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A B S T R A C T   

The present numerical study scrutinizes the effect of uniform Lorentz force on the thermogravitational energy 
transport and entropy production of nanosuspension in an open domain with a heat-generating solid element. 
The left border is kept at low temperature (Tc) whilst the horizontal borders are assumed to be adiabatic. Finite 
volume method (FVM) is employed to work out the heat and mass transfer equations. For fixed value of Rayleigh 
number (Ra = 107), numerical analysis was optimized for wide ranges of nanoparticle volume fraction (ϕ = 1%– 
4%), thermal conductivity ratio of a heat generating body (k* = 0.1–5), Hartmann parameter (Ha = 0–100), 
angle of inclined magnetic field (γ = 0◦–90◦) and non-dimensional temperature drop (Ω = 0.001–0.1). The 
numerical solutions were analyzed employing patterns of temperature and stream function as well as average 
Nusselt number and entropy lines. The outcomes indicated that, an increasing magnetic parameter Ha leads to 
reduction of mean Nu and the rate of entropy production. An addition of nano-sized particles enhances the 
energy transport and average entropy production for the system. It is also revealed that the maximum energy 
transport strength occurs at high thermal conductivity ratio (k* = 5).   

1. Introduction 

Convective energy transmission in open cavities with heat gener
ating solids is one of the essential fields in engineering and geophysical 
systems due to many various applications including electronic device 
cooling, mechanical engineering, heating or cooling of structures and 
solar energy generation. The basic examples are shown by Xie et al. [1]. 
In modern years nanosuspensions have bring an essential attention for 
energy removal in different engineering and industrial systems. This is 
due to the fact that nanoadditives which are characterized the highest 
thermal conductivity and system stability than base fluids. Nowadays, 
all electronic components consist of nano- or micro-sized electronic 
chips. 

The major problem is related to heat transmission to optimize en
gineering devices will be. To tackle this problem and create an effective 
cooling system for reducing temperature additional techniques have 
been announced during last decades. Thus, Aminossadati and Ghasemi 
[2] investigated the mixed convective energy transport in a channel 
under different heating modes which is placed at different sides of the 

open cavity. They found that when the heater is placed on the right 
border, the chamber of a doubled aspect ratio is characterized by the 
maximum energy transport strength. The results also show that the 
cavity aspect ratio growth provides significant enhancement of the en
ergy transport mode. Shuja et al. [3] analyzed thermogravitational en
ergy transport in a chamber due to a protruding body. Authors showed 
that the average Nu is reduced when growing the aspect ratio of heated 
block and the overall irreversibility to energy transport ratio decreased 
with a raise of the aspect ratio. Rahman et al. [4] examined mixed 
convective energy transference in a ventilated chamber having a circular 
energy producing body. They found that mean Nu at the surfaces of body 
enhances as Re and Pr are increased. Singh and Singh [5] considered the 
study of conjugate thermal convection combined with thermal radiation 
in upper opened chamber. Their results showed that top zone of the left 
border is the efficient position of energy source for cooling a system. 

Miroshnichenko et al. [6] scrutinized the thermogravitational energy 
transport of nanoliquid within an opened inclined chamber having a 
heat producing element. Authors found that the cavity titled angle of π/3 
and central placed heater characterized the effective cooling of the 
system. Sheremet et al. [7] worked on thermogravitational energy 
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transport of nanoliquid inside an opened chamber with thermally- 
conducting solid border and heat-producing element. An inclusion of 
nano-sized alumina particles can decrease the mean temperature of the 
heater. Moreover, nanofluid is very useful in the case of low intensive 
flow. Mahmoudi et al. [8] made a computational analysis of thermal 
convection within an opened cabinet having two vertical thin energy 
elements under an influence of nanoliquid circulation. Authors noted 
that the heat and the fluid motion within the chamber are significantly 
influenced by Ra and the heater location. The results indicate that the 
increasing Ra augments the energy transport strength. 

Oh et al. [9] examined thermogravitational energy transference 
within a closed chamber having an energy-producing solid block. They 
showed that the ratio of mean Nu at the heated border to that of the 
cooled border varies between − 1 and 1. Raisi [10] scrutinized conjugate 
thermal convection in a region with a nanoliquid under an impact of 
energy-producing solid square body. He found that increasing Ra and 
concentration of nanoadditives improve the heat transmission within 
the domain. Shulepova et al. [11] investigated the mixed convective 
heat transference in a region with moved wall filled with nano
suspension under an impact of time-dependent energy-producing solid 
block with the effect of radiation. They revealed that an inclusion of 
nanoadditives characterizes a diminution of the source temperature, 
while liquid circulation strength reduces. The free convective energy 

transport in a cavity having heated solid block under the influence of 
heat radiation was studied by Saravanan and Sivaraj [12]. They found 
that high surface emissivity and Ra can induce good energy transport 
strength under the isothermal and heat-generating elements. Mikhai
lenko et al. [13] conducted a numerical analysis on rotating chamber 
having energy-producing element under the radiative effect. The 
chamber rotation and optical parameters of the borders can be defined 
as governing aspects of the optimal passive cooling technique. Pop et al. 
[14] examined the thermal convection within a differentially warmed 
cavity having internal heat-insulated or heat-conducting body. Their 
result showed that high thermal conductivity of internal body illustrates 
a reduction of the average Nu. Moreover, non-monotonic impact on the 
mean Nu occurs at changing internal body size. Sivaraj et al. [15] 
studied the impact of surface emissivity on free convection in an inclined 
domain with energy-producing element. They found that the dominance 
of heat radiation on total energy transport is strong under an impact of 
walls emissivity of heat-generating block and chamber borders. Free 
convection in a three-dimensional cabinet with rectangular energy- 
producing element was studied computationally by Purusothaman 
et al. [16]. They revealed that enhancing Ra and aspect ratio of heat 
generating sources illustrate highly effective heat transfer performance 
in the domain. 

