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Abstract—Using two analytical methods, we derive exact and more general solutions of the nonlocal nonlin-
ear Schrödinger equation with nonlocal cubic and nonlocal quintic terms. In the first method, equations are
analyzed, and some of their mathematical and physical properties are inferred, which are then used to derive
the exact stationary solutions. In the second method, we demonstrate the Darboux transformation method
and construct exact and more general soliton solutions for the nonlocal NLS equation with nonlocal cubic
and quintic terms. We reconsider the collisional dynamics of the nonlocal NLS equation and observe that
apart from intensity redistribution in the interaction of bright and dark solitons, one also witnesses a rotation
of the trajectories of the solitons. The angle of rotation can be varied by suitably manipulating the self-phase-
modulation (SPM) or cross-phase-modulation (XPM) parameters and also spectral parameters. The angle
of rotation of the solitons arises due to the excess energy that is injected into the dynamical system through
SPM and XPM. We also notice the parallel traveling solitons due to the rotation in the soliton trajectories.
These observations which exclude the quantum superposition for the field vectors may have wider ramifica-
tions in nonlinear optics, Bose–Einstein condensates, and left- and right-handed metamaterials.
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1. INTRODUCTION
The exploration of the dynamical effects of the

nonlinear Schrödinger (NLS) equation paves the way
to understanding many nonlinear wave concepts [1–3]
and studying their quantum phenomena [4–6]. The
NLS equation is widely used in academia to research
about waves in deep water [7] and are used to study the
evolution of Bose–Einstein condensates with external
governs [8]. It can also be used to describe the propa-
gation of laser beams in optical media [9]. The intro-
duction of the nonlocal NLS equation as a parity-time
integrable system by Ablowitz and Musslimani [10] in
2013 has led to extensive work to investigate exact solu-
tions and dynamics of nonlocal NLS equations in var-
ious forms. Soliton solutions and interactions under
the influence of nonlocal interaction have been wit-
nessed in [11]. Nonlocal nature from the integral point
of view has been investigated using the inverse scatter-
ing method [12], and a discrete version of the same has
also been investigated [13]. In this paper, we develop
two analytic methods to study the general exact solu-
tions of the nonlocal NLS with nonlocal cubic-quintic
terms.

The nonlocal interaction or the PT-symmetric
potential in NLS equation has got tremendous atten-

tion from theoretical physicists in recent years.
Replacing q*(x, t) by q*(–x, t) in the NLS equation
results to a self-induced potential of the form V(x, t) =
q(x, t)q*(–x, t) and satisfies the PT-symmetric condi-
tion V(x, t) = V*(–x, t). Inclusion of this PT-symmet-
ric term in classic NLS equation has led to the discov-
ery of new dynamics which reveals many unknown
results in the field of nonlinear fiber optics refinement
and Bose–Einstein condensates (BEC). For example,
it is well known that the focusing NLS equation admits
only bright solitons and defocusing NLS equation
admits dark solitons, but the introduction of nonlinear
nonlocal interaction in the NLS equation will admit
both bright and dark solitons without any change in its
nonlinearity. This type of nonlinearity is observed in
many modern experiments such as the diffusion of
charge carriers, atoms, or molecules in atomic vapors
[14, 15]. It is also observed in the study of BEC with
long-range interaction. The BEC with magnetic
dipole–dipole forces were reported in [16] and veri-
fied in the case of optical spatial solitons in a high non-
local medium [17]. It has been verified that nonlocal
PT-symmetric integrable can act as a new scope for
researchers to work on the ramification of nonlocality
in optics. In optics, the paraxial equation of diffraction
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is mathematically isomorphic to the Schrödinger
equation in quantum mechanics [18–21]. This anal-
ogy allowed the observation of PT-symmetry in opti-
cal waveguide structures and lattices [22, 23]. The
study of PT-symmetric concepts in optics could also
pave the way to alternative classes of optical structures
and devices such as Hermitian Bloch Oscillations [24],
simultaneous lasing absorption [25, 26], and selective
lasing [27]. Lately, PT-symmetric concepts have also
been studied rigorously in plasmonics [28], optical
metamaterial [29] and coherent atomic medium [30].

Motivated by the above research and its significant
achievements and unique dynamical behavior, we
investigate the PT-symmetric nonlocal NLS equation
with nonlocal cubic-quintic interaction in continuous
media. Our study and analysis indicate that the PT-
symmetric cubic and quintic NLS equation could exhibit
unique dynamics and features so that we can observe dif-
ferent kinds of solitons for Q(x, t) and Q*(–x, t) in con-
trast to the classical NLS equation where we found
same behavioral solitons for both field variable and its
conjugate. In addition, one can also rotate the path of
the bright bound state and dark bound state in a two-
soliton solution by selectively fine-tuning the spectral
parameter while the energy in each mode remains
conserved, unlike the Manakov model.

