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HYERS-ULAM STABILITY OF FRACTIONAL STOCHASTIC
DIFFERENTIAL EQUATIONS WITH RANDOM IMPULSE

S. VARSHINI, K. BANUPRIYA, K. RAMKUMAR, K. RAVIKUMAR axp D. BALEANU

ABSTRACT. The goal of this study is to derive a class of random impulsive fractional
stochastic differential equations with finite delay that are of Caputo-type. Through
certain constraints, the existence of the mild solution of the aforementioned system
are acquired by Kransnoselskii’s fixed point theorem. Furthermore, through Ito
isometry and Gronwall’s inequality, the Hyers-Ulam stability of the reckoned system
is evaluated using Lipschitz condition.

1. INTRODUCTION

Fractional differential equations (FDE) have replaced integer-order differential
equations as a popular technique for analysing problems in modern science and
technology, and also in the fields of economy and insurance see [1, 12, 14, 15, 24].
Ahmadova and Mahmudov [2] studied the wellposedness results of caputo-type
fractional stochastic neutral Differential Equation systems.

Notably, stochastic disturbances are certain in practical systems due to its in-
fluence in the stability of systems. In [25], d3(t) = k3(¢) is unstable when k& > 0,
but there is an increase in the stochastic feedback control r3(¢)d(t) to become
d3(t) = k3(t) + r3(t)dwo(t), being stable if and only if r? > 2k. The above notion
clearly implies a certain stochastic control term stabilizing the unstable system.
It is notable and demanding to investigate stochastic stabilization of the deter-
ministic system [17, 26, 27]. The existence and uniqueness of solutions have
made instantaneous transformation in applied mathematics. S. Wu. and B. Zhou.
[23] established existence and uniqueness of stochastic differential equation(SDE)
with random impulse and markovian switching under Non-Lipschitz condition, the
reader may also refer the monographs [4, 5, 6, 7, 16, 18, 20].

One among the indispensable speculation of dynamical systems in the stability
concepts are taken into notice in research fields through applications. In particular,
in 1940 Ulam [19] posted an open question for which Hyers [10] answered in the
following year. Then, Ulam-Hyers stability was established. The evolution of the
theory paved way for the creative research in stability analysis refer [3, 8, 9,
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11, 22]. Recently, Hyers-Ulam stability of random impulsive stochastic functional
differential equations with finite delay were established by Li et al. [13]. Also,
Anguraj et al. [6] investigated the existence and Hyers Ulam results of random
impulsive stochastic functional integrodifferential equations.

This study, which is motivated by previous works, focuses on the existence and
Hyers-Ulam stability of random impulsive fractional stochastic functional differ-
ential equations with finite delays.

Let us consider a random impulsive stochastic fractional differential equations
of the form:

dw(¢
CDtBﬁ(t) :u(t)a’l?t)—i_u(ta’ﬂt) Zi )7 t#Cka t> 07
1 - _
( ) ﬁ((k):bk(ék)ﬁ(Ck )7 k:132a"'a
ﬁ(tO) = Ca
where the Caputo fractional *D! is of order 8 € (0,1) [13]. A random variable dj, is
described from 1o to Dy, =%/ (0,0;) with 0 < 9y < +o0 for k =1,2,.... Assume
i, 0; to be unrestrained for ¢ # j as i,j = 1,2,.... Suppose T € (ty,+00),

u: [to, T] x C — RP, v: [y, T] x C — R®*™ and by: Dy — R®*? and 9 is
RP-valued stochastic process 3 ¢ € R®, ¢, = {9(t+6): -6 <0 <0}. (s
the impulsive moment from a strictly increasing sequence, ie., (o < (4 < -+ <
G < -+ < khjr;ocm = oo, and U(¢, ) = limy¢,—oU(t). Assume (o = ty and

Ce = (o1 + 0 as k = 1,2,.... Evidently, {¢x} is a process with independent
increments. Let {N(¢),t > 0} be a simple counting process generated by {(;} and
{w(t) : t > 0} be a given m-dimensional Wiener process. Denote %gl) to be the
o-algebra generated through {N(¢),¢ > 0} and %EQ) be to the o-algebra generated
by {w(s), s < t}, provided 3&?, %éi), and ¢ are mutually independent.