Recently, the use of nanofluid with CNT for simulation of MHD 

Nomenclature 

Roman letters 
A* solid body area ratio 
B magnitude of the uniform magnetic field 
Be Bejan number 
Beavg mean Bejan number 
g gravitational acceleration 
cp thermal capacity 
Ge Gebhart number 
Ha Hartmann number 
k heat conductivity 
k* heat conductivity ratio 
l size of the solid block 
L size of the cavity 
Nu Nusselt number 
Nu mean Nusselt number 
p pressure 
P non-dimensional pressure 
Pr Prandtl number 
q′′′ volume density of heat flux 
Ra Rayleigh number 
sgen local entropy generation 
sT local entropy generation induced by energy transport 
sT,f local entropy generation induced by heat transport for 

liquid 
sT,s local entropy generation induced by heat transport for 

solid 
sF local entropy generation induced by nanosuspension 

friction 
sM local entropy generation induced by Lorentz force 
Sgen dimensionless local entropy generation 
ST dimensionless local entropy generation induced by heat 

transport 
ST,f dimensionless local entropy generation induced by heat 

transport for liquid 
ST,s dimensionless local entropy generation induced by heat 

transport for solid 
SF dimensionless local entropy generation induced by 

nanosuspension friction 
SM dimensionless local entropy generation induced by Lorentz 

force 
Sgen,avg dimensionless average entropy generation 
ST,avg dimensionless average entropy generation induced by heat 

transport 
SF,avg dimensionless average entropy generation induced by 

nanosuspension friction 
SM,avg dimensionless local entropy generation induced by Lorentz 

force 
t time 
T temperature 
Tc temperature at cooled vertical border 
u, v velocity components at x- and y-coordinates 
U, V non-dimensional velocity projections 
x, y Cartesian coordinates 
X, Y non-dimensional Cartesian coordinates 
Greek Symbols 
α thermal diffusivity 
β thermal expansion coefficient 
γ angle of inclined magnetic field 
ν kinematic viscosity 
μ dynamic viscosity 
θ non-dimensional temperature 
ρ density 
ρcp thermal capacitance 
σ electrical conductivity 
τ non-dimensional time 
ϕ nano-sized particles concentration 
Ψ non-dimensional stream function 
Ω non-dimensional temperature drop 
Subscripts 
avg average 
c cold 
f fluid 
h hot 
nf nanofluid 
p particle 
s solid  
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thermogravitational convection in a circular domain with heat- 
generating solid element was reported by Tayebi et al. [17]. They 
revealed that the total thermal transmission can be enhanced with Ra 
and heat conductivity parameter (Kr) and it reduces with increasing 
magnetic parameter and CNTs concentration. Also, augmenting Kr 
characterizes a reduction of the mean internal block temperature and 
the nanosuspension temperature rises. Gangawane [18] investigated 
MHD thermogravitational energy transport in a partially warmed open 
chamber. Analysis was focused on various values of heat sources size 
and magnetic parameter (Ha) with various angles of tilted magnetic 
influence. Author found that the increasing Ra and magnetic inclination 
at 45◦ provided the highest heat transfer. Abbassi [19] have numerically 
investigated MHD thermogravitational energy transport within an 
opened nanosuspension chamber having heat production or absorption. 
The author discussed that mean Nu rises with nanoadditives concen
tration when Brownian motion is considered and the energy production 
or absorption parameter is disappeared in the case of higher Rayleigh 
number. Mahmoudi et al. [20] conducted an investigation of free con
vection in an opened chamber with a non-uniform border restrictions 
under impact of magnetic field and uniform energy production or ab
sorption. Authors revealed that the energy transport strength is weak
ened with increase of Ha and can be enhanced with a growth of Ra. Also, 
the nanosuspension effect is more essential at high Ra. Prakash et al. 
[21] conducted a computational investigation to study the effect of 
energy generation on MHD natural convective liquid motion within a 
vertical duct under an influence of changeable properties. They explored 
the behavior of fluid velocity and temperature and analyzed the effect of 
magnetic and heat production effect. Rahman et al. [22] numerically 
studied MHD mixed convection inside a closed domain with moved 
borders under an impact of inner energy-producing body. They 
concluded that for the highest heat generating parameter the maximum 
liquid temperature within the chamber can be found, while the tem
perature at the cylinder center and the flow rates are increased. Sivaraj 
and Sheremet [23] examined MHD free convection in a tilted porous 
chamber having internal solid block. The authors have shown that a rise 
of Ha reduces the fluid flow rate in the cavity. Also, a non-linear change 
of mean Nu can be found with an increasing angle of inclined magnetic 
influence. Alsabery et al. [24] numerically studied the mixed convection 
in a region with moving wall under the influence of inner solid body, 
tilted Lorentz force and corner heater. They found that a large size of the 
solid body can increase thermal performance for high Re and Ri. Job and 
Gunakala [25] studied the unsteady MHD mixed convective motion of 
hybrid nanofluids within a horizontal grooved duct having two energy- 
producing solid cylinders. Authors reported that the rate of energy 
transport enhances with a rise of magnetic parameter and the thermal 
transmission rate was found to be maximum for alumina-water nano
fluid at low Re. 

