsive sequence {t,} satisfies

a
th—taq = ﬁ’ Vnez,.

Lemma 2.4. Assume that 7" (0(t)) is a positive definite and radially
unbounded function under the conditions of Lemma 2.3. Then, for
any constant y > 0 and triggering parameters a, € R, such that

m

> an — 400 as m — +oo the system (1) is globally exponentially
n=1

stable under E-T mechanism:

ta = inf {t > t, 1 : Q(t,0(t)) > 0} )

with Q(t,0(t)) = v (0(t)) — max {e’n-197(0(tn_1)), €0+ o e,
where 77 =sup {7 (0(to +5)),s € [-7,0]}, 7 (0(t)) and 77 (0(tn_1))
denote the Lyapunov functions.

In this paper, we will make leader-following synchronization of
delayed INNs that synchronize by the suitable designed controller.
Therefore, take INNs (1) as the followers and consider the leader of
the delayed INNs (1) is represented as follows:

d*s(t) ds(t)
dt? dt

in which s(t) = (51 (t),52(t), .. .,sa(t))" € R", denotes the vector state

of the leader node and the remaining parameters and functions are

the same as those in (1). The initial values of the INNs (3) is repre-
sented as follows:

- A

Bs(t) + Cf (s(t)) + Df (s(t — @) + 1(1). 3)
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ds(r)
ds
where §(r), 0(r) € 2% (|-, 0], R"). Now letting the suitable variable

transformation y;(t) = (dx;(t)/dt) + x;(t).fori € I the INNs (1) can be
rewritten into the following first order equations:

{

S(T') = 5(7’)7 H(r)v *(P <r< Oa

dx; ()

dt =Xi(t) +y;(t) + wi(t),
WO = oxi(t) — Byi(t) + CF (xi(0) + DF (xi(t — @) +1(t) + wi(0),i € T,

(4)
where «=A-B-Lp=A-LT={1,...,N} and letting
z(t) = (ds(t)/dt) + s(t) then the INNs (3) can be written as
{ 8O~ s(t) +2(t), )

G = os(t) — pz(t) + CF(s(6)) + Df(s(t — @) +1(t).

Define the synchronization error ey;(t) = x;(t) — s(t), exi(t)
y;(t) — z(t)for i € T. Therefore, the error dynamics of the i"" node
can be described as:

{

where f(e;(t)) = f(xi(t)) — f(s(£)),f(ei(t)) = fi(t)) — f(2(r)).

It is obvious that the synchronization problem of leader (3) and
follower (1) is equivalent to the synchronization between (5) and
(4). To realize the leader following synchronization between (1)
and (3), we design the following E-T impulsive control:

u;(t) = ZRiEi(t)(s(t —tn),

nez,

dey;(t)

dt
deyi(t)

dt

—e“(t) + ezl'(t) + ui(t)7
aeqi(t) — peai(t) + Cf (eni(t)) + Df (et — @) + wi(0),

(6)

o~ 7
vit) = Y KiEi(t)3(t — t,), g
where, Ei(t) = Z}’:U#,ﬁij (xj(t) — xi(t)) + Bi(s(t) — Xi(t)), E(t) =

ZJ'-V:”#I-ZJU ;) —y:(0)) + bi(z(t) — y;(t)), K; > 0 and K; >0 denotes
the control gain of the i follower node dynamics to be designed,

a; are the elements of weighted adjacency matrix A of the directed

graph G.,b; are the elements of leader adjacency matrix B of the
directed graph G, the Dirac delta function is 6(.) and the E-T impul-
sive sequence is denoted by {t,,n € Z*}. Then, the equivalent vector
form of the system (6) can be written s

L= —(Iv@hei(t) + (@ L)e(t),
GO~ (Iy@ e (t) - (Iv@ plex(t)
+Iv @ Of (er(t) + (IN@ D)f (er(t— @), t # b, (8)
Aei(t)= —(KH®I)e(t),
Ae(t) = —(RH ®1n)e2(r),r: taneZ,

where €1 (t) = (611 (t) 812(1'), . ,elN(t))T, ez(t) = (6’2] (t), 622(t), RN
en(t)’, Aen(t) = en(t) —ex(t7),h = 1,2,K = diag{ki, k», ..., ky}and

K= diag{l%,l?b . ,I}N} to be designed.

