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Abstract

In this work., we discuss the existence and stability of solution for a quaternion fuzzy
fractional differential equation in the generalized regular fuzzy function space with Z-Hilfer
fractional derivative. First of all, we give some definitions, theorems, and lemmas that are
necessary for the understanding of the manuscript. Second of all, we give our first existence
result, based on fixed point theorem and to deal with the uniqueness result. Next, this article is
devoted to the investigation of the stability results. We employed a version of Piccard operator
theorem to study the stability in the sense of Ulam-Hyers. In the end. we provide a couple of
examples to illustrate our results.

Keywords: Quaternion fuzzy differential equation; Associate space; Fuzzy E-Hilfer fractional

derivative; Generalized regular function; Hyers-Ulam stability.
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1 Introduction

Fractional calculus has been appearing in a wide range of fields, such as chemistry, economics,
polymer rheology, and aerodynamics. This is due to the existence of many nice tools (see for
instance |3, 4, 5, 6, 7]) that are not available in the classical calculus. Z-Hilfer fractional derivatives
have been a considerable interest in the fractional calculus. The concept of fractional derivative
of a function with respect to the another function Z suggest a new idea of fractional derivative.
Many interesting results concerning the existence and stability of solutions by using various kinds
of fixed-point techniques are available in the literature survey, one can refer to [8, 9, 10, 11, 12, 13]
and references therein.

In this study, we investigate the existence and stability criteria for the solutions of the following

initial value problem

OFr

DYPEp =33 AVL 4 Boy 4+ C = L()
s (1)
oo, " PEA (03) = (),

0*r

where Q is a bounded in R? and y = (y{, y2.y3) € Omega. D:;;'?'E is the E-Hilfer fractional
derivative of 7; 1 € [0, T'] is the time variable; &/ = 47 (z, y) is a quaternion fuzzy-valued functions
definedin [0.T]xQ. B = B(t.y). AY) = AU)(z,y) and C = C(t, y) are quaternion-valued function
defined in [0, 7] x Q. The initial function ¢(y) is a generalized regular fuzzy function. We adopt
some 1deas from [ 14].

In 1989, Buckley | 1] gave the first step towards the extension of fuzzy real numbers to complex

fuzzy numbers. The quaternion membership function is given by <7 : H — [0, 1] such that
A (a+bi+cj+dk)=min{(a), A (b), % (c), H(d)}

where &, i =0, 1,2, 3 are real fuzzy numbers.

2 Preliminaries

Let us recall some basic definitions and notations of fractional calculus which is needed throughout

this study.
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Let Ex(R?) denote the family of all nonempty convex compact subsets of R?. The Hausdroff metric

for o7, B € Ex(R?) is defined as
d(,B) =infleld c N(B,e) and B cC N(H,e)},

where N(7,g) = {a € R : |la—b|| < e forsome a € o}. Throughout this paper, we denote
A:={0,1,2,3}and ey = 1, ) =i, e = j, e3 = k, where i, j, k are units of the real quaternion

algebra H.
Definition 2.1. The quaternion membership function f is defined by
fV, ) =eofo(V)+e1fi(H) +erfo(H) + 5 f3(),

where V is to be interpreted as a set in fuzzy set of sets and <7 € V.

In particular, for o/ € R3, we have

f() =egfo() + e fi(H) + ey o(H) + e3 f3(H),

where fy. fi. fr. f3 : B2 — [0, 1]. Denote f by (fo. fi. f>. f3). Then, the @ = (ap, @, @2, @3)-level
set of f = (fo. f1. f2. f3) is defined as

17 = [l n LA™ N A2 0[] (2)

Denote J" the set of all Z : R" — |0, 1] satisfying of the following conditions:
(i) £ is normal, i.e., there exists yo € R” such that A(yg) = 1;

(i) A is fuzzy convex, ie., foralla,b e R", A € |0, 1]:
B(la+ (1 =)b) > min{HA(a), B(b)}:

(ii1) 28 is upper semi-continuous;
(iv) [4]" is compact.