The plan of the paper is as follows. In Section 2, we
present the mathematical (integrable) model govern-
ing the dynamics of nonlocal PT-symmetric cubic and
quintic nonlinear Schrödinger equation and its Lax
pair. In Section 3, we present the family of all solitonic
solutions generated from the general solution obtained
in Section 2. In Section 4, we discuss the collisional
dynamics of solitons and the mechanism which
involves the rotation of bright, dark solitons. The
results are then summarized in Section 5.

2. MODEL EQUATION
AND SOLITON SOLUTIONS

Let us consider the PT symmetric nonlocal NLS
equation in the following form [12]:

(1)

where q(x, t) is the slowly varying pulse envelope of the
field which evolve in space (x) and time (t) variables,
respectively, and * denotes the complex conjugation.
The q(x, t)t and q(x, t)xx represents the one and two
space and time derivatives, respectively, σ is nonlocal
interaction strength. Equation (1) is a non-Hermitian
PT symmetric system in the sense that the self-
induced potential V(x, t) = q(x, t) q*(–x, t) satisfies
the PT symmetric condition V(x, t) = V*(–x, t). It is
worth mentioning here that Eq. (1) is nonlocal, i.e.,
the evolution of the field variable q(x, t) at the trans-
verse coordinate x always requires information from
the opposite point –x.
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PHYS
2.1. Modified NLS Equation and Phase Dependent 
Amplitude of Matter Wave Solitons

To introduce the new integrable model describing
the impact of both cubic and quintic interactions on
the matter wave solitons, we now consider an addi-
tional phase imprint on the order parameter q(x, t) to
generate a new order parameter Q(x, t) as

(2)

where θ(x, t) is the phase imprint in the old order
parameter q(x, t). We now engineer the phase imprint
θ(x, t) in accordance with the following conditions:

(3)

(4)

so that the transformed order parameter Q(x, t) obeys
an evolution equation

(5)

where τ is the arbitrary constant. The above nonlocal
cubic and quintic NLS Eq. (5) has an initial eigenvalue
problem (Lax pair), which will be presented in the
Appendix.

3. SOLITON SOLUTIONS
Our prior aim is to achieve a solution that itself can

generate all forms of soliton solutions already wit-
nessed for our model given by Eq. (5) in addition with
new results. Over the years numerous results have been
published using bright soliton solution generated by
vacuum seed for NLS equation with cubic and quintic
interaction [32–34]. Notably, the following papers
[35–43] explain how the instability arises in the
dynamical system and how one can manage this insta-
bility due to the reinforcement of quintic nonlinearity
in addition to cubic by means of Feshbach resonance
management in various experimental conditions
which includes spin-orbital (SO) coupling, spatiotem-
poral solitons, and even in discrete solitons. Keeping
this fact in mind, we omitted the vacuum seed solution
and bright solitons as points of convergence.

To achieve a more general soliton solution, we start
constructing the soliton using a nontrivial seed. Con-
stant wave background solutions are more effective
than that vacuum soliton solutions. How? In a way,
one can achieve the vacuum seed solution from a con-
stant wave solution by carefully fine-tuning the
parameters involved with the assumed seed, but the
reverse is not possible means one cannot generate a
constant wave solution from vacuum seed solutions in
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any way. So, keeping this context in mind, we worked
on a more general one by feeding plane wave solution
as seed.

We assumed the following form of constant plane

wave seed,   to the
defocusing NLS equation (σ = –1). Inserting these
seed solutions in the Lax pair Eqs. (15) will lead to the
basic solutions in the following form:

(6)

(7)

(8)

(9)

where , , 

and . Inserting these basic solutions
into the Darboux transformation formula [31], and
simplifying the resultant expressions with τ1 = c1/c2

and , we have after tedious calculations that

(10)

(11)

with

(12)

where ρ1 = λ1 + is1, ρ2 = λ2 + is2, ρ3 = λ1 – is1, ρ4 =
λ2 – is2. The above solution is more general in nature
compared to all the other known solutions. Why? The
reason is explained in the next section by creating all
form of solitons states by fine tuning the parameters.
While transforming this solution to model Eq. (5), the
phase imprint parameter θ has the following form:
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In the next section, we have studied the dynamics
of the above general solution for different parameter
and displayed all types of soliton pairs using this
solution.