The significant contribution of this paper includes the succeeding aspects:

(i) There have not been many papers that have considered the aforementioned
random impulsive stochastic fractional differential system as in (1).

(ii) The contraction principle is used to the existence results of random im-
pulsive differential equations in [5, 20]. However, using Kransnoselskii’s
fixed point theorem, we analyse the existence findings of fractional random
impulsive stochastic differential equations.

The following is a breakdown of the manuscript’s structure: Section 2 contains
some basic definitions and necessary assumptions. In section 3, certain needed
conditions are assumed for analysing the existence and uniqueness results of the
proposed stochastic system. The Hyers-Ulam stability of random impulsive sto-
chastic fractional differential equations with finite delay is shown in Section 4.

2. PRELIMINARIES
Let (©2,5,P) be a probability space with filtration {S¢}, ¢ > 0 satisfying S =

%S) \Y %Ez)’ LP(2,R®) be the accumulation of all strongly measurable, pth in-
tegrable, S measurable, ¥ be a R°-valued random variable, provided |9, =
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(E H19||p)% and E¥ = [, 9dP. ¢ > 0 signifies the Banach space of entire piecewise
continuous R®-valued stochastic process {((t),t €[—4,0]} by C([-4, 0], LP(Q2, R?)),

lElg = sup (BIEB)]P)7
0e[—5,0]

s

thereby, £(6) € C.

Assume T € (g, +00), u: [to, T] x C — R? along with v: [tg, T| x C — R®*™
are Borel measurable.
2) Dy = C={C(B): 6 <0 < 0}
is the initial data, where (2) is Sy, measurable, [—4, 0] to R®-valued random vari-
able 3 E|[|¢|* < oo.

Definition 2.1 ([21]). The fractional order integral of the function ¥(t) €
L([a, b], R™) of order 3 € R is described as,

1 Eow(s)
ZO0) = 55 [ s

wherein I'(-) is the gamma function.

Definition 2.2 ([21]). The 8 order caputo derivative of a function ¥ on the
given interval [a, b] is explained to be

Lt ()
D 9)(t) = d
(DL = o | s
= [8] + 1 and [A] indicates the integer part of £

Definition 2.3. For a specified T € (tg, +00), an R®-valued stochastic process
I(t) on tg —d <t < T is said to be a solution to (1) along the initial data (2) if
for all tg <t < T, d(ty) = 9, {ﬁt}t0<t<T is S¢-adapted and

“+oc0 k
I(t) = Z [ b;(d;) + = Z H b;( / (t — )P Tu(s, 05)ds

i=1 11]7, i

8) Je,
¥ 1 G
—_— (5 P 1o(s
+ gy o LLes) [ (0= 9 o .ante
1 ¢ .
+ m /gk(t - S)B U(S,ﬁs)dm( ):| I[Ck erl)( ) te [to,T],
where Hb = b (0k)br—1(0k—1)...bi(0s), ﬁ() =1lasm > n, and I4(-) is

Jj=m

1 ifte A,
Lat) = {0 ift¢ A

the 1ndex function, i.e.,
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Definition 2.4. Assume pu(t) is an R°-valued stochastic process. If there exist
a real number € > 0 such that for arbitrary € > 0, it satisfies

+oo k ) - .
EHN(t) - kZ:O [1:[1 b:(0)CO0) + 7 ;E b;(4;) /H(t — )P u(s, js)ds
1 t -
+FW)X/f“”W1M&%ms
1 K G .
+W;Ebj(5j)/il(t—s) o(s, pus)dro(s)
1 [t 3 i
+ NG /Q (t —s5)° U(S’“S)dm(s)]I[Ck,cm)(t)H <e.

For each p(t) along the initial value pz, = xt, = , if there exists a solution 9(t) of
(3) with E [|ju(t) — 9(t)||® < €e, for all t € (tg — &, T). Subsequently, Hyers-Ulam
Stability is found in (3).