Moreover, we define J** as follows:

Page 3

https://www.lynnp.org/index.php/paalarticle/view/20/11 3/16



8/17/23, 10:52 AM PDF.js viewer

Pure and Applicable Analysis 2022, 2022: 6 https://www.lynnp.org

T = {(Bo, By, B, Bs) € J" X J" X J" X J"Ftg, 5.t.,wi(ty) = 1,1 € A}.
Then, for w = (A, B\, %>, %) € JAn, [2]® = Niea[ 2] € Ex(R?) where a; € [0,1], [ € A.

Forg, f € J*n_ where f=(fo, f1, f2, f3) and g = (g0, 81, 82+ 83). and A is a scalar, let

f+g=(fo+go0 fi+81. L +82 f3+83),

Ag = (480, 181,122, 483).
Let us define a metric D : J" X J" — [0, c0) by
D(B\. %) = sup{d([%]". [ %:])|r € [0, 1]}. (3)

where d is the Hausdorff distance. The metric space (J",2) as a cone can be embedded iso-
morphically in a Banach space. However, 2 is not a suitable metric for our space of interst, i
as we quickly see that linearity is violated. Instead, let us consider the product metric D' on
J¥W = P JTx I x J". For f = (fo, fis . f3) € J¥ and g = (g0, 81, 22, 83) € J*. we modify

the metric as D : J* x J* — [0, )

D'(f.8) = D ((fo, fis s 3)s (80- 81, 82: 83))
= maxiea{D(f1,21)}. (4)

Then, the zero element on J** is denoted as 64(y) = (ﬁ(y),ﬁ(y),ﬁ(y),a(y)) € J*. It is clear that
D’ is a linearity preserving metric for J*". Since J*c g D s also metric for J*. Hence,
(.74”, D) is a complete metric space. The metric space (f4”, D) can be embedded into a Banach
space by the Arens-Eells theorem.

We introduce the strongly generalized differentiability in terms of the generalized Hukuhara differ-
ence. For u,v € J* if there exists w € J* such that u = w+v orv = u + (—=1)w, then we call w
the difference of u and v and denote itas u & v = w.

A fuzzy-valued function F defined on the bounded. simply connected domain  C R? is a mapping

3

F:Q— J* and F can be represented in a form F = Z_j:[]

ejF;(y). Its conjugate F is defined by

3
F=epFo(y) © Z eiFi(y),
J=1

where y = (y1,y2.y3) € Qand F;(y). j = A are continuous fuzzy-valued functions.
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Definition 2.2. Let Q ¢ R? be a bounded, simply connected domain. The mapping F : Q — J* s
called strongly generalized partial derivative at y = (v, y2, v3) € Q if there exists some g}ﬁ e Jr

such that

(i) there exists the differences F(-,y; + h,-) & F(-.yi.*). F(-,vi,-) © F(-,y; — h.-) and

OF . F(,yi+h,)eF(,vyi")
— = lim
(9_)‘1' h—(r h
F ." ’f“! = e F .? f‘ = ; L *
= jj T067) O FCyi—hy ). (5)
h— 0 h
or
(ii) there exists the differences F(-,y;, )8 F(-,y;+h,-),F(-,y;—h,-) & F(-,v;,-) and
aF _ .. F(yy50) 8P+ k)
— = lim
(9_)‘1‘ h—0F —h
F(-y;i—h,-)o© F(-, ;.-
- (- YO F(,y J‘_ ©)
h— 0 —h
or
(iii) there exists the differences F(-,v;+ h,-) 8 F(-,vi,-), F(-,v;—h,-) 8 F(-,y;, ) and
aF .. F(,yi+h, ) F(.yi-)
= lim
ady;  h—0* h
F', "_;.,‘ F.,r-‘.
= fim LTI OFCi ) (7)
h—0* —h
or
(iv) there exists the differences F(-,y;,") © F(-,yi+h,*), F(-,y;,*) © F(-,y; — h,-) and
oF . F(yin)e F(,yi+h,-)
— = lim
ady;  h—o0* —h
F._| - F‘., _r._,".,.
_ T (,yi,)©F(,yi—h )_ 8)
h—0* h

