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Abstract

In this paper, we investigate the existence, uniqueness and stability of solutions to the mixed
sequential pantograph fractional integro-differential equations with non-local boundary con-
ditions. The solution of the problem is obtained and the existence and uniqueness of the
solution is tested by means of Krasnosel’skii’s fixed point theorem and the Banach contrac-
tion principle respectively. Moreover, the Ulam—Hyers and Ulam—Hyers—Rassias stability of
the solution is determined. An example emphasising our findings is provided.

Keywords Pantograph fractional differential equation - Fixed point theory - Existence and
uniqueness

Mathematics Subject Classification 34A08 - 26A33 - 47TH10 - 34A12

1 Introduction

The pantograph equation, which deals with proportional delay and was developed during work
on the electric current of the pantograph of an electric locomotive by Tayler and Ockendon,
is one of the most prominent classes of delay differential equations (DEs) in applied sciences
[20]. Delay DEs are essential for describing natural phenomena due to their reliance on
historical data. It has wide applications in number theory, electrodynamics, quantum physics,
control systems, and many other fields [9, 14, 18, 23]. Researchers specifically examined the
existence and uniqueness of pantograph fractional DEs in [1, 4, 5, 10, 13].

In the modelling of scientific and engineering problems, the substitution of one relationship
using derivatives into another led to the development of sequential fractional derivatives. The
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existence theory of solutions to sequential fractional differential equations is the most crucial
and significant to understand the behaviour of dynamical systems. The articles [7, 10, 22, 26]
extensively demonstrate the uses of sequential fractional derivatives in the field of fractional
calculus. Also, in various branches of engineering and research, fractional integrodifferential
equations play a significant role. These include microhydrodynamics [28], wind ripple in the
desert [6], and drop-wise condensation [25], etc.

One among the qualitative aspects of DEs is the concept of stability. Numerous stability
analyses are performed, which include exponential stability [3], Mittag-Leffler stability [17],
asymptotic stability [2], Lyapunov stability [8], etc. A few of the aforementioned analyses are
complex and time-consuming as well. The Ulam-Hyers and Ulam-Hyers Rassias stability,
provides an accurate solution for each approximation, making it the best stability for fractional
DE:s that deal with non-local situations [4, 19, 24].

Motivated by the previous findings, we analyse mixed sequential pantograph fractional
integro-differential equations (FIDE) with non-local boundary conditions of the form

DY (TDreVn®) = £ (&1, n66), /0 P, 1(s))ds)

+ 3 AL g (e @) ). Eelabl =2,
i=1

14
n@ =0, nb)=y BIDL 6. B eRt, 5 €z,
r=I1

where DZ;II/ is the - Riemann-Liouville (R-L) fractional derivative, D;f”p is the -
Hilfer fractional derivative, 0 < u,7 < 1,0 <¢ < 1,0 < A, u < 1, A;’s are real constants,
P : DxR —> RiscontinuousonD = {(§,5) :a <s <1 < b}, f : ZXRxRxR — R

andg; : Z xR xR — AR, i = 1,2, ..., m are continuous functions.

2 Preliminaries

Let us recall some basic concepts and definitions relevant to our research.
O = C(Z,R) represent the space of all continuous functions from Z — ‘R with the

norm ||| = sup |n(£)], and AC(Z, fR) is the space of all absolutely continuous functions
tEeZ
from Z — fR.

Definition 1 [15] Let (a,b) (—o0 < a < b < o0) be a finite or infinite interval of the
real line R and T > 0. Let ¥/(§) > 0 be an increasing function on (a, b], having a con-

tinuous derivative ¥'(&) on (a, b). The ¥-R-L fractional integral I;w() of a function
h € AC"([a, b], *R) on [a, b], is defined by

1

&
T / YW E) — YN h(s)ds, E>a>0,
(t) Ja

1) =

where I'(.) represents the Gamma function.
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Definition 2 [15] Letn € N and v/ (£¢) # 0. The ¥ -R-L fractional derivative of order T > 0
of a function 7 € AC"([a, b], R) with respect to another function v is defined by

u; _ 1 d n uw
D h(S)—(W@)dE) Y )

_L _ n—u—1
_F(n—u)<w (S)dé / ()WY (E) — ¥ (s)) h(s)ds,

where n = [u] + 1, [u] represents the integer part of the real number u.