4. FAMILY OF EXACT SOLUTIONS
The soliton solution given by Eqs. (10) and (11) is

the more general one for the cubic quintic NLS type
equations compared with all the other previously
determined solutions in the literature. We call this
equation symmetry-breaking soliton solutions since as
we said the solution given by Eqs. (10) and (11) act as
a host for all types of soliton pairs such as Dark–Dark
(DD), Bright–Bright (BB), Dark–Bright (DB),
Bright–Dark (BD) by a suitable combination of
parameters involved in it. The mentioned soliton pairs
DD, BB, DB, BD are displayed in Figs. 1–4, respec-
tively. Why do we call it a symmetry-broken solution?
Because if you look at the soliton solutions Q(x, t) and
Q*(–x, t), you see that they are independent and can-
not be deduced from one to the other. Usually, when
we derive soliton solutions for vector systems, we end
up with more or less the same solitons for both com-
ponents. But here if you look at the figures of soliton
pairs Q(x, t) and Q*(–x, t), you see that they are not
the same and exhibit completely different behaviors.
Let us discuss them one by one. In Fig. 1, there are the
components one and two displayed DD and BB soli-
tons (in plots a and b, respectively), and the final plot
is the combination of the first two is again DD (c). In
Fig. 2, the components one and two displayed BB and
DD solitons (in plots (a) and (b), respectively), and
the final plot is the combination of the first two is
again DD (c). Similarly, in Figs. 3 and 4, the compo-
nent one and two are not the same. This behavior is
the one that we could never come across in the litera-
ture for cubic and quintic NLS equations. In the next
section, we have discussed some interesting new fea-
tures found in the dynamics of the model given by
Eq. (5) called “Rotation of trajectory”.

4.1. Rotation of the Trajectories of Solitons
In this subsection, we are going to display some

new phenomena, for that we choose only one compo-
nent in every pair, and we try to study the dynamics by
fine-tuning the parameters related to it. While tuning
the spectral parameter λ2, we have seen that one mode
of every soliton pair rotates by 360°, while the other
component sticks in one place. The rotation of the sin-
gle-mode of the soliton pair and its contour plots are
shown in Fig. 5. From the contour plots (d–k) in Fig. 5,
one can infer that one of the modes is sticky at one
point and the other can rotate clockwise. It is interest-
ing to see that in the final phase shown in plot 5i and
its corresponding contour plot in 5l after a full rotation
of one mode, the interaction between the modes is
invisible, and they evolve like parallel solitons without
any interaction between them, which is really an inter-
22
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Fig. 1. (Color online) (a) Dark–Dark soliton for q(x, t) mode, (b) Bright–Bright soliton for q*(x, t), and (c) multiplication for
first two component q(x, t) and q*(x, t) leads to Dark–Dark solitons for the choice of parameters λ1 = 1, λ2 = –1, a1 = 2, a2 = 1.5,
τ1 = –1 – 0.7i, τ2 = –0.5 + 0.3i.
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Fig. 2. (Color online) (a) Bright–Bright soliton for q(x, t) mode, (b) Dark–Dark soliton for q*(x, t), and (c) multiplication for
first two component q(x, t) and q*(x, t) leads to Dark–Dark solitons for the choice of parameters λ1 = 1, λ2 = –1, a1 = 2, a2 = 1.5,
τ1 = 1 + 0.5i, τ2 = 0.5 + 0.3i.
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Fig. 3. (Color online) (a) Dark–Bright soliton for q(x, t) mode, (b) Dark–Dark soliton for q*(x, t), and (c) multiplication for first
two component q(x, t) and q*(x, t) leads to Dark–Dark solitons for the choice of parameters λ1 = 1, λ2 = –1, a1 = 2, a2 = 1.5,
τ1 = 1 – 0.5i, τ2 = 1.5 – 0.3i.
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Fig. 4. (Color online) (a) Bright–Dark soliton for q(x, t) mode, (b) Dark–Bright soliton for q*(x, t), and (c) multiplication for
first two component q(x, t) and q*(x, t) leads to Dark–Dark solitons for the choice of parameters λ1 = –1, λ2 = 1.2, a1 = 2,
a2 = 1.5, τ1 = 1 + 0.5i, τ2 = –0.5 + 0.3i.
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Fig. 5. (Color online) (a–c) and (g–i) Rotation of the trajectories of the Dark–Dark solitons and its corresponding contour plots
(d–f) and (j–l) for the choice of parameter for the plots (a, d) λ1 = 1, λ2 = –1, a1 = 2, a2 = 1.5, τ1 = –1 – 0.7i, τ2 = –0.5 + 0.3i;
(b, e) λ1 = 0.5, all other parameters are same as in the plots (a, d); (c, f) λ1 = 0.1; (g, j) λ1 = –0.1; (h, k) λ1 = –0.5; (i, l) parallel
travelling solitons λ1 = –0.9.
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esting note we witnessed. We have never before
observed such parallel-evolving solitons. We call this
phenomenon of rotation of the one mode in solitons
pairs “Rotation of the trajectories of the solitons”. We
PHYSICS OF WAVE PHENOMENA  Vol. 30  No. 6  20
have tried to find the same behavior in all other pairs
of solitons also. We succeeded in BB pair and showed
the rotation of the trajectories of the soliton pair in
Fig. 6 with its corresponding contour plots. We notice
22
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Fig. 6. (Color online) (a–c) and (g–i) Rotation of the trajectories of the Bright–Bright solitons and its corresponding contour
plots (d–f) and (j–l) for the choice of parameter for plots (a, d) λ1 = 1, λ2 = –1, a1 = 2, a2 = 1.5, τ1 = 1 – 0.5i, τ2 = –1.5 – 0.3i;
(b, e) λ1 = 0.5, all other parameters are same as in plots (a, d); (c, f) λ1 = 0.1; (g, j) λ1 = –0.1; (h, k) λ1 = –0.5; (i, l) parallel
travelling solitons λ1 = –0.9.
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a small difference in the BB pair compared to the pre-
vious one in the final phase of the rotation shown in
plot 6i and its corresponding contour in plot 6l. We
achieved the same parallel travelling solitons without
interaction, but here we notice even though there is no
interaction, the energy sharing happens which was
PHYS
clearly depicted in plot 6i for better understanding. We
have also checked the same behavior in a mixed state
of the soliton pairs such as DB and BD; here in these
two cases, we were able to rotate as we did before in BB
and DD pairs, but not the whole rotation. Due to the
nature of the solitons, we are not able to rotate one
ICS OF WAVE PHENOMENA  Vol. 30  No. 6  2022
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Fig. 7. (Color online) (a–c) Rotation of the trajectories of Dark–Bright solitons and its corresponding contour plots (d–f) for
the choice of parameters: (a, d) λ1 = 1, λ2 = –1, a1 = 2, a2 = 1.5, τ1 = 1 + 0.6i, τ2 = −0.5 + 0.3i; (b, e) except λ1 = 0.1, all other
parameters are the same as in the plots (a, d); (c, f) λ1 = –0.1, all other parameters are the same as in plots (c, f).
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Fig. 8. (Color online) (a–c) Rotation of the trajectories of Bright–Dark solitons and its corresponding contour plots (d–f) for
the choice of parameters: (a, d) λ1 = 1, λ2 = –1, a1 = 2, a2 = 1.5, τ1 = 1 + 0.6i, τ2 = –0.5 + 0.3i; (b, e) except λ1 = 0.1, all other
parameters are same as in plot (a, d); (c, f) λ1 = –0.1, all other parameters are same as in plot (c, f).
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x x x
mode after half of the circle like 180° and cannot move
further, and the parallel travelling soliton solutions
have also not been achievable in mixed states of the
solitons as shown in Figs. 7 and 8, respectively.
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5. CONCLUSIONS
In this paper, we investigated PT-symmetric cubic