Remark 2.5. The structure of an impulse control scheme is simple,
and it just needs discrete control to produce the required result,
recently E-TIC has gotten a lot of attention as a mixture of
impulsive control and E-TC. By incorporating E-T mechanism into
impulse control, E-T impulse governs the system states by
instantly modifying the states at specific times, which are esti-
mated by an well-designed E-T mechanism.
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3. Main results

In this section, we are going to study the leader-following syn-
chronization of reduced and non-reduced order INNs by using E-
TIC. The synchronization criteria is given by the following two
theorems.

Theorem 3.1. Suppose that there exists constant matrices
o« >0,8>0, and constants y > 0,c,a,v,n x n positive symmetric
matrices P1,P,,n x n diagonal matrices Q,Q, and positive diag-

onal matrices K, K such that FQ;F < P;,FQ,F < P, and

1N®(2P1 —Pzﬁ—[fTPZ —l]Pz) ch P2D P]OCT-‘,-PzOC
A= * -G 0 0 <0,
¥ ks -Q; 0
PAS PAS Ve ®
B 9)
—e Uy Iy — H'K (10)
Yo —Iy
_p-a TR
ey Iy—-HK <0. (11)
e —Iy
where O = Iy ® (—2P; + FQF + 9e??*1P, — I, P),F = diag{Fi,
F>,...,Fy}. Then the leader-following synchronization problem of

INN (1) and 3 is solved under the control gains K, K and E-T mech-
anism ty =inf {t > t,_ 1 : Q(t,e(t)) > 0} with Q(t,e(t)) =
el (t)(In ® Py)er (t) + el (t)(Iy ® P2)ex(t) — max {e’n-1e] (t,_1)(In ® Py)
e1(tn_1), e Vo}e® 7, where Vo =sup{el(to+s)(Iy ® P1)es(to + 5)+
el(to +5)(In ® Pa)ex(to +5),s € [, 0]}.

Proof: Let us consider the following Lyapunov function

candidate
V(b)) = 771(8) + 772(8), (12)

where v (t) = e{(t)(lN ® P] )61 (t) /1/2(1') = ez(t)(IN ® Pz)ez(t).
Find the derivative of 77(t) along the solutions of (8)

DYr(8) < 2ef(t)(In @ Pr)en(t),
= 2e{(t)(In® P1)[—(In ® In)e1 (t) + (In ® In)ex(t)],
= {( )[IN®2P1]€1(I)+€T(1')
[( N ® 2P1]e2(t).DW/ (t)
< 265(0(1}\1 ® Py)e;(t),= e%(t)(IN ® 2P)[(Iy ® ot)eq (t)
—(In @ B)ex(t) + (Iv ® O)f (ex (1)) + (Iv @ D)f (e (t — (1)))],

t)[Iv® (P2 + 5TP2)]€2( )
£y @ (FQ,F)les (t) + el () [IN ® (PZDQjDTPz)] e,(t)
[IN ® (2Py + FQ F)le;(t)
— @)lIn ® FQ,Fle,(t — @)
t [IN ® (Pza + OCsz)}el (t)
eT(f — @)lIy ® P1lei (t — @) < e??Vie[(t)(Iy © P1)er (1),
an + Z Ay —dy) and FQ,F < 9P,,FQ F < 9P, by

k=

(9) it is not difﬁcult to compute that

When

where 7 >

D v (t) < el(t)[Iy ® (2P + FQ,F + 0e7+1P,)]ey (t)
e(0)[In @ (P2~ B'P2 + P2CQ; ' C'P + P2DQ; ' DP2 ) | ea(t)
el (t)[Iy © 2Py]ex(t) + e} (t) [Iv ® (P20t + o Py)]eq (),
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el (0)[In ® (2Py +FQ, F+0€*1P, — 1y Py)]ey (t) + €] () [Iy @ 11 P1 e (£)
+e}(6)[In @ (~P2f— P2 +P2CQ; CPo + PDQ; ' D'P, ~ 1P, ) ex (1)
+e§(t)[IN®llP2]e2 )+el (t)[Iy© 2Py ez (t) + b (t) [In® (Paoi+ o' Py) e (£),
)
(

EAE)+h [el () Un@Pr)er () +eb () (In@ Pa)ex (t)]
L (), te[t,, Lb)nezt

N

Consequently from Egs. (11) and (10), we have
—e~ly + (Iy — Ki)" (Iy — K1)

ey + (IN - RH)T(IN - I?H) <0.