Definition 3 [27]Let[a, b] be the interval suchthat —oco < a <b < oo,n e Nn—1 <1 <
nand h, ¥ € C"([a, b], R) are two functions such that ¥ (£) is increasing and ' (£) # 0,
for all £ € [a, b]. The v -Hilfer fractional derivative D;f;‘/’(-) of a function % of order t
and type 0 < ¢ < 1, is defined by

HDrgwh (n ow( 1 d "1(1—5)(714);10}1 ’
©) = (e ae) & ©)

n = [t]+ 1, [t] represents the integer part of the real number t withy =7 4+ ¢(n — 7).

Lemma 1 [15] For T, o > 0, we have the following semigroup property given by
LI = 170, & > a

Lemma?2 [15]Ifh € C"([a,b],R), n — | < u < n then

“'/fD” ‘ph _ - k 1]( +) u—k+1
& =h@E) - Zr(iwf(s) (@),

k=1

forall € € [a, b, whereh IheE) = (Wl( di) h(€).

Lemma3 [27]Ifh € C"([a,b],R), n—1 <t <nand0 < ¢ < landy =t+c¢c(n—r)
then

W H e e e N WE) =Y @) R g amomeoy
1" DSV h(E) = hes) }; Ty —k+D v e h(a),

forall £ € [a, b], Whereh IheE) = (w@ dé) h().

Proposition 1 [15, 27] Let t > 0,1 > 0 and & > a. Then the -fractional integral and
derivative of a power function are given by

L 17 @) — @)t = s ) — gy

2. DY (@) — @) = s W @) — y@)

3 HDTEY (&) — v @) = s W@ — @) T sy =T+ g —1).

Lemma 4 (Banach contraction principle) [11]If D is a closed non-empty subset of a Banach
space B then any contraction mapping G : D —> D has a unique fixed point.

Theorem 2 (Krasnosel’skii’s fixed point theorem) [16] Let D be a closed, bounded, convex
and non-empty subset of a Banach space (B, || - ||). Suppose that G, G are operators from
D to D such that
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L. Gim+GmeD, Vn,meD,
2. Gy is continuous and compact,
3. Gy is a contraction mapping.

Then there exist a n3 € D such that n3 = Gin3 + Gans.

To establish stability results such as Ulam-Hyers ((/H) and Ulam-Hyers-Rassias ({HR)
stability, consider the following:
Fork € RT,let ® : Z — R be a continuous function and

3
‘DZ;“’( DY) = £(5:2. 268, [ PG5, z60ds)
~ Y ALY g (82, z(u%‘))‘ <k, @
i=1
§
‘DZL‘”( DI 7)) - (5. 26).204). fo P&, 5. 2(5))ds)
=Y ALY g (5.2, Z(MS))‘ <K O). €)
i=1

Definition 4 [21] The system (1) is L/ stable if there exists a real number M ¢ ,. > 0 such
that for each « > 0 and each solution z € Q of the inequality (2), there exists a solution
n € Q of (1) with

2G) —nE)| < Mypgk, €2, i=1,2,..,m 4)

Definition 5 [21] The system (1) is U/ HR stable with respect to ® € C(Z,RT) if there
exists a real number M ¢ o, @ > 0 such that for each « > 0 and each solution z € Q of the
inequality (3), there exists a solution n € Q of (1) with

|Z($) - n(g)| = Mf,g,‘,@ K ®(g)s g € Za i = 1727 ey ML (5)

Remark 1 A function z € Q is a solution of (2) if and only if there exits a function w € Q
suchthatV& € Z

Q) W(®)] =k, and
@ D (D 20)) = (5,200 2000, [ PE s zns) + AT

i=1

x gi(§.26). 248 ) + w(®).

Remark 2 A function z € Q is a solution of (3) if and only if there exits a function v € Q
suchthatV& € Z

@ [v@)I =« O(), and

Gy DY (DI n®) = £(&1©), n(:8), f P, s, n(s)ds ) + ZA,I%
x gi (& (). (1)) + v©).
Furthermore, we consider the following notation: E(g, h) =

(x/x(g) z//(;z»h
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3 An auxiliary result

The solution of the system (1) is obtained in the following lemma.

Lemma5 LetO <u,t <1,0<¢ <1, y=14+¢(1—1),a=>0,and A # 0. Then for
i ZXRAXRAXR— Rand gi : Z x R xR —> R, the solution of the system (1) is
given by

1 =157 £ (6.0, 008, / P, s, n()ds) + ZA,I"T”“””&-(S,n(s),n(m)

(=} + l Ll T—w,
+%[Zﬁr 1 r‘/ff(,,n(a) n(xa)/ P, s, n(s)))

_ u+r 1//f(b n(b), n(Ab), / P, s, n(g))) ZZAll¢l+u+r wri

r=1i=1

x gi (8, 16), n(8,)) = iAi 1Y g (b o), n(ub))], (©)

where A= E(b,u+t—1)—Y"_ BEbu+1—0w —1).