In general, we have the following results on the connection between the strongly generalized partial
differentiability of F" and its endpoint functions F}* and F'.
Let F : Q — J* be a quaternion fuzzy function. If F is strongly generalized partial derivable at

v € £, then we have the following case:
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If F has strongly generalized partial derivative at y € Q in (i), then, for each o; € [0, 1], F; and F;,

are strongly generalized partial derivable functions at y and

| |55
ayi ayi); \0yi), |
where
dF\* aF\® (oF\™ (8F\™ [dF\™
(&), =)y (&), ), (5, v
and
(), =16, (&), @ () )
dyi), Ayi) o \0yi)y, \0Yily \0yils,

Definition 2.3. Let F : Q — J*" be a continuous mapping. The fuzzy E-type Riemann-Liouville

integral of F is defined by
= 1 i,
PO = 5o f = (1) (E(yi) — (@) F (7, ), (1)
I'(B) Jo

wherey € Q y; >0,0< g < |
Moreover, the Z-type Riemann-Liouville integral of a quaternion fuzzy-valued function F can be

expressed as follows:

(FL1GEF) o) = | (T E) 0). (I E )|
where
= o 1 i — — — = ¥
CBEEN D) = o [ OEG) - B F e
'(B) Jo
and

o 1 Yi s - = .
(E) 0 = @/(; = (1)@ () - SO (7, Ydr.

Definition 2.4. The fuzzy E-type Riemann-Liouville fractional derivative of ordern —1 < g < n

for fuzzy-valued function F is defined by

f' "2 (1)(E(y) - E(@) P F T )dr. (12)

RL {,B.E ) = : l i "
("D F) () = ['(n—p) (E’(.\":‘) ﬁ-"f) 0
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Similarly, we have

(*LDEEF®) (v) = [(REDERFR) ), (*EDERFE) (). (13)

where

RL pBE pa\ () — 1 I 0 nf'v":' =lul w1 pap. o
( D()+ F ](.\f') = [.(” _ﬁ) (E’(\,) 3)‘1) o = (T)(—'(}E) —'(T)) F[ ( 5Ty )dT (14)

and
n
RL BE pa I I é
DF ) (y) =
G ﬁ)(u(h)ﬁ\ )
Definition 2.5. The ﬁsz::"' E-type Caputo derivative of F forn—1 < 3 <nandy € Q is denoted

as [CDUJ, F)(y) and defined by

f” 2 (1)(E(yi) — E(1))" P EA (1. )dr. (15)

0

= . Vi 9 n
(CDﬁrF)(_v)=ﬁ ﬁ = ()(E(y) - E()) '( ) F.t.)d.  (16)

7)d
Then,
(CDEEF™)(y) = [(CDEEFN) (). (CDEEFY) () .

where

CrBBEany x| i Y I S .

COERO) = oy [, EE0) -2 g 72) Frenar an
and

BE pay .y _ I _v,-':' o EPTAN n—p—1 _l i)ﬂ LT G
( Dy F, J(v) = l(n—ﬁ),/[; E (1) (E(Q:) —E(1)) (E'(r) p Fy (-, 1,-)dr. (18)

Definition 2.6. The fuzzy E-Hilfer fractional derivative of order a € [0, 1] and B € (0, 1) is defined

as

aﬁ— ai-pe(_1 9 },0- )(1-5)2
F(y)=1 . F 19
() = Ly, ('—"(vf)ﬁ‘ ) 0*y; ) (19)

T—’m

for a function F : & — J™" such that the expression on the right side exists.

Then

(DGEEF) (v) I(D;;f-F“}(_v).( CAEE) ()

wal 1 8\ uianss
_| (-2 ( )‘,u D2 o) ().

Oy, ”’(\,)ﬁv Oy,

s i | d

(1-5).2 (I-a)(1-B).E

03 s g o P 00| 20)
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Remark 1.

(i) When o = 0 and 0 < B < 1, the E-Hilfer fractional derivative corresponds to the fuzzy
E-type Riemann-Liouville fractional derivative:
|G
ﬂfﬁ_. (l ﬁ}
+ F(y) = + y
Pty ) (-:-(_.\’i) 6_\;) oy FO)

=fEDGS F ().

(i1) Whena =1 and 0 < 8 < 1, the fuzzy E-Hilfer fractional derivative corresponds to the fuzzy
E-type Caputo fractional derivative:
10
DEEEF(y) =15 P % | o= | F (v
0] (‘) Oty; ‘_.!(y;‘) 3}-’;‘ ( )

=“DGE F(y).