<0,

which implies that

7(ta) = ef(tn)(In @ Pr)en(tn) + e3(t)(Iv @ P2)ex (ta),

€l (t,) [(Iv — Ke0) @ ) (v P)[(Iv — KW) @ LoJea ;)
el () (1n - 1<H) oL (ve P)[(lv— k) o Lo (5).
el () [ (v = Ki)" (In ~ K1) ) & P1 e (t;)

+el (t7) K(IN - K[H]) (v - I?H)) @Pz} es(ty),

ey (t,).

Then it is easy to see that all the required conditions in Lemma
(2.3)-(2.4) are satisfied, then the synchronization problem of INNs
(1) and (3) is solved. The proof is now completed.

<

X

<

Remark 3.2. The first-order differential Egs.
produced via the variable substitutions y;(t) = (dx;(t)/dt) + x;(t)
and z(t) = (ds(t)/dt) + s(t) have double the dimension of the given
second-order INNs (1) and (3) this enormously increase the
difficulties of analytical calculations and the complexity of the
obtained result. Moreover, designing a second-order neural net-
work using control inputs other than a reduced order system may
be more significant and helpful. Therefore, to avoid to overcome
these problems rising from the reduced order variable substitu-
tions, a new method is directly investigating the synchronization
problems of the INNs. Next we are going to investigate the leader-
following synchronization of non-reduced order INNs by using E-
TIC.

(4) and (5) are

To synchronize the INNs (1) with the leader node (3) the E-TIC
input is designed as follows:

= Y kigi(t)

nezy

S(t— ty) (13)

- (1)) + bi(s(t) —x,-(t)),lzc,- denotes the

control gain of the i" followers node which is to be design, a; are
the elements of weighted adjacency matrix A of the directed graph

where g(f)= 3 ay(x ()

j=Tji

G, b; are the elements of leader adjacency matrix B of the directed
graph G, 6(-) denotes Dirac delta function and event-based impulse
sequence is {t,,n € Z, }. The synchronization error between INNs
(1) and leader node (3) is described as the following second order
differential equation:

dei(t) __, dei(t)
a2~ dt

— Bei(t) + Cf (ei(t)) + Df (ei(t — @) + ui(t).
(14)

Thus, under the E-TIC input (13), the compact form of the error
(16) can be written as
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é(t) = —(IyveoA)e(t) — (Iy @ Be(t) +
+ (I @ D)f (e(t — @),

Ae(t) = 7<I?IHI ®1n)e(t*),t =thnez,.

(Iv @ C)f (e(t))
(15)

where Ae(t) = e(t) — e(t*),Iz( = diag{lzq, . ,I:<N} to be designed.

In order to investigate our synchronization results for non-
reduced order INNs, the following notations are given.

P=ay—An*+310?|C|+ 302D,
Q= By +30%(|C|F + |DIF) + (|C|F + |D|F) o],
R= o+79?—Ba? - Aay,

where, o,7y, @ are some non-zero constants.

Assumption 3.3. There exist some non-zero constants o, y, @ such
that the conditions

(Q-R/4B - L1w/2) <0,(1/4B -11/2) <0,% -7 <0,2B - <0
are satisfied.

Theorem 3.4. Suppose that the Assumptions (2.1) and (3.3) hold.
Then there exists non-zero constants o,y,,l; and N x N positive

diagonal matrices I;<such that [(IN — I%H) ® ocI,,] [(IN - I%H) ® ocln]
/2<0,[(In- I?H) ol (v - I?H) ©7h| <0 and

<0. (16)

—e*“IN IN — [H]TI:%
* —Iy

Therefore, the synchronization problem of INNs (1) and (3) is
obtained under the gain matrix K = diag{fq o IEN}.

Proof. Construct the following Lyapunov function candidate

N
— %Zwei Z ae;(t) + ye(t)>.
i=1 =

Calculating the derivatives of ¥ (t) along the solutions of (14)

) 4 vei(t)) (aéi(t) + yé(t)),

N N
£) = wei(t)e(t) + > (ae
i=1 i=1

= iwei(t)éi(t) + i [02€;(£)8;(t) + orye? (£) + orye(1)8;(t) + yei(t)és(t)],

N N
=Y wei(t)i(t)+ > ei(t)é
i=1 i=1

Bei(t)+Cf (ei(t) +Df (ei(t

= Zwe +Z/ ei(t

+Z{ —Ax?e} (1) —Borei(£)é;(t) + Coré(0)f (ei(£)) + Do*e;(t)f (es(t — )
—Awem )é(t) —Barye? (£) + Coryes(£)f (ei(t)) + Doryei (t)f (ei(t — )) }
XN:wé? XN: (oy —Aa?) €} ( (Bay)ez(t)

i=1 i=1

N

t) +Z(ocze,( )+ayei(t))