Proof By applying operators / +]/f and I + on both sides of (1), from Lemma 2 and Lemma
3, we obtain

HDES @) =157 1 (5. 0@). n0). / P& 5. n(s))ds)

+ZA,1""+”‘” (8 1@ 1)) + 18w~ 1).

. §
n(s)=1;‘f””f(s,n<s>,n<xs>,/0 P&, s, n(s))ds)

+ Y AT gy (80, n116) )
i=1

+caBE u+t -1+ B¢,y —1).

Sincey =1+ ¢(n — 1) < 1, n(a) = 0 implies ¢, = 0. The above equation reduces to

0©) =17 (6060008, [ PE. s nisnas)

DDA g (6 0(E). ) + 1Bt )
i=1
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Using n(b) = Y7_, B, DV (5,), we derive

1 4 u+t—wr §
¢l =A[§ﬁr1a+ f(ar,n(m,n(mr),/o Pr.s,1()))

— 1 (606®), n(ké»/o P& s.n(s)ds) + 33" frdi

r=1i=I

X Y gy (8, (8 (8 ) = DALY gy (6,0@), n(ué))]-
i=1

By substituting ¢ in (7) we obtain (6).
Conversely, by direct calculation we verify that (6) satisfies (1). O
4 Existence and uniqueness results

In this section, we establish the existence and uniqueness results.
Let us define an operator G : Q — Q by

. E -
Gn&) =11 1 (6.0 100). [ P& snnds) + 30 A
i=1

a

et g D[ ¢
S g (600 ) + = EEER] 5
p=1

. §
X L (8,060, n(28,), /0 P 5.1(s))) ®)
) g P m
S VR TON SRR ES ) 9t
r=1i=I

m
X AT g (6 m B0 (s ) = D0 AT gy (b0, n(ub))]-

i=1
and assume the following hypothesis:

HpLet f:ZxXxRAXRAXR— Rand g : Z x R x R —> R be continuous
functions, and there exists aconstant ; > 0 (i = 1,2, ...,m+ 1) suchthatforall§ € Z

and 01, 71, 12, 92, N3, M3 € R,
LfE m©E), mE), n3E) — fE mE), &), m3EN| < Ki(Im — il + 2 — m2|

+ I3 — m31),
1gi (&, 1 (§), m(®)) — gi (€, M1 (E), mEN] < Ki1(Im — 71l + 2 — m21),
i=1,2,...,m.

(Hp) Let P : D x R — R be a continuous function on D = {(é‘, s):a<s<t< b},
and there exists constant AV > 0 such that for all £ € Z and 7, 7] € R,

P&, s,n) —PE s, 7¢I = Nin—il,
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Hz)Let f : ZXRAXRAXR — Rand g : Z x R x R —> R be continuous
functions, and there exists functions o, v; > 0, i = 1,2, ..., m such that forall £ € Z
and 11, m2, n3 € R,

[f(&,n1(€), n2(8), n3(8))] < o (§),

lgiE.m&E), mENI < vi),i=12,...m

To simplify the process, let us introduce some notations.

V= E(S,u—i—r)—i—W[iﬂ,E(é,,u—i—r—wﬂ—i— E(b,u—i—r)],
"~ ©)
Vo= 3 LAIEE i but ) + SEeresD
i=1
[Xr:iﬂrl«‘blg(&,@ +u+1t—w)
p=1i=1
+§:|Ai|5(b,¢i+u+f):|- (10)

i=1

Theorem 3 Assume that (Hy) and (Hy) are satisfied. Suppose thath(Vl 24+bN) +2V2) <1,
where K = max{K;, i = 1,2, ...,m + 1} and N are constants, V1 and V are given by (9)
and (10) respectively. Then, the system (1) has a unique solution on Z.

Proof Consider the operator Gn(§) defined in (8). Suppose that £ = max{L;, i =
1,2,...,m + 1}, £; are finite numbers given by £; = supgcz [f(§,0,0,0)| and L;4) =

supgcz 12i(€,0,0) and Q, = {n € Q: |n| < r}withr > b

1-K(Vi@+bA)+212) |
Clearly, O, is a bounded, closed and convex subset of Q.