Ahmed et al. [26] studied computationally MHD mixed convective 
thermal transference in a tilted chamber filled with Cu/H2O nano
suspension under the heat production, partial slip and adiabatic block 
influences. For low value of magnetic parameter they ascertained that an 
inclusion of nanoadditives leads to better energy transport. Also, 
increasing Hartmann number can weaken the fluid flow rate. MHD and 
energy production influence on time-dependent free convection in a 
porous domain was calculated by Revnic et al. [27]. They demonstrated 
that with raising Ha, also for high Ra, the diffusive thermal transfer 
become eminent. Ali et al. [28] scrutinized the buoyancy driven con
vection in a hybrid nanosuspension irregular chamber having energy- 
producing cylindrical block. Authors found that the fluid flow be
comes higher for wavy cavity having heat generating body than smooth 

Fig. 1. Physical geometry.  

Table 1 
Thermo-physical attributes of the host liquid and solid nanoadditives [45,46].  

Physical attributes (Basefluid) H2O (Nanoparticles) Fe3O4 

cp [J kg− 1 K− 1] 4179 670 
ρ [kg m− 3] 997.1 5200 

k [W m− 1 K− 1] 0.613 6 
β × 10− 5 [K− 1] 20.7 1.18 

σ [S m− 1] 0.05 25,000 
μ [kg m− 1 s− 1] 0.001003 – 

Pr 6.8377 –  

Table 2 
Comparison of solutions with literatures for a square chamber with fully opened 
vertical side for Pr = 1.0.  

Ra Nu  

Chan and Tien [43] Hinojosa et al. [44] Present study 

104 3.41 3.57 3.60 
105 7.69 7.75 7.81 
106 15.0 15.11 15.20 
107 28.6 28.70 28.99  

Table 3 
Comparison of overall entropy production with data of [42].  

Ω 0.02 0.04 0.06 0.08 0.1 

Famouri and Hooman [42] 6.701 6.576 6.457 6.342 6.231 
Present study 6.715 6.586 6.463 6.343 6.228  

Table 4 
Comparison of mean Nu with data of [55].    

Nu  

Ra ζ k* House et al. [55] Present study Difference (%) 

105 0.5 0.2 4.624 4.639 0.32 
105 0.5 1.0 4.506 4.518 0.26 
105 0.5 5.0 4.324 4.333 0.20 
106 0.9 0.2 2.402 2.437 1.45 
106 0.9 5.0 3.868 3.849 0.49  

Table 5 
Effect of mesh parameters.  

Grid 62 × 62 122 × 122 182 × 182 242 × 242 

|Ψ|max 31.4004 32.0204 32.0210 32.8958  
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cavity without heat generating obstacles. Also, lower heater length and 
radius of the heat generating cylinder provide better heat transfer. Saha 
[29] studied the effect of magnetic field and energy production on 
thermal convective circulation within an opened chamber with the 
microgravity influence. It was observed that the energy transport 
strength is reduced with a raise of the magnetic Ra and the paramagnetic 
liquid coefficient. 

Entropy generation can give better details about energy dropping 
due to irreversibility of heat transference and nanosuspension friction, 
so that heat is retaining by minimizing this loss. Thus, Shuja and Yilbas 
[30] scrutinized the free convection combined with the second law of 

thermodynamics in an opened chamber having porous block. Authors 
demonstrated that raising aspect ratio and porosity of the body reduce 
the total entropy production intensity in the domain. Hosseini et al. [31] 
considered MHD and entropy generation on a symmetrically heated 
horizontal porous microchannel filled with nanofluid containing heat 
generating solid body. Authors ascertained that the solid and fluid en
ergy transport irreversibilities are weakened with magnetic impact 
which demonstrates the favor to magnetic field in turn down the energy 
transport irreversibility. Shuja et al. [32] investigated the usage of the 
second law of thermodynamics for free convection in a square chamber 
having energy producing solid block. Authors indicated that the location 

Fig. 2. Patterns of θ (a), Ψ (b), ST (c), SF (d) for ϕ = 0.04, Ω = 0.01 and Ha = 0 with various k*.  
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Fig. 3. Patterns of θ (a), Ψ (b), ST (c), SF (d) and SM (e) for k* = 0.1, ϕ = 0.04, Ω = 0.01 and Ha = 50 with various γ.  
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Fig. 4. Patterns of θ (a), Ψ (b), ST (c), SF (d) and SM (e) for k* = 1.0, ϕ = 0.04, Ω = 0.01 and Ha = 50 with various γ.  
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Fig. 5. Patterns of θ (a), Ψ (b), ST (c), SF (d) and SM (e) for k* = 5.0, ϕ = 0.04, Ω = 0.01 and Ha = 50 with various γ.  
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of the heat generating block provided significant effects in the overall 
entropy production and the vertical surfaces of the thermally-generating 
body which facing inlet and outlet of the cavity having maximum energy 
transport intensity. Al-Rashed et al. [33] examined mixed convective 
transport with the second law of thermodynamics in a nanosuspension 
vented 3D cavity with isothermal solid body in its center. The obtained 
data illustrated that Be and motion rate are increased with the increase 
of body length. The entropy generation is improved by the heat trans
port for high Ri. A computational study is investigated by Bondarenko 
et al. [34] on the mixed convective heat transference in a nano
suspension region with moved wall having the energy-producing body. 
They ascertained that high Re and central placed heated block provide 
better cooling to the entire domain. 