and quintic NLS equations employing Darboux trans-
formation to generate a family of exact soliton solu-
22
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tions including combinations of bright dark solitons.
The soliton solution we derived exhibits two different
solitons for the two modes (field variable and its con-
jugate) which we called symmetry-broken solitons. In
addition to that symmetry-broken property, we
observed intensity redistribution and rotation of tra-
jectories of solitons by suitably varying SPM, XPM
parameter, and scattering length parameters. We have
also shown the parallel traveling soliton which is non-
interactive and interactive in nature when we increase
the angle between the solitons by rotation. We believe
that the above phenomena such as symmetry-broken
solitons, rotation of the trajectories of solitons, and
parallel traveling solitons occur due to the nonlocal
nature of the dynamical system. A refinement of the
present model would be incorporating PT-symmetry
through cubic and quintic interaction terms is more
realistic and can be verified experimentally, which we
leave to future study.

APPENDIX

LAX PAIR FORMALISM

Equation (6) admits the following Lax pair:

(14)

(15)

Here U and V are called Lax pair matrices, which are
functionals of the solutions of the model equations.
The consistency condition of the linear system Φxt =
Φtx must be equivalent to the model equation under
consideration,
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where λ1,2 is the spectral parameter, U0,1, V0,1,2, and Φ
denotes the Lax pair matrix operators.

The consistency condition Φxt = Φtx leads to Ut −
Vx + [U, V] = 0 which should generate the nonlocal
NLS Eq. (1). Applying the transformation given by
Eq. (2), keeping the constraints given by Eqs. (3), will
generate the required nonlocal cubic and quintic NLS
equation given by Eq. (5).
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