Step 1: To prove GO, C Q,.
Forany n € Q,, & € Z, using (H;y) and (H3), we obtain

§
£ (& n@ 06, [ P snonds)| < K1+ bAOII+ £,

8 (8 n©). n1®)| = 2 Kbl + L.
Then,

1Gn ()]
u+r 1//‘]0(5 n(&), n(A&), / P, s, 77(S))ds>‘

+ Z IAiIIfqu;w’gf (S’ n(). n(MS))‘

+u($u—+r[2ﬁr Ut w‘f( 0 (8, n(AS)), / P, s, n(s)))‘
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+ 12| £ (b 1) nGb), f; Pb s, ()| + SH

r=1i=1

> I¢i+u+r_wr:
a

i (8 (8. n(udn) )| + 3 A (b 1) n(ub)) H
i=1

< BEu+D[KiC+bMNI+L1]+ Y IAIEE ¢ +u+ D)2 Kistlnl + Lo
i=1

B, u+t-—1
" (& )

A [Zﬂ,a(ar, utT— wr)[lcl(2+b./\/)|n| + .cl] +Eb,u+1)

p=1

r m
1@+ b0 + L1+ 32 3 Bl ANEGr b+ 7 = 0)[2Kianl + Lo |
p=1i=1

m
+ D LA G, ¢ +u+ D) 2K +Li+1]]
i=1
EEu+1t-1)

B u+1)+
5((Eu 7) N

[Z,BrE(S,,u+T—a),)+ E(b,u—i—t)])

p=1

“ 1
x/c1(2+bN)|n|+(Z|A,»|E<s,¢,-+u+r)+ = seet )[ZZMAI
i=1 p=1li=1

m
X BGrditut+t—o)+ Y |AIED, ¢ +u+r)D2/Ci+1|n| + (E(S,u + 1)
i=1

+W[ZﬂrE(8r,u+t o)+ E(b,u+r):|>£1
#(;

p=l1
-
|: i

p=

B¢ u+t-1)
[A|

™=

|Ai|EE, ¢ +u+7)+

Il
-

i
m

BAANEG: b +u+7—w)+ Y [AIED. ¢ +u+r>Dci+1

i=1

Ms

= (VIK@+BN) +205K)r + (Vi + 1) .

Thus, ||Gn| <.
This implies GO, C Q,.

Step 2: To prove G is a contraction.
For any n;, n2 € Q,, and for each & € Z, using (Hy) and (H3), we have

1Gn1(§) — Gna(§)]

< B u+ O[KiQ+bMIm = mal |+ Y IAIEE, ¢+ + D)2 Kl = ol
i=1
EEu+t—1)

A [Zﬂ,a(ar, U+t — wr)[lcl(2+bj\/')|m —~ n2|] + B, u+1)

p=I
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r m

[K1@+bM)m = ol |+ 32 D BIAIE G, i + w7 = ) [2Kiilm — 2l

p=1i=1

+ DA G, ¢ + u+ ) 2K~ nzl]]
i=1
BEutt—1

a [ZﬂrE(Sr,u—i—r—a)r)—i—E(b,u—i—r)])

p=l

< <E(§,u+r)+

Br

E(g,u+f—1)[ -
=1

m
x K12+ bN) s —772|+(Z|Ai|3(§,¢i+u+f)+ A
i=1 p=li

X |ANEG, ¢ +u+7—w)+ Y JAIED. ¢ +u+ T)]>2’Ci+1|'71 — .

i=1

Thus, IGn1 = Gmall < K(Vi@ +bA) +2V2) It = 2l

Since IC(Vl 2+ bN) + 2V2) < 1, the operator G is a contraction. Therefore, by Lemma 4
we conclude that G has a unique fixed point which is the unique solution of (1) on Z. O

Theorem 4 Assume that (Hy) — (H3) are satisfied. Suppose that (IC (2 + bN) [V1 — B¢, u+
D]+2KV =Y Al BE, ¢i+u+71)]) < 1, where K = max{K;, i = 1,2, ....,m+1}
and N are constants, V| and V, are given by (9) and (10) respectively. Then, the system (1)
has at least one solution on Z.