Hussain et al. [35] investigated mixed convective energy trans
ferences in a horizontal duct having an opened chamber containing 
insulated square block saturated with Al2O3-Cu nanosuspension. Their 
analysis demonstrated that the enhanced thermal transference and en
tropy production occur with raising Ri, Re and the nanoadditives con
centration. They also found that for small values of Ha, the thermal 
transference irreversibility is influencing than the liquid friction irre
versibility. You et al. [36] reported a constructed examination of energy 
transport in a non-uniform energy-producing triangular region and also 
computationally studied the entropy production performance. They 
introduced entropy generation drop concept into the constructed plan of 
triangular structures with both non-uniform energy production and 
discrete changeable cross sectional high conductive channels, that help 
to the plan of electronic gadget to a propitious energy transport. Tayebi 
et al. [37] explored the thermogravitational energy transport with a 
second law of thermodynamics for hybrid nanosuspension elliptical 
chamber having inner energy production or absorption. Their data 
demonstrated that the combined influence of inner energy production/ 
absorption and hybrid nanosuspension essentially change the flow and 
temperature patterns, energy transport strength, and entropy produc
tion inside the domain of interest. Numerical analysis of free convective 

energy transport combined with second law of thermodynamics for 3D 
opened chambers with an insulated diamond shaped block was per
formed by Kolsi et al. [38]. It was ascertained that an insulated diamond 
shaped body is used to dominate the energy transport, fluid flow and 
thermal regulation inside the system. Mahmoudi et al. [39] scrutinized 
entropy generation caused by thermogravitational energy transport in a 
partially opened domain having various locations of thin energy element 
subjected to a copper-water nanosuspension. Authors demonstrated that 
effective energy transport and liquid circulation occur when the opened 
boundary is located upper but the total entropy production is reverse 
function in this case. Sivaraj et al. [40] computationally scrutinized 
thermogravitational energy transport combined with the second law of 
thermodynamics for ferrofluid in a closed chamber with a solid block. 
Authors ascertained that increasing temperature difference reduces the 
entropy production intensity and addition of nanoparticles improves the 
heat transport and the entropy generation. Other interesting results can 
be found in [41–44]. 

The promising application of open cavity with heat generation is 
electronic devices. In order to keep the devices within an acceptable 
temperature, an efficient thermal management system will be needed to 
dissipate the heat generation. So that the primary objective of this 
investigation is to analyze MHD free convective transport combined 
with the second law of thermodynamics for an opened cavity filled with 
ferrofluid under heat producing solid body effect. The present project 
deals with an influence of the different heat conductivity ratio of solid 
block, angle of inclined Lorentz force and temperature differences on the 
entropy production. 

2. Mathematical formulation 

MHD thermogravitational heat transference combined with the 
second law of thermodynamics for an opened domain of length L with 
the center placed energy-producing solid block of size l inside the cavity 
have been investigated. A scheme of the cavity is demonstrated in Fig. 1. 

Fig. 6. Mean Nu change with ϕ for (a) k* = 0.1, (b) k* = 1.0, (c) k* = 5.0 and various Ha and γ.  
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The inner body area is L2/9 and it generates the heat with uniform rate 
q’′ ′. The considered cavity has an isothermally cooling left wall while 
horizontal walls are adiabatic. An ambient cold nanofluid can penetrate 
into the lower portion of right side of the cavity and it also can exit upper 
portion from the same side. The nanosuspension includes nanosized 
spherical ferrous oxide and the physical parameters are in Table 1. The 
considered nanosuspension is Newtonian and the thermal equilibrium 
conditions are valid. The liquid circulation and energy transport are 
laminar, while the Boussinesq approximation is used. Further, the angle 
of the tilted magnetic field B is defined by γ. The induced magnetic in
fluence is neglected in comparison with the applied Lorentz force. 

Under the formulated conditions, the energy, momentum and mass 
transport is described as [15,40,41]. 