Lemma 2.5 ([13]). Assume that ¢, are two functions, where ¢,p €
C([a,b],R®) and ¢(t) is non-decreasing. If 9(t) € C([ap],R®) is a solution of
the following inequality

9(t) < (1) + / o(s)9(s)ds, ¢ € [a,b],
then, 9(t) < ¢(t) exp( [, ¢(s)ds).

Lemma 2.6 ([13]). For any p > 1 and © € L5, [0, T] a predictable process,
the inequality

E%Ew[@mmmmWs(;p1»W(A%w@@WWﬂ”?tem:L
holds.

3. MAIN RESULTS

Let us impose the following assumptions.

(A1) u: [tp, T] x C — R? satisfies:
(i) for all t € [to, T], u(t,-): C — RP is continuous and for all y € C,
u(.,9): [to], T] = RP is measurable.
(ii) There exists 2t > 0 being constant >

E [Ju(t,91) —u(t, 92)[[° < (91 — 92(lg)
for 1, H2 € C.
(iii) There exists a constant 9 > 0 >

E [[u(t,n)|” <M (1+[lylle) -
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k
(A2) max { HE 16,(8;)11° } < 00. There exists a constant 91 > 0 such that for
kL

all for all §; € ®;, (j =1,2,3,---) 3

s (ma {TTE 10617} <t

(A3) v: [tp, T] x C — R®*™ appeases:
(i) v(t,): C — R®*™ being continuous also for all y € C,t € [tg, T],
where v(.,): [to, T| = R®*™ is measurable.
(if) There exists &(t): [to, T] — [0, 00) being continuous and L9 integrable,
continuous, and increasing function E: [0, +00) — [0, +00) >
Eo(t,n)]" < &(1Z(Inle),
subjective to (¢,9) € [to, T] X C, &* = sup € [to, T|S(¢), and the
¢

function w fulfils

6lim inf w((sé) =a < oo.
—00
(t —6)8P—1
(A4) Let F = max{1,0} (t—to)PM < 1.

(P8 — (T (B))P

Theorem 3.1. If the hypotheses (A1)—(A3) are true, the system (3) must have
at least one mild solution

(t —§)Ppt

3P~  max{1, ‘ﬁ}m

[sm(T —10)P + M (T — to)p/2_16*a} <1.

Proof. Let B = C ([to — 8, T], LP(£2, R?)) be a space, provided
1915 = sup |9,

Elto, T

where |95 = sup E|d(s)|".
0<s<t

We interpret theimapping VB — B as
(\I’ﬂ)(t + to) = C(e) € LP (Qv C) ) te [_65 O]a

too Kk
(wo)(t) = > [ T] batdi)c(0)

k=0 i=1
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1 ¢ L
" @ /k (t= S)Bi b(s, ﬁs)dm(s)} I[Ck,Ck+1)(t)~

The problem of detecting the mild solutions for (3) is shorten to find the fixed
point of W.
Now, let us decompose the operator ¥ as
ook LA G
PO = > [Hbi((si)c(oH—ZHbj(aj)/ (t —s)Pu(s, ¥5)ds
k=0 i=1 I'(s) i=1 j=i Gi-1
1

+ ﬁﬁ) /k (t— S)Bflu(&ﬂs)ds} Tige o) (),

1 k& Gi
2000 = 3 [z S0 [ (=5 (s, 0.)an(s)

—+oo
k=0 i=1 j=1 i—1

1

+ T/@) /]c (t— s)ﬁfln(s, ﬁs)dm(s)} I[<k74k+1)(t)'

Let the closed ball %, with centre ¥ and radius v > 0 be denoted by B, =
{9 € B;||9]|% < r}. The subsequent steps are used to derive the proof.

Step 1:
Manifesting, P9 4+ QU € B, where t > 0 and 9,9 € B,.