Proof Let |lo|| = supgc 7 [0 ()], [lvill = supgc s [vi(§)I.
Define a bounded subset Q, = {n € Q: [n| < p} of Q with p > Vi|lo|| + Va|lv]|.
Let us split the operator G into Gy and G, which is defined on Q,, for all £ € Z, where

. §
Gin©) = 117 £ (6.1€).0G8). [P s nds)

+ Y AT g (£ ). n(116)),
i=1
B¢, u+t—1 a U+T—0w; §
gzn(5)=($”A’)[;ﬁrlaf Y f (om0 [ PG s )

£ P m
_ I;tjf?'/ff(b, n(b), n()\,b), /(; P(b, S, 77(5))) + Z Z'Al

r=1i=1

m
X Y gy (8,08 () ) = DALY gy (b o), n(ub))]-

i=1
Step 1: To prove Q, is bounded.
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For any n1, m € Qp, § € Z, we consider

[Gin1(§) + Gama(8)]

EE u+t—1)

1A [Zﬂr8(8r7u+7_wr)+E(b7”+f)i|>|a|

= <E($,u +1)+
p=1
EEu+1t-1)

+(Z|A,-|E<s,¢,-+u+r>+ A

i=1
rooom

x [ZZﬂrIAiIE(&,@ tutt—0)+ Y |AIED, ¢ +u+r)]>|vi|.

p=1i=1 i=1

Thus, G171 + Gemall < Villoll + Wallvill < p.
= Q, is bounded.

Step 2: To prove G is completely continuous.
ie. to show that G is continuous and compact on Q,,.
Let n, be a sequence and n, —> n asn —> oo in Q,. Then for § € Z, we have

G110, (8) — Gin(8)]

m

< Q+DNKED,u+ ), —nl+2K E AN E D, ¢i +u+ 1)y —nl
i=1
—> Qasn —> oo.

Thus, ||G17.(&) — G1n(&)|| —> 0 as n —> oo which implies G; is continuous.
Now, consider

1G10(&2) — Gin(&)
&
‘ / (F( VO E =y (v ), n0), / P(,s,1(s))

Z | A

i=1

CT(¢ +u+1)

&1
ut+t—1 _ . utr—1
+/le (F( 4T )lb( )[(1//(52) W(U)) (‘ﬁ(fl) w(v)) ]

PO E) — ¥ g (0,0, n(uw) )dv

5 14l

i=1

_ ¢itut+t—1
S )w(v>[<w<sz) ¥ ()

x (v, 1), nG), / P(.s,1(s))) -

= W) = v e (v, 1), o) do

; _ u+t _ u+t _ _ u+t
S T RV @) v E T @) v @)~y &)~y )]

x ‘f(v, n), n(Av), /"P(v, s, n(s)))’ — [2(1//(52) e
0

F@ +utt+D
+YE) — V@) e — v @) g (v @) n(uw))|

—> Qas & — &y,

@ Springer



Mixed sequential type pantograph...

Thus, |G1n(62) — GinGGDI — Oas & —> &1.
i.e G1Q, is equicontinuous.
Hence G; is completely continuous on Q,, according to the Arzela-Ascoli theorem [12].

Step 3: To prove G is a contraction.
For any 1y, n2 € Q,, and for each § € Z, using (Hy) and (Hy), we have
1G2n1(E) — Gana(8)|]

g - D[ ¢
< %[Zﬂra(ar, u+ T —o)|[KiQ+ N = ol |+ B u+ D)
p=1

(1@ + BN =2l |+ 30 D7 BIAIE G, i + w4 7 — 0| 2Kl — 2l

p=1i=l

+ Z |Ai|E(D, ¢ +u+ T)[ZICi+1|Ul - ﬂzlﬂ
i=1
S(E@u+r—n

A [Zﬂrs(ar, U+t —w)+ Ebu+ r)DlCl(Zer/\f)lm — ]

p=1

<s@u+r—n[

r m
N S S BIAIEG ¢ +u+ T —wp)

p=1i=l1

m
+ ) AIED, ¢ +u+ T)D2/Ci+1|m =l

i=1

Thus,
1G2m1 — Gamall = (K2 + bN) Vi — B(&, u + )] + 2KV
= YA EE ¢ +u+0)])Im - mll.
i=1

Smw(K@+ﬁNﬂVp—mau+tﬂ+2KDb—Z£”AﬂE@¢r+w+ﬂD<1Jm
operator G is a contraction. Therefore, by Theorem 2, we conclude that the BVP (1) has at
least one solution on Z. ]

5 Stability results

We prove the following lemma which is a prerequisite for the proof of U/ stability.