∂u
∂x+

∂v
∂y = 0 (1)   

∂u
∂t+u

∂u
∂x+v

∂u
∂y= −

1
ρnf

∂p
∂x+

μnf

ρnf

(
∂2u
∂x2 +

∂2u
∂y2

)

+
σnf

ρnf
B2[v⋅cos(γ) − u⋅sin(γ) ]sin(γ)

(2)  

∂v
∂t + u

∂v
∂x+ v

∂v
∂y = −

1
ρnf

∂p
∂y +

μnf

ρnf

(
∂2v
∂x2 +

∂2v
∂y2

)

+
(ρβ)nf
ρnf

g(T − Tc)+

+
σnf

ρnf
B2[u⋅sin(γ) − v⋅cos(γ) ]cos(γ)

(3)  

∂T
∂t + u

∂T
∂x + v

∂T
∂y = αnf

(
∂2T
∂x2 +

∂2T
∂y2

)

(4)  

(
ρcp
)

s
∂T
∂t = ks

(
∂2T
∂x2 +

∂2T
∂y2

)

+ q′′′ (5)  

subjected to the additional limitations 

Fig. 7. Average entropy generation induced by (a) heat transport, (b) nanosuspension friction, (c) magnetic field with Ω for k* = 0.1, different Ha and γ (left column 
is for ϕ = 0, right column is for ϕ = 0.04). 
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t = 0 : u = v = 0, T = Tc at 0 ≤ x ≤ L and 0 ≤ y ≤ L;

t > 0 : u = v = 0, T = Tc at the left wall;

u = v = 0,
∂T
∂y = 0 at the bottom

/

top walls;

∂u
∂x = −

∂v
∂y,

∂v
∂x = 0,

∂T
∂x

⃒
⃒
⃒
⃒
out

= 0, Tin = 0 at the right opening;

u = v = 0, knf
∂T
∂η = ks

∂T
∂η at the fluid

/

solid interface.

(6) 

The considered nanoliquid effective density (ρnf), thermal diffusivity 
(αnf), specific heat (ρcp)nf, thermal expansion coefficient (βnf), thermal 
conductivity (knf), viscosity (μnf) and electrical conductivity (σnf) are 
obtained by [47,48]. 

The above governing equations can be non-dimensionalized 
employing the parameters   

Fig. 8. Average entropy generation induced by (a) heat transport, (b) nanosuspension friction, (c) magnetic field with Ω for k* = 1.0, different Ha and γ (left column 
is for ϕ = 0, right column is for ϕ = 0.04). 

X =
x
L
, Y =

y
L
, U =

uL
αf
, V =

vL
αf
, P =

pL2

ρnf α2
f
, τ = tαf

L2 , θ =
T − Tc

ΔT
, ΔT =

q′′′ l2

kf
(7)   

C. Sivaraj et al.                                                                                                                                                                                                                                  



International Communications in Heat and Mass Transfer 129 (2021) 105712

11

The non-dimensional transport Eqs. (1)–(5) were formulated as 
[15,40,41]. 

∂U
∂X +

∂V
∂Y = 0 (8)  

∂U
∂τ + U

∂U
∂X + V

∂U
∂Y = −

∂P
∂X +

(
μnf ρf

μf ρnf

)

Pr
(
∂2U
∂X2 +

∂2U
∂Y2

)

+

+

(σnf ρf

σf ρnf

)

Ha2Pr[V⋅cos(γ) − U⋅sin(γ) ]sin(γ)

(9)  

∂V
∂τ + U

∂V
∂X + V

∂V
∂Y = −

∂P
∂Y +

(
μnf ρf

μf ρnf

)

Pr
(
∂2V
∂X2 +

∂2V
∂Y2

)

+

(
(ρβ)nf
ρnf βf

)

RaPrθ+

+

(σnf ρf

σf ρnf

)

Ha2Pr[U⋅sin(γ) − V⋅cos(γ) ]cos(γ)

(10)  

Fig. 9. Average entropy generation induced by (a) heat transport, (b) nanosuspension friction, (c) magnetic field with Ω for k* = 5.0, different Ha and γ (left column 
is for ϕ = 0, right column is for ϕ = 0.04). 

Table 6 
Nanosuspension flow rate, entropy generation induced by the heat transport, 
nanoliquid friction and magnetic field for Ω = 0.01, ϕ = 0.04 and different k*, 
Ha and γ.  

k* Ha γ |Ψ|max Sgen,T,max Sgen,F,max Sgen,M,max 

0.1 

0  57.7845 909.427 4.730⋅10− 5 – 

50 
0 31.8246 909.206 2.127⋅10− 5 1.579⋅10− 5 

π/4 27.4303 909.397 3.228⋅10− 5 8.689⋅10− 6 

π/2 20.0269 909.461 3.114⋅10− 5 1.123⋅10− 5 

1.0 

0  58.3133 900.587 4.715⋅10− 5 – 

50 
0 32.0210 900.421 2.127⋅10− 5 1.551⋅10− 5 

π/4 27.7476 900.55 3.284⋅10− 5 9.436⋅10− 6 

π/2 20.2970 900.596 3.080⋅10− 5 1.122⋅10− 5 

5.0 

0  59.7721 900.238 4.865⋅10− 5 – 

50 
0 32.5304 900.234 2.177⋅10− 5 1.619⋅10− 5 

π/4 28.6040 900.288 3.384⋅10− 5 1.060⋅10− 5 

π/2 20.9599 900.29 3.009⋅10− 5 1.121⋅10− 5  
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∂θ
∂τ+U

∂θ
∂X+V

∂θ
∂Y =

αnf

αf

(
∂2θ
∂X2 +

∂2θ
∂Y2

)

(11)  

(
ρcp
)*∂θ

∂τ = k*
(
∂2θ
∂X2 +

∂2θ
∂Y2

)

+
1
A* (12) 

Corresponding non-dimensional limitations are 

τ = 0 : U = V = 0, θ = 0 at 0 ≤ X ≤ 1 and 0 ≤ Y ≤ 1;

τ > 0 : U = V = 0, θ = 0 at X = 0;