Let us prove the part by confliction, i.e., for all v > 0 and ¢ € [to, T], there exists

9%(), U°(-) € B 3 B
E [P0 1) + Q@) )] > .
Consequently,

E [B) () + Q@) 1)
') k
<3 'E| +Z [TTe:6c0)] |
k=0

i=1

+3B) io [ﬁ zk:]‘[ b,(3,) /C (t — $)P~u(s, 9%)ds

k=0 i=1 j=1
t

I / (t — s)ﬁ_lu(&ﬁ;)ds} I[Cm(wl)(t)H

k G
+3 B> [W ZHbj(aj)/‘ (t — )" o(s, T5)dro(s)

p

P

+ ﬁ /t(t - 3)5*10(575;)(“0(5)] I[Ck,CHl)(t)H

(T — 6)PP—1
(Bp — 1)(I'(B))P

T — §)pB-1 1 * t” il
G e [ ST

< 3P719C(0)P + 37~ max{1, 9} (£ = to)PM(1 + [|95]1&)

+ 3P max{1, M}
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Thus,
L) L
t < 3771 9M¢(0)P + max{1, M (X0 T —to)PM
<877 [P0+ maxl M e (T 0P
B (T _ 5);)6—1
L3P max {1, M —— (T ¢,
G @
T—6)PA-1L G* [t
+ 3P~ [ max{1,M L) i T —to)P? ' —/ Z(v)ds|r,
[0 g (T~ 0 | S0
where M, = (p(p — 1)/2)P/2.
Also,
sup [[Uille = sup [0 < [[O°(@)[I5 < ¢
te(to,T] teto—9,T)
The aforesaid inequality is divided by v and v — oo, by (A3)(ii),
3P~ max{1, m}w [zm(T — to)P + My (T — to)p/2_16*a} >1
(PB = 1)(T(B))? P B

which conflicts our assumption. Therefore, there exists v > 0 3 9,9 € B, P +
QI €B..

Step 2:
Let 9,9 € B, for t € [tg, T],

E [|(B9)(t) — (B9)(t)]°

X %ﬁ) (/to (t—s)°'E ||u(s, 95) — u(s, 9| dSI[Ck,Ck-H)(t))
(Tt e
Smax{l,‘ﬁ}(ﬂp_l)(r(ﬂ))p(t to)im(Hﬂt ﬂtHC)’
where B -
[ s B [9(s) — 9(s)||" -

Taking supremum over ¢ and by (A4),

1B @) — (B @) < F [0 -5,
with 0 < F < 1. Hence, P is a contraction on B,.
Step 3:
Let {¥"} C B, with 9" — 9 (as n — o0). For t € [tg, T| by continuity of v in
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(A3)(1),

E [[(Q9")(t) — (Q))@)II°

(t— o)t 2-1 /t
T g (b — to)” E [o(s,9") — v(s,9,)||” ds
(pﬂfl)(F(ﬂ))P P( 0) 0 || ( ) ( )H

—0 as n — oo.

< max{1,9}

0 is continuous B,.

Step 4:
B being a piecewise space, suppose (; < t1 < to < (r41 (B = ..) and
¥ € B,. Then, for any fixed ¥ € B, through assumptions (A2), (A ) along with
the Lemma 2.6,

E II(Qﬁ)(tz) — Q) ()

T(8) Jo
+oo k Kk ¢
+2p1EHI;)[F(1ﬁ);jr[ibj@>/u<t 7~ o(s, 1, )do(s)

< 2rt maX{l"ﬁ}EH Jio F(lﬂ)/tQ(t —5)7"Mo(s, 0)dw(s )I[Ckawl)(tz)Hp
k=0 b

— 0 while to — tq.

Accordingly, 2 maps the bounded sets 9B, into equicontinuous sets.
Step 5:

sup_E[/(Q0)(®)[”

te€(to,T]
- teb;lop-r EH Z [152?1%[ (5 )/:;(t — s)ﬁ 1 o(s,9,)dw(s)
+ ﬁ /:(t — )P~ 10(5,195)dm(3)} I[Ck’CHl)(t)Hp

- (T —§)ps—t
~ (8- DT(B))P
Then {Q(B,)} is uniformly bounded.

max{1, M}M, ||&*| ;4 E(v).
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Step 6:
Lete>090<e<t—t0 Forﬂe%r,
+o0o
i=1 j=1 -1
1 t—e
MG / (t= S)Bfl"(s’ﬁs)dm(s)]f[ck,ckm(t), t € (to,t —¢).