Lemmaé6 Letu,t € (0,1), ¢ € [0, 1]. If z € Q is a solution of the inequality (2), then z is
a solution of the following inequality

) &
2(6) — R —I;’ff"”f(s,z(s),z(m/o P(E. 5. 2(5))ds)

m (11)
= YA g (6. 20), z(us))} =i+ k,
i=1
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where

= §
R, =w[2ﬂr 1T £ (60,2060, 238, /O PG, 5. 2(5)))

§ P&
- ,:jr;wf@,z(b),z(xb),/ P(b,s,z(s))) DDA
0

r=1i=1

m
« [;bi+u+rfwr;1/fgi (5“ 2(5,), ZW&)) - ZAf [f_ﬁ_+u+r:‘/fgi (b, z(b), z(ﬂb))].
i=1

Proof Let z be a solution of the inequality (2). Using Lemma 5, we obtain that the solution
of the system

DYt (TDys2®) = f(s,z@,z(xs),/jms,s,z(s)))
+2Ai1;,”r‘”gi (6.20.208). 62, (1

2@ =0, zb) = Zﬁ,HD‘”’ Y26, B e R, 8 € 2,

is of the form

2©) =127 £ (8. 20). 206, / P, 5.2(5))) + ZAzl‘ﬁi*“*"‘”gi(s,z@),z(us))

i=1

O — 3
+w[2ﬁr Lo "”f((sr,z@r),z(xsr),/o PGy, 5, 2(5)))

— f(b 2(b), z(Ab), / Pb.s. z(s))) +ZZA,1¢;‘““*’”’;V’

r=1i=lI

., (13
x gi (87, 260). 2 - DA (6. 2. z(ub))] 1w

m
u — + 1 u w,
+ZA11¢L+ +T‘// (&-)J’_M[Zﬂr +T—wr; w(ar)
— 1TV wp) + Z ZA,-ij”"”f””w(s,.) —~ ZA,«I{f’f”””pw(b)}.

r=I1i=1 i=1
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Now, using Remark 1, it follows that

, £
z(&)—Rz—Ia“f””f(s,z@),z(xs),/o P(E. 5. 2())ds)

— Y AL g (e 2), Z(ME))'
i=1

m r

. ’ . EG,ut+t—1) —wy;

= wE + ) Aﬂfﬁ”*””w(sw%[} BT s,
p=1

i=1

p m m
=L ) + 3N AT s, — ZAiljf““””w(b)”
i=1

r=l i=I
EGu+t—-1

A [Zﬂrawr,uﬂ—w»

p=1

< (E(5,u+r>+Z|Ai|s(s,¢i+u+f>+

i=1

room m
FEG U+ + YD BIAIEG ¢ +u+T— )+ Y |AIED, ¢ +u+r)])x
p=1i=1 i=1
=WVi+WM)«.
Thus, (11) is obtained. O

Theorem 5 Assume that (Hy) and (Hz) holds with (IC(24bN)[Vi — E(§, u+1) | +2K[ V2 —
Z?’Zl |A;i| B, ¢i +u+ r)]) < 1. Then the system (1) is UH stable on Z.

Proof Let k > 0 and z € Q be any solution of the inequality (2). Let n € Q be the unique
solution of (1). Using Lemma 5, we obtain

. 4
1) =Ry + 1T £ (£.0©), nG6), /0 P(E. 5. 1(5))ds)
+ DAY gy (6, 0(), () )
i=1

where

g s —1 d U+T—wy; §
R, :%[Zﬂrlﬁ ”wf(ar,n(sr),n(xsr),/o PG5, 1(s))
p=1

. s p <
_Igj“"f(b,n(b),n(xb),/o Plb,s.n(s)) + 3D A

r=1i=lI

m
X Y gy (8,008 () ) = DALY gy (b o), n(ub))]-

i=1
On the otherhand, if (a) = z(a), HD;”:?:%((S,) = ”Dj:g””z(ar), n(b) = z(b), then

|R; — R:| = 0 which implies R, = R..
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Now, by applying triangle inequality and Lemma 6, for any £ € Z, we have
12(§) — n(é)l
u+t;y 5
< [ = Ry = 127 (0@, 008, | P s nisds)

YA g (6@, )|
i=1
< ‘z(S) — R, — ij”‘”f(é, 2(8), Z(AE), /é PE, s, Z(S)))
0

=S AT g (6200, 2u) |+ 1| (.26, 200, fo PG 260)
i=1

— £ (& 0. n05), fo PG s nsnds)| + iwj’i*“*w & (620, 2u8))

— g (&1, 1)) |+ [R. = R,|
= W+ Vo + (K@ + BNV = B+ D] + 2KV

= YA BE ¢+ u+0)])12®) — n®)

i=1

This implies
[2(§) — n(&)]
< Vi+ W p

1— (IC(Z +ON)[V1 — B u+1)]+2K[V2 — i [Ail E(¢, ¢i +u+ r)])

=
By setting

Vi+W
My = ’

1— (IC(2+bN)[V1 - B¢ u+0)]+2K2 - i lAil B8, ¢i +u +r)])

=

we obtain

[2(6) =n(E)l = My g k.