U = V = 0,
∂θ
∂Y = 0 at Y = 0 and Y = 1;

∂U
∂X = −

∂V
∂Y ,

∂V
∂X = 0,

∂θ
∂X

⃒
⃒
⃒
⃒
out

= 0, θin = 0 at X = 1;

U = V = 0,
∂θ
∂η = k*∂θ

∂η at the fluid
/

solid interface

(13) 

Dimensionless numbers included in Eqs. (8–12) are 

Pr =
νf

αf
, Ra =

gβf ΔTL3

νf αf
, Ha = BL

̅̅̅̅̅
σf

μf

√

, k* =
ks

knf
, A* =

l2

L2,
(
ρcp
)*

=

(
ρcp
)

s(
ρcp
)

nf

(14) 

Definition of the stream function Ψ is 

U =
∂Ψ
∂Y , V = −

∂Ψ
∂X (15) 

Thermal performance is expressed by the local Nusselt number (Nu) 
given for each border of the heat-generating body as 

Nu =
knf

kf

∂θ
∂n (16) 

Thus, integrating Eq. (16) we get the mean Nusselt number 
(

Nu
)

. 

In this work irreversibility is affected by thermal transport, liquid 
friction, and Lorentz force impact. The overall entropy is the addition of 
the irreversibilities induced by the temperature gradient, nano
suspension friction and Lorentz force as follows [49–52]. 

sgen = sT + sF + sM (17)  

where entropy generation induced by heat transport (sT), nano
suspension friction (sF) and Lorentz force influence (sM) can be defined 
as follows, 

sT = sT,f + sT,s (18)  

where sT,f and sT,s are defined as follows. 

sT,f =
knf
T2

[(
∂T
∂x

)2
+

(
∂T
∂y

)2
]

for nanofluid (19) 

sT,s =
ks
T2

[(
∂T
∂x

)2
+

(
∂T
∂y

)2
]

+
q′′′gen
T for the solid phase (20) 

sF =
μnf

T

[

2
(
∂u
∂x

)2

+ 2
(
∂v
∂y

)2

+

(
∂u
∂y +

∂v
∂x

)2
]

(21)  

sM = B2σnf

T
[u⋅sin(γ) − v⋅cos(γ) ]2 (22) 

In Eq. (20), q
′′′

gen
T represents as solid phase heat transfer contributes to 

irreversibility. 
These equations have been non-dimensionlized and irreversibility 

components are 

Sgen = ST + SF + SM (23) 

Entropy generation induced by the heat transport is indicated as 

ST = sT ⋅
Tc

2L2

kf ΔT2 (24)  

ST = ST,f + ST,s (25)  

where, 

ST,f =
knf
kf

1
Ω2 (θ+Ω− 1)

2

[(
∂θ
∂X

)2
+

(
∂θ
∂Y

)2
]

for nanofluid (26) 

ST,s =
k*

Ω2 (θ+Ω− 1)
2

[(
∂θ
∂X

)2
+

(
∂θ
∂Y

)2
]

+ 1
A*

1
Ω2 (θ+Ω− 1)

for the solid 

phase (27) 
Entropy generation induced by the nanosuspension friction is iden

tified as 

SF = sF⋅
Tc

2L2

kf ΔT2 (28)  

SF =
μnf

μf

1
Ω2 ( θ + Ω− 1)

Ge
Ra

[

2
(
∂U
∂X

)2

+ 2
(
∂V
∂Y

)2

+

(
∂U
∂Y +

∂V
∂X

)2
]

(29) 

Entropy generation induced by the Lorentz force is expressed as 

SM = sM⋅
Tc

2L2

kf ΔT2 (30)  

SM =
σnf

σf

1
Ω2 ( θ + Ω− 1)

Ge
Ra

Ha2[U⋅sin(γ) − V⋅cos(γ) ]2 (31) 

In the above Eqs. (25)–(31) one can find non-dimensional charac
teristics such as 

Ω =
ΔT
Tc

and Ge =
gβf L(
cp
)

f

(32) 

The mean non-dimensional entropy production (Sgen, avg) is 

Sgen,avg =

∫

A

Sgen dA = ST,avg + SF,avg + SM,avg (33) 

Here ST, avg, SF, avg, SM, avg are average entropy production induced 
by the heat transport, liquid friction and magnetic field respectively. 

Bejan number illustrating the ratio of entropy generation induced by 
the energy transport to the overall entropy generation is given as follows 
[49,52]. 

Be = ST
/
Sgen (34) 

The average Bejan number is specified as 

Beavg = ST,avg
/
Sgen,avg (35)  

3. Numerical technique and validation 

Finite volume method was taken to work out Eqs. (8)–(12) combined 
with limitations in Eqs. (13). The diffusion terms are adopted by the 
central differences, while the power law scheme [53] was adopted to 
approximate the convective members to make the computational pro
cedure stable. To develop the computational code FORTRAN language 
has been used. Combination of the pressure and velocity fields is per
formed employing SIMPLE procedure [53,54]. The Thomas algorithm is 
used to get solution of algebraic equations. The convergence criteria was 
assumed in the following form 
∑

i,j

⃒
⃒
⃒ϕm

i,j − ϕm− 1
i,j

⃒
⃒
⃒

∑

i,j

⃒
⃒
⃒ϕm

i,j

⃒
⃒
⃒

≤ 10− 7 (36) 
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where ϕ represents U, V or θ and m is the iteration parameter 
respectively. 