+ nyez

—Aéi(t) -

(17)

Mz

1

N
i(6)+ Y (o @i(t)] + oy les(6) ) CILf (ex(t))
i=1

N
+Y " (w+7y? —Bo —Aay)ei(t
i=1

N
+ (o2 1&(0)] +[oyllei(t)]) IDIIf (es(t — ).
i=1
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By Assumption (2.1) and uv < 1 (u? + 2?), we have

N
%Za |CIF(€2(t) + e(t))
=1

N
%Z oy||CIF (eF (t) + ef (1)),

™=

(02 e;(t)] + [eryllei(6)])CIISf (ei())] <

Il
-

N

= %Zoc |C|Fe2(t)
i=
+1 Zoc2|C|Fe

+2Z\0€V|\C\F€ ()
i=1
N

%ZW/HC\FG (0,
-
=1

o2|C|Fé2(t)

D=

N
+33 " (a2|CIF + |oty||CIF

i=1
+eyl|CIF)e? (6).
(18)

N
>_(21&(0)] + oy lle(®)]) IDIIf (e — )]

N N
<1 o?DIF(eX(t) + e (t — +%Z\ow||D|F(e2<t> +eXt— ),
lI:Vl N
=1 o?|D|FéX(t) %Z 2D|Fe?(t — ¢
1;1 N
+3)_loylIDIFe; () +5 ) _|oy||D|Fe; (£ — o).
= i=1

N
=13 o?DIFeX(t +%Z\ocy|\D|Fe

—_

(19)
From (17)-(19), we get
N
D (t) < Z(w Aoc+ oc|C|+ oc|D\) (t)
i=1
N

Z(Bocy +5 1 lICIF + 5 |<xy\|D\F + o?|C|F

i=1

+%O<2|D\F + 310 [|CIF + 3 |ory|IDIF)e? (£)
+Z o+ 7?

N
= Zocy Ao? +30%|C| + L o?D))é2(t)
=1

— Bo? — Aoy)ei(t)éi(t),

N
—>_(Boy +30(ICIF + D|F) + (|C|F + |DIF)|ory|)e7 (£)

i=1

N
+Z (1)-'—’)) — Bo?2 — Aocy)e,(t)ez(t)

= Z{qséf(t) + Qe (t) + Ne;()éi(t) },

i=1
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As a result from (16), we have

T

)

—e01N+(1N®f<H) (1N®f<H) <0 (20)
when t = t,,
V() = 3y ® 0l)E(tn) + ((Un © al)ei(ta) + (v © Yla)e(tn))’,
< %(IN®w1n)[<IN7KH) H(IN—KH) } 2(t7)

+1 {(IN ®v1n)[(1N - I?H) ®1n] [(IN - 1<H) ®1n]e2(t,;)]2,
- 3[(Iv - Ri) o 1] [ (1n — K#0) © L] (y @ oly)e? (5,)

+1 KIN - 1<n-u> n] KIN - 1<n-n) @1,1} {(IN ® yl,,)zez(t;)]
= 4[(w-k)en][(v-Kku)eL)

(v ole(t,) + Iy @ e ()],
- [(IN—KH> H(IN 1<H) ]

[y @ wh)e (&) + [ @ 7€ (&) + (v 2l € (t;)

+2(Iy®aly)eé (n)(1N®y1n) (t)]

—(Iy® aly)?e*(t;) — 2(Iv @ ady)e(ty ) (In @ Yla)e(t, )],
S (O

[(1n - I?u—n) @ L) (t;)

3 (v - Kn) @ o] [ (1x — K0) oty |2 ;)

(- I?H) o] (v - f(H) ERALALE)
< e~y (t,).