Thus, the system (1) is U/H stable on Z. ]

Next, we prove a lemma which is a prerequisite for the proof of /HR stability. Consider the
following:
(Hy) Let ® € C(Z,9™) be an increasing function, and there exists ng > 0 such that for
any & € Z,

175V O(E) < ne OF).
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Lemma7 Letu,t € (0,1), ¢ € [0, 1]. If z € Q is a solution of the inequality (3), then z is
a solution of the following inequality

. &
2(6) — R —I;‘f”‘”f(é,z@),z(m,/o P&, 5. 2(5))ds)

(14)

= YA gy (6.26). 248 )| < Vs ne ©6).
i=1

Proof Let z be a solution of the inequality (3). Using Lemma 5, we obtain that the solution
of the system (12) is of the form

2©) =177 £ (6,20, 209, / P, 5.2(5))) + ZAJ“’;‘*“*””gi(s,z@),z(us))

+w[2ﬁr [erren '”f( re2(8), 2(A8r), / P, s, Z(S)))

S CETOR ) / Plb.s,2(5))) +ZZA,I¢L+“+T_“”””
r=1i=l1
(15)

x i (87, 26,). 2u))) - ZA,- 127 gy (b, 20, z(ub))] + 1)

- ditu+tiy “(€u+t 1) urw,1//
+ZA"I“*++ v<5)+ALZIﬂr ; v(8,)

P m
=I5y + 3N 4TSy, — ZA, 14’;*“*"%(17)}.

r=1i=1

Now, using Remark 2 and (Hy), it follows that

. 3
z(&)—Rz—I:f””f(s,z@),z(xs),/o P, 5. 2())ds)

— Y AL g (62, z(u&))'

i=1

I ) + 30 AL (5)+w[zﬂr )
i=1 p=l

_ u+r v v(b) + ZZ‘Al [¢,+u+r oY v(8,) — ZAl]‘ﬁfLqut;’//v(b)iH

r=1i=1

(1 +Z|Al|+“(s”7“[2ﬂr+ 1 +ZZﬂr|A,|+Z|A, ])K ne® ()

i=1 p=li=1

[ + Z Al + w(Zﬂr + 1) <|A,-| + 1)]:« o)

<Vikne O().
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Thus, (14) is obtained. O

Theorem 6 Assume that (Hy) and (Hp) holds with (IC (2+bN) [V1 —EE,u +t)] +2K [Vz —
SIAIEE ¢ +u+ 1:)]) < 1. Then the system (1) is UHR stable on Z.

i=1

Proof Let k > 0 and z € Q be any solution of the inequality (3). Let n € Q be the unique
solution of (1). Using Lemma 5, we obtain

. &
0O =Ry + 107 f (6 1€).0G8). [P s nas)

+ AT g (6 0©), n(b))
i=1
where

E -1
Rn=%[zﬂr JerT ‘“f‘/’f( - 1(8r), n(A8,), / P, s, n(S)))

P m
Y g (b0, [ PG nen) £ 30D A

r=1i=1

X 13T gy (8,0, (8 ) - ZAiniJrqur;wgi(bsU(b)»ﬂ(ﬂb))]-
i=1

On the otherhand, if n(a) = z(a), # DV y(5,) = DV 2(8,), n(b) = z(b), then
|R,, — Rz| = 0 which implies R, = R;.

Now, by applying triangle inequality and Lemma 6, for any & € Z, we have

[z(&) — (&)l

= |e® = Ry = 177 £ (£.0©) 00, /E P, s, 1(s)ds )
0
= Y AL g (6. 0®), () )|
i=l1
< )~ R 1257 1 (5,260,209, [ Peeus.z00)
- gAilfﬁ””””gi (6.2 20)) |+ 157 | £ (£.2). 209), /Os P s, 2()))

§ m '
- f(éyn(é‘),n(AS),A P(S,S,n(s))ds)’ Y Ay
i=1

& (826, 2u6))

— g (& 1©). 1)) + R — R,|

= (K@+bN)1 - B u+ D] +2K[V2 - Z | EE ¢ +u+0)])12©) — 0]

+V3kne O@F)
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This implies
12(&) = n ()]

=

V3 ne

. € O)
1= (K@+bN) V) - B u+ D] +2K[Va = L 1A EE ¢ +u+1)]
i=1

By setting
Vi ne

Myg.0 = m ’

L= (K@ + bM)W - E6 u+ 0] +2K[V2 = Y 1A BE ¢ +u+1)])

=
we obtain
[2(6) — )| < My g0 k O).