The precision of the computation is confirmed by comparing the 
solutions with a benchmark on free convection in an opened chamber 
which was analyzed by other authors. A fine accordance between cur
rent solution with literatures is shown in Table 2. 

Suppose the entropy generation is studied, a matching is done with 
the problem on free convection combined with the second law of ther
modynamics for a region with an isothermal partition [43]. Table 3 
gives the overall entropy generation obtained numerically for Ra = 105, 
h1 = 0.5 and different Ω. 

The computational code was also verified with published data of 
House et al. [55]. The average Nusselt number for various heat con
ductivity ratio (k*), heat generation body size (ζ) and the Rayleigh 
number (Ra) is shown in Table 4. 

The mesh sensitivity analysis was conducted using various grids of 
62 × 62, 122 × 122, 182 × 182, 242 × 242 elements for the maximum 
stream function |Ψ|max, and the results were presented in Table 5 for Ra 
= 107, ϕ = 0.04, k* = 1, and Ha = 50. For optimization and calculation 
correctness, the computational mesh size of 182 × 182 elements was 
adopted for the present analysis. 

4. Results and discussion 

In the present study, the inclined Lorentz force impact on natural 
convective energy transport and entropy production in a nanofluid 
opened chamber containing energy-producing solid element with size of 
l (1/3 L) at its center. Computational investigation was performed for 
following control parameters, namely, Ra = 107, (ρcp)* = 1, Pr = 6.8377, 
0≤ ϕ ≤ 0.04, Ha = 0–100, γ = 0–π/2, the heat conductivity parameter 
(0≤ k* ≤ 5) and the dimensionless temperature difference (Ω =
0.001–0.1). The area ratio A* is 1/9 and the cooled border temperature 
is Tc = 300 K. The computational outcomes are explored employing 
patterns of temperature and stream function, normalized values of en
tropy contours and the Nusselt numbers. 

Fig. 2 illustrates patterns of temperature, stream function and en
tropy induced by the heat transport and liquid friction at Ω = 0.01 and 
Ha = 0 for nanosuspension (ϕ = 0.04). Energy producing solid block is 
influenced by different thermal conductivity ratio k*. As can been found, 
the cooled fluid penetrates the chamber from the right side bottom zone 
of the opened border, interacts with energy-producing element and then 
leaves the chamber from the upper half of the opened border. The 
temperature field reflects (Fig. 2a) an essential heating inside the solid 
body where it is more uniform with a raise of k*. When k* = 5 the heat 
generating body increases the amount of energy transported from the 
element to the nanosuspension. A development of isolines density close 
to the heat-generating body and exit portion of the open boundary can 
be found. Fig. 2b shows a penetration of nanofluid with cold tempera
ture through the lower open boundary into the cavity. The length of the 
entering zone at X = 1 is greater than the length of the exit area at X = 1. 
The temperature of these flows close to the solid body rises and the 
nanosuspension becomes lighter and the liquid moves to the upper exit 
portion of the cavity. Due to temperature reduction at the left wall and 
warming at the energy-producing element a convective cell is formed at 
the left side of the cavity. Moreover, increasing in k* contributes to an 
increasing in nanofluid circulation rate (|Ψ|max

k*=0.1 = 58.97 <
|Ψ|max

k*=5.0 = 60.97). 
Fig. 2c demonstrates the patterns of entropy production caused by 

the energy transport. Thermal contours increase considerably near the 
heat generating surfaces. This appearance caused by velocity field grew 
all over the surfaces of the heat generating body and also temperature 
within the solid body transfer heat to the nanofluid. Therefore, 
convective cooling of the surface is expected. Further it should be noted 
that the thermal contours extend into the cavity region. This indicates 
that conduction dominates against the convection cooling. The entropy 

generation induced by the nanosuspension friction is relatively high 
close to the vertical and upper borders of the solid block and minor 
vortex appears in the top corners of heat generation body which is 
shown in Fig. 2d. An appearance of these velocity gradients due to 
cooling fluid contact with hot border of the solid block and it extends to 
the exit portion of the cavity. Also, a velocity gradient near the heat 
generating solid body is reduced while increases the thermal conduc
tivity ratio (k*). 

Figs. 3–5 illustrate temperature and stream function as well as en
tropy contours caused by the heat transport, liquid friction and magnetic 
field for Ha = 50 with various tilted angles and different ϕ. An addition 
of magnetic field results to vital warming inside the cavity. The thickness 
of heat boundary layer is formed near the solid block due to an impact of 
Lorentz force which acts orthogonal to the applied magnetic field pre
sented in Figs. 3a–5a for γ = 0. 