Then it can be conclude that all the required conditions in
Lemma (2.3)-(2.4) are satisfied then the synchronization problem
of INNs (1) and (3) is obtained and the proof is completed. O

Remark 3.5. The novelty and technical difficulty of this paper can
be illustrated as follows:

1. It is proposed to use an E-TIC design to accomplish synchroniza-
tion in a network of INNs that has a delay in time. We derive the
primary results of this paper in terms of lower-dimensional lin-
ear matrix inequalities, which are used to accomplish leader-
following synchronization of INNs with time delays, based on
particular assumptions about node dynamics and graph theory
ideas. One of the most significant contributions of this paper is
the investigation of leader-following synchronization of INNs
with E-TIC, which differs from the majority of previously pub-
lished works in the field. The findings of this paper contribute
to the improvement of previously published results in the field
of leader-following synchronization of delayed INNs with other
controllers.

. In the E-TC scheme, sampling occurs only when the state-
dependent error reaches a tolerable level. When compared to
the T-TC process, the E-TC method has a lower likelihood of
redundant information transfer. The E-TC law specifies whether
sampling shall be done rapidly or slowly, and whether sampling
data must be transmitted for control updates. After then, the
approach was applied to networks, and E-TC approaches were
proposed.
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3. When delayed impulsive control is used in connection with the
E-T mechanism, E-T instants are produced when the E-TIC strat-
egy is violated, and delayed impulsive control is only performed
at the E-T instants in this design. As a result, in order to increase
the performance of systems operating under E-TC conditions,
the strategy must be modified in accordance with the E-T con-
dition. From the perspective of application, the E-TIC technique
is appropriate, and the control approach will effectively
increase the utilization of resources in bandwidth-constrained
environments.

4. Numerical simulations

In this section, we present two simulation results and their fig-
ures to illustrate the efficacy of the analytical solutions of this
paper.

Example 4.1. In this example we consider the following isolated
delayed INNs with two neurons:

d’s(t)
dt?

= Bs(t) + Cf(s(t)) + Df (s(t — (1)) +I(t). ~ (21)

and the corresponding followers system is represented by the fol-
lowing second order equations with six nodes and each node has
two neurons:

dx,( )
dt

+1(t) + vi(t),

d*xi(t)

de?

— Bxi(t) + Cf (xi(t)) + Df (x:(t — ¢(t)))
i—1,...4

(22)

with the controllers to be designed as (4) and (5), where
Xi() = (% (£), X2 (1)), i = 1,....6.
The coefficient matrices are given as

Fig. 1. Network communication topology of Examples 4.1 and 4.2.
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t "0 5 10 15 20

Fig. 2. State trajectories of leader and follower nodes and phase portrait graph of leader in Example 4.1.
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‘ t

Fig. 3. State trajectories of leader and following synchronization error between (21) and (22) in Example 4.1.

A=[01000.5, B= {02 0 ] _ {—075 23 } network communication topology of the INNs (21) and (22) is
' o 0 07/ 1.8 -0.25]’ given in Figure. 1 and the Laplacian and leader adjacency matrix
068 15 of the corresponding network topology are obtained as:

_{—0.4 —1.2}' 1 -1 0 0 00 100000
Also,  f(x(t) = (tanh(x: (). tanh(xa(t) f(x(E - p(6) = ol -1 000 000000
T o . 1 0 1 0 01 ) 001 0O0TD0O

(tanh(x; (t — @(t))), tanh(x(t — @(t)))) , are the activations with- @ = B =

out and with time delays that satisfy the Assumption 2.1 with Lip- 00 0 1 10 00000O00O

schitz constant F; = 0.5. The time varying delay ¢(t) = 3.3t. The 6 0 0 -1 10 000O0T1O0

0 0 -1 0 01 000 O0OTD O
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Let us take the initial values
s(to) = (0.5,1)", x(to) =ix (3,6)7,i=1,...,6. Now we have to
design the E-T mechanism to realize the leader-follower synchro-
nization between (21) and (22). Choose the constant
y=0.08,a = 0.2, = 8 and ¢ = 8. Then we are infer the LMI condi-
tions in Theorem 3.1 has solution that are feasible and the impul-

sive gain matrix is K = K= 0.53I¢ and

(S ) e

Under the E-T mechanism, the leader-following synchroniza-
tion of systems (21) and (22) can be achieved. Fig. 2 shown that
the states of the one leader and six followers. Under the designed
ET impulsive control strategy, each followers node follows the lea-
der, as can be shown in Fig. 2. Under the same conditions the syn-
chronization error between (21) and (22) can converges to zero,
which is shown in Fig. 3. The triggered instants on the interval
[0, 10] is shown in Fig. 4.