Thus, the system (1) is UHR stable on Z. O

6 Application

This section contains an example which demonstrates the significance and reliability of our
findings.

Example 1 Consider the mixed sequential pantograph FIDE with non-local boundary condi-
tion

ol

1

("Dg n@) =£ (.0, n08). /0 s, n(s))ds)

oy

3.
i€
Dy

2 . .
i Ly
+ - 1 gil& nE), n(u)), £€[0,1] (16
;5(1-}-1) o+ ( ) (16)
3 2

&
_ _ T el (T
nO) =0, 5l —§r+7 Dyt 0 (3).
where
§ E+Dsinln@] e S MGH [
760000, [ P& s nonas) = EERTHIOL L R [Tt
_ EFGeosin@l 1 In(GE)
ai(6 @) nue) = =22 o
2 —sin® & E24+1 42
o2& 1©. 1wd)) = == @1+ [n(58) |
Comparing the system with BVP (1) we observe that
3 5 1 . 1 2
=1 r:§, g:i, a=0,b=1i=2,r=3, )\_Z, u_g,
1 2 2i r2 r+1 r 3
A]_EvAQ—E5¢l_g7:3r_r+7va)r— 6 (Sr—§5.¢I($)_e3'
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Applying these we get,
A ~0.9666 # 0, V| ~ 1.5197, V, ~ 0.2199,
m
E(l,u+ 1)~ 0.2769 and Z |Ail B, ¢i +u+ 1)~ 0.0241.
i=1

Let Bn(€) = [§ e 270y,

(i) Uniquessness of Solution
Forall £ € [0, 1] and 751, 2 € *R,

1
|Bni(§) — Bna(§)| < E(Im —ml),
1 1
Lf (&, m1(&), n(A&), Bni(§)) — f(§, m(&), n(A&), Bna(§))| < 7(|m —ml+3im - n2l)
1
< 5(|771 —ml),
1
lg1(5, n1(§), nm (&) — g1(§, m(§), m(ué))l < g(lm —nl),

1
1g2(&, m(§), ni(u§)) — g2(&, n2(§), m(ué))| < §(|771 —ml).
:>/C1=%, /CzZé, K3=$,/\/’=é.

Therefore, IC(Vl Q2+ bN) + 2V2> ~ (0.8478 < 1.

Thus, the hypothesis of Theorem 3 is satisfied and hence the system (16) has a unique solution
on [0, 1].

(ii) Existence of solution

Forall £ € [0, 1] and 751, 2 € *R,

€+ et 1
| £ (&, 1), n(£), Bn(§))| < TR %17 +5

3E+6 1

lg1(&, n(€), n(ué))| < 115 T5ea D)
241
1g2(&, n(€), n(ué))| < 55+9+ T

Therefore,

m
(IC(Z + b/\/) [V] —E2¢&,u+ ‘C):| + 2IC|:V2 - Z [Ail EE, ¢ +u+ T)]) ~ 0.6997 < 1.

i=1
Thus, the hypothesis of Theorem 4 is satisfied and hence the system (16) has at least one
solution on [0, 1].
(iii) Stability
We compute that

Vi+W
m

1= (K@+bN)V1 =BG u+ 0] +2K[V2 = X 1A BE ¢ +u+1)])

i=1

Mg =

~5.7927 > 0.
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Therefore, by Theorem 5, the system (16) is U{H stable.
In addition, let ®(£) = ¥ (&) — ¥ (0).
Using Proposition 1 we calculate that

64(e5 — 1)

I O®) < —— o O ).
Thus, using (H4) we observe that ng = 64:;‘%%1)%8(5) =0.1231 > 0.
It follows that (Z)
W3 ng

Mygi0 = m
1= (K@+bM)V1 - BG u+ ]+ 2KV = 3 JAI EE ¢ +u+ 1))
i=1

~ 1.6353 > 0.

Therefore, by Theorem 6, the system (16) is /HR stable.

7 Conclusion

In this paper, we have considered a new class of mixed sequential pantograph fractional
integro-differential equations involving the ¥-R-L and the -Hilfer fractional derivatives
with non-local boundary conditions. The existence and uniqueness results are acquired by
the Krasnosel’skii’s fixed point theorem and Banach contraction principle, respectively. Addi-
tionally, the system is subjected to a stability analysis, followed by an illustration, to validate
our findings.
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