The set We(t) = {(Q°9)(¢) : ¥ € B,} is relatively compact in B for all € €
(0,t — tp). We have

E|(20)(1) — (2°9) (1)
(4) (T — 5Pt K

< max{1, N} —————()P/2" 1o G*E(r)ds.
(P8 —=1)(I(B))? P Jie
As e = 0, (1) tends to zero. Thus the set W(t) = {(Q9)(t) : 9 € B} has
arbitrarily precompact sets and W(t) is relatively compact in 8. Therefore, 9 is
compact and completely continuous using Arzela-Ascoli theorem.

From Kransnoselskii’s Fixed point theorem, ®¢ = P + Qv has a fixed point

on B,. Therefore, (1) has a mild solution. Thus the proof is complete. (I

Yet, existence of the solution for the system (3) can also be acquired by Banach
Contraction Principle. Let us impose the following assumption.

(A3') Let v(t,9;) be continuous, v(t,9;) € LP([to, T] x C;R**™) I M >0 >
E[|o(t,91) — o(t, 92)[I” < M (V1 — Va)¢
for t € [to,T], Y1,99 € C.
By assuming (A1), (A2), and (A3’) getting satisfied, let us consider the subse-

quent theorem.

Theorem 3.2. If the hypotheses (A1), (A2), and (A3') are all true, there exists
a specific mild solution of (3).

Proof. For every initial value ty > 0, ¢y € B, an operator L : B — B is defined
such that for ¢ € [to, T],

+oo _ k Eok
= i (0 — —5)P u(s, ¥,)ds
o o Y AR
L ’815 S+ ——— —5’3_1
+F(6)/<k.( $)" u(s, 0)ds + ZHB /lt )

ll]l

o(s, 02005 + g5 [ 6 s>ﬁ-1n<s,m)dm(s)}f[@.,cw)(t).
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Subsequently,
E||(4)(t) — () (1)]|°

< 2P*1E[ni1ix {1, ﬁ 116 (6;)] H i

X (ﬁ /tt(t — 5)P 7 E||u(s, ) — u(s,19~s)Hds>p

+ QP—lE[rrl;)%x {1, ﬁ 16 (3;)l Hp
=i

L B lo(s 0 — (s .
+(Fw)/to“ VB [Jo(s,9,) = (s, 0, ||dro(s)
(Tt
(P8 — 1)(T(B))P
(Tt
(pB—1)(I(B))?

p

-1

< 27" ' max{1,N} (t — to)PIM||0, — I 5,

+op—1 max{1, N} mp(t—tO)p/QSmHﬂs _ﬁsHPC'

Taking supremeum over t,

|49 — 29[} < =[]0 — I3,

B—1)(T(B))P
For sufficiently small 0 < T; < T, F < 1. Thus 4 is a contraction mapping.
Through Banach Contraction principle, $4) = ¢ is a distinctive solution of (3).
O

where w(t) = 2P~ ! max{l, m}(p(ﬁﬂm [(t — to)P + My (t — to)P/?] .

4. HYERS-ULAM STABILITY RESULTS

Here, the Hyers-Ulam stability of system (3) is investigated presuming the hy-
potheses (A1), (A2), and (A3'),

Theorem 4.1. If the assumption of Theorem 3.2 gets fulfilled, (3) has Ulam-
Hyers stability.

Proof. Tt is well known that 9(t) is the solution of (3).
“+oo

k 1 k k G
90) =3 [T]6d00c0) + 7 ST 0000 [ (6= 9 (s, 0,)as

k=0 =1 i=1 j=1 Gi1

1 Gi
e D3 | DY AR S ATE

i=1 j=¢ Gi-

+ T3 /Ck (t— s)ﬂ—ln(s,ﬁs)dm(s)} i conn) (1)-
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By the condition,

ok ko ¢

EH““); “:[1 bl(éZ)C(O)JrF(lﬁ);E b](éj)/l(ts)ﬁ "u(s, g )ds
T .