A rise of angle of magnetic field to π/4 enhances the thermal trans
mission by pushing the thermal plume towards the exit portion of the 
open cavity. The distribution of temperature isolines is modified when 
the magnetic field orientation varies between γ = 0 and γ = π/2. 
Moreover, an increasing of thermal conductivity ratio (k*), one can find 
a formation of significant heat boundary layer around the heat gener
ating element and top area of the chamber. In the case of the streamlines 
presented Figs. 3b–5b one convective cell is occurred left side of the 
cavity and another one attributes an intrusion of nanofluid from the 
open boundary inside the region. An occurrence of the convective cell 
near the left cold wall is described by the creation of thermal difference 
between the cold wall and heat generation body. Therefore, this circu
lation shows a counter-clockwise flow of nanofluid. A growth of mag
netic intensity results to reduction of their propagation in the flow 
domain. Also, the increasing angle of inclined magnetic field between γ 
= 0 and γ = π/2 leads to increasing the left side counter-rotating cells. At 
the same time, it is feasible to conclude that an increment of k* results to 
the improvement of convective recirculation between the heater and the 
left wall. 

An entropy generation induced by the energy transport is presented 
in Figs. 3c–5c. An interaction of left convective cell with penetrative 
flow for the open border makes a temperature gradient around the solid 
body. One can find that the heat boundary layer is appeared at upper left 
of the cavity owing to above mentioned counter-clockwise rotating 
vortex. In particular for γ = π/2 one can find an increment of the size of 
the heat boundary layer over the cold vertical left border. With further 
raising of k*, entropy generation due to heat transference increases more 
because of the excessive temperature difference at the element. 
Accordingly, for Figs. 3d–5d the entropy generation induced by the 
nanosuspension friction is found at vertical and upper surfaces of the 
heat-generating solid body. 

Since the flow field attains higher velocity in these areas as compared 
to the remaining portion of the chamber. The inclusion of the Lorentz 
force reduces the fluid friction entropy lines due to less velocity 
gradient. Moreover, for γ = π/2 the fluid flow along the vertical wall 
incidents the effects of the attenuation from the Lorentz force which 
produces low thickness of velocity boundary layers there. There is an 
increment in the fluid friction entropy lines as thermal conductivity ratio 
changes its value from 0.1 to 5.0. Figs. 3e–5e illustrate the entropy 
contours due to a magnetic field effect occurring in closed proximity to 
the vertical border of the solid block. This is due to an occurrence of 
horizontal magnetic field. When increasing the magnetic inclination 
angle, one can find the vortex near the left vertical and exit area of the 
chamber. In particular the magnetic field is applied vertically (γ = π/2), 
the vortex near the vertical surface of a solid body deformed and 
occupied the corners of the solid body, because the magnetic entropy 
lines are substantial on the horizontal flow regions of the cavity. In 
entropy contours there are no significant changes while increasing the 
heat conductivity ratio (k*) of the heat generating solid body. An in
clusion of ferrous oxide nanoadditives in the base fluid results to quite 
significant modification of streamlines and isotherms. This modification 
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helps to intensified cooling process inside the system and there are no 
essential variations of entropy generations. 

Fig. 6 illustrates the change of mean Nu at the solid block surfaces 
with ϕ for various k*, Ha and γ. It is evident that mean Nu raises with 
nanoadditives concentration (ϕ) and thermal conductivity ratio (k*). 
The observation also shows that growth of Ha decreases the convective 
motion strength, so that the cooling performance reduces as evidenced 
by Nusselt number of the surfaces of heat generating solid body. 
Moreover, the higher energy transport can be found for k* = 5. Figs. 7–9 
demonstrate the modification of mean entropy production induced by 
heat transport, liquid friction and magnetic field with Ω for different k*, 
ϕ, Ha and γ. Entropy contours rate decreases as temperature difference 
increases for all considered values of k*. The average entropy generation 
induced by the Lorentz force is found to be maximum when Ha = 50 and 
γ = 0. Further raising the magnetic inclination angle to at γ = π/2 
characterizes an increment of entropy fluid friction (see Figs. 7b–9b). At 
the same time, it is diminishing the entropy production caused by the 
Lorentz force. A raise of the thermal conductivity ratio results to slight 
growth of entropy generation induced by the heat transport, nano
suspension friction and magnetic field (See Table 6). Also, Figs. 7–9 
show that an impact of ferrous oxide is effective in diminution of energy 
transport intensity for high Ra. Moreover, there are quite differences in 
the parameters of the entropy generation due to the nanosuspension 
friction and Lorentz force. 

5. Conclusions 

This research deals with MHD thermogravitational transport com
bined with the second law of thermodynamics for a square open ferro
fluid cavity having a heat generating solid body. For fixed Rayleigh 
number (Ra = 107), computational analysis is performed for different ϕ, 
k*, Ha, γ and Ω. The calculated results are demonstrated that,  

• An increasing effect of magnetic field weakened the fluid motion 
rate, mean Nu and mean entropy generations.  

• The inclination angle of magnetic field effect shows the higher mean 
Nu. When γ = π/2 the entropy generation induced by the heat 
transport and liquid friction attains higher values but the entropy 
production caused by the Lorentz force has the minimum value for 
all considered k*.  

• For all k*, the mean Nu and average entropy generation are raised 
with nanoadditives concentration.  

• The maximum heat transfer rate occurs at high thermal conductivity 
ratio (k* = 5.0), while the minimum entropy production occurs at 
low thermal conductivity ratio (k* = 0.1).  

• An increment of temperature drop (Ω) leads to decrease in the mean 
entropy generation induced by the heat transport, nanosuspension 
friction and magnetic field for all k*. Therefore, for a better cooling 
influence, rising thermal conductivity of the internal energy- 
producing solid block and nanoadditives concentration is produc
tive impact. 
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