6.7
—-0.02

—-0.02
6.3

0.84 0.04
0.04 0.822

Neurocomputing 483 (2022) 322-332

Example 4.2. Consider the INNs (21) and (22) with the following
coefficient matrices:

(01 0 0 02 0 0
A=|0 05 0 |, B=|0 07 0 |,

0 0 03 0 0 05

[-065 23 0.1 -068 15 04
C=|(18 -025 02|, D=|-04 -12 0

0 -02 03 0 02 02

Also, f@i(0) = 0.5(xi(6) + 1] — [xi(€) = 1)), f(xi(t — (1)) =

0.5(|xi(t — (t)) + 1| — |xi(t — @(t)) — 1]), are the monotonically
increasing increasing activation functions for without and with
time delays, which are monotone increasing and globally Lipschitz
continuous. The time varying delay ¢(t) = 3.3t. The network com-
munication topology of the INNs (21) and (22) is given in Figure. 1
and the Laplacian and leader adjacency matrix of the correspond-
ing network topology are obtained as in Example 1.

°a=16 ¢a3=02 ¢a=0.8 ¢ a=2

2F . ¢ o o@ 000 000 0B 000 000 @M 000 @
1.6F O 0 000 0 0 0 OB 0 00 000 000 0 000 000 ® 000 WM 000 ® o
(o]
0.8 © 000 0 @0 000 00 0 00 000 000 000 0D 0 0 000 0000 000 ® 000 000 @0 004
0.2¢ . 0 00 0 @0 000 D 000 000 I 0 00 000 B 000 000 ® 000 WO ® 000 090 ® 000 000 ® 00 000
0 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Fig. 4. Triggered instance of the INN (22) with a = 0.2,0.8,1.6,2 in Example 4.1.
3
\_/
2.5¢
s 2
—z(t) — Yt
1.5¢
1
-1 (0] 1 2 3
z(t)

Fig. 5. State trajectories of leader and follower nodes and phase portrait graph of leader in Example 4.2.
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[0} N
(0]

1% 20 40 0 % 20 40 50
t t
Fig. 6. State trajectories of leader and following synchronization error between (21) and (22) in Example 4.2.
05 T T T T
* a=0.2 * a=0.381
0.381F O 0 00 0 B0 000 0 000 000 0 0 0 0 00 00 0 60 000 D0 000 00N 00 ® 0 0
©
0.2r . © 00 0 B0 000 D 000 000 D 0 00 000 D 000 000 @ 000 000 ® 000 600 ® 000 600 ® 0 & 000
0 1 1 1 1
0 2 4 6 8 10
Fig. 7. Triggered instance of the INN (22) in Examples 4.1 and 4.2.
Let us take the initial values LMI conditions in Theorem 3.1 has solution that are feasible and

s(to) = (1,2,3)7, x:(t0) =i x (3,6,3)",i=1,...,6. Now we have to
design the E-T mechanism to realize the leader-follower synchro-
nization between (21) and (22). Choose the constant
c=8.2,y=0.072,a =0.381 andp = 8.55. Then we are infer the

the impulsive gain matrix is K = K = 0.48ls and
6 -0.02 04 0.74 0.04 05
-002 61 03],P,=|004 0822 03
0.2 04 03 004 07 02

P, =
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Under the E-T mechanism, the leader-following synchroniza-
tion of systems (21) and (22) can be achieved. Fig. 5 shows the
states of the one leader and six followers. Under the designed ET
impulsive control technique, each followers node follows the lea-
der, as can be shown in Fig. 5. Under the same conditions the syn-
chronization error between (21) and (22) can converge to zero,
which is shown in Fig. 6. The triggered instants of Examples 4.1
and 4.2 on the interval [0, 10] is shown in Fig. 7.

5. Conclusion

In this paper, the synchronization analysis of INNs with con-
stant time delays has been studied. Firstly, the INNs are taken with
reduced order using some variable transformations and by using
E-T mechanism with impulsive control mechanism the synchro-
nization conditions are obtained for the addressed networks.
Secondly, by constructing suitable Lyapunov functional candidate
for non reduced order INNs to obtain some new leader-following
synchronization criteria with the help of E-T mechanism. Finally,
two numerical results are offered to highlight the usefulness of
theoretical conclusions. Future work will focus on solving leader-
following fixed-time synchronization problem of discontinuous
coupled inertial neural network with E-T mechanism and indefi-
nite functionals.
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