+F(1,8)§;Jﬁbj(5j)/cl(t_s)ﬂ Yo (s, s )dm(s)

+ ﬁ /:(t — 8)5_10(8,us)dm(é’)}I[ck,ck-m(t)”p <e

When t € [ty — 6, T], E||u(t) — 9(t)||® = 0. Meanwhile for ¢ € [to, T],
E[|p(t) = 9(®)]°

+oo  k 1 k k ¢
< 27 Bllut) - 3 [ T 0:00<0) + g2 [0 (%) [ =97 s s
k=0 i=1 i=1 j=i -t

1 1 & ¢

o [(E= 9" Muls p)ds + =S [T 0500 [ (¢ = 5)7 " o(s, s)dw(s)

T(5) / A e rw);j[{ / g

1 t o “+o0 k

7 | = o)) e 0+ 2B 3 [T w60c00)
k k=0 =1

1 k ok Gi )
+ mZH%@)/ (t— )P~ [u(s, 0s) — u(s, pe)] ds

i=1 j=i Gi—1
L ¢ s B—1 s _ s s
G /Ck(t )P~ [u(s, ¥.) — uls, ps)]d
1 k k Gi .
+ Tﬂ) ;JI_IZZ b](aj) All(t — S)ﬁ7 [0(5,193) — U(Sv,us)] dm(s)
+ F(lﬂ)/ (t—s)"" [0(5719(8)) — U(s,,us)] dm(s)}l[%(kﬂ)(t)”p
<Pl 2‘;_137
whereas
e KL G .
J= EH kzzo [m ;]];[l bj((Sj) /Cil(t — S) [u(s, 198) _ u(s’us)] ds

L ' —Sﬂ_l S —us s
+r(ﬁ)/<k(t )7 (s, 95) — uls, )] d
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1 koE Gi )
+mznbj(5j)/ 1(t—5)f3* [0(s,0s) — 0(s, j15)] dro(s)

i=1 j=i i
1 t
+ m /C (t — 3)571 [U(S, 19(5)) — U(S,us)] dm(s)} I[Ck’CHl)(t)Hp
o2z (TP 0 (" e
X (T tO) (pﬁ — 1)(F(ﬁ)) m “ H N’S“C
<9, / 19(5) = a(s) 1% s,
where
_ 4, (T=9)
@1 = 2P 19ﬁmax{l,m}(T — t())p/2 1m
x [(T —t0)** + (p(p — 1)/2)?/?].
So, .
E|lp(t) —0@)|° <27+ 2271 [ [lu(s) — 9(s)[Ig ds.
to
Consider
/ In(s) = 06) B ds = [ sup Bus +0) ~ o(s +6)|P ds
to 0€[—4,0]
t+6
= swp [ B lu(m) — om) P dm,
0€[—46,0] Jto+0

While ¢ € [tg — d,t0], E||u(m) —9(m)||” = 0. Accordingly,

t+0
/nus—ﬂncds— sup]/ E [u(m) — 9(m)[P dm
to

€[-5,0

- / B [|(m) — 9(m) [ dm
E[lu(t) ~9(0)|F <2+ 279 [ Bum) - o(m)]”dm

to
Through Lemma 2.5,

E [|lu(t) = 0(t)|IP < 2P~ eexp(2°710).
Consequently, 3 € = 2P~ Lexp(2P~19);) >
E||u(t) — 9(0)|° < e=.
Hence the Hyers-Ulam stability of (3) is proved.
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5. CONCLUSION

A class of Caputo type random impulsive fractional stochastic differential equa-
tions are investigated. The existence and uniqueness of solutions have been ac-
quired through Kransnoselskii’s fixed point theorem. Hyers-Ulam stability of the
aforementioned system is obtained using Lipschitz condition. The system can
be further extended to g-Brownian motion with resolvent operator and Poisson
jumps.
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