Definition 2.7. The fuzzy Dirac operator of F is defined as

3

oF;

D(F)= Z ekEJ‘—J.
k=1.j=0 Oy«

Let 17 be a real number. The disturbed fuzzy Dirac operator is defined as
Dy =Dt +nd.

Definition 2.8. A fuzzy function F : Q — J*" is called a generalized regular fuzzy function if it

satisfies DyF = (4.

Definition 2.9. Assume that L(t,y, <) is a first order differential opeartor depending on the first
order derivative 2 d < and't, v, &7, and that [(t, y,u) is a differential operator on the time variate t.
If L transforms Sm"uuons of lof = 04 into solutions of the same equations for fixed t (i.e. </ = 04
implies | L] = 04), then L is called "associated" to 1.

LetT : X — Y be an abstract operator. Consider the fixed point equation

T=T(7); TE&EX (21)

and the inequality
D' (1,T(1)) < e. (22)
Page 8
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Definition 2.10. Assume that ¢ : R¥ — R* isan increasing function (continuous at 0 and ¢(0) = 0).

Iffor each € > 0 and for each solution x* of (22) there exists a solution y* of the fixed point equation

(21) such that
D (x",y") < (o),

then the equation (21) is generalized Hyers-Ulam stable. For each T € RY, if there exists k > 0

such that ¢(t) = kt, then the equation (21) is Hyers-Ulam stable.

3 Main results
The fixed points of the following operator equation (23) are the solutions of (1),

I() = (1.y)

_ ()
F(a(l1-p)+p)

Theorem 3.1. Assume that AV (t,y)(j = 1,2.3), B(t.y), C(t. y) are quaternion-valued functions

1 E
oy (a—1)(1-5) = - _ g
Z(1) + T8 @) ﬂ E@NEQR) -E(r)L(A)dr. (23)

fort € [0,T]. The operator L is associated with D,, if the following hypotheses are satisfied:
| 2 3;
(1) A =4 =-—af),

(1) _ 4(2) _ (3)
Al —A2 ——A3 .
(n _ 2) _ (3
Az __AI _A{) :
(1) _ (2) _ (3).
A3 __Ao __A] ’

2) (DA +9AND —2B1eg)e; = (DA® +nA® —2B,ep)es
=(DA® +nA® —2Bsep)es:
3
(3) nDAWe, + 252 Z A}”e}-e[ - QUZA(II)G{; + DB +2n(Byes + Biesz) =0
j=!

(4) D,C=DC+nC=0 foreach 1te€]0,T].

Proof. By Definition 2.13, if D, .o/ = 04 implies D, (L) = 04. we can easily obtain that the

operator L is associated with the operator D,,. Itis easy to verify it, so we omit the proof here. O
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Example3.2. Ify =1, AY) = (1, vy, ya. v3)e;(j=1,2,3), B= f(t,y1,y2,.¥3)eoand C(t,y) =
where real-valued function f(t,y,y2,v3) € CX(Q) foreach t € [0,T]. Then the operator L is
associated with the operator D,.

Moreover, we can get the interior estimate of a generalized fuzzy regular function by the associated

function space theory.

Theorem 3.3. Suppose that Q. € Q. and Q » C Q. Assume that <7 is a generalized fuzzy regular
function and mQ is the finite measure of & C R". We obtain the interior estimate of generalized

Juzzy regular function

D' (o, 04)

ool : (31?@!2) [—)) j(’;mﬂ) ]
dy; ) T dist(Qy,09Q.)

=yD'(,04) (24)

Proof. Assume that & is a quaternion-valued function. It follows that, we have

3»152 1[‘\ (Smﬂ) ]
||
(')}, dlst(.Q_‘. LOQ )
=yl || 5. (25)

Now, for a generalized fuzzy regular function &7, we consider its endpoint functions /" and &,

It is clear that v and v} are generalized regular functions. We have

(ELS'/f',Q I’} (%nQJ [3+ 3m$2) ]”Q{ ) (76)
aye lly = dis@y, 09,y "l 2
and
9 ‘%ﬂ} 7)m£2 7, o ImLd
) 135G )]HWTM~ 27)
Ay, _‘,- d!SI(Q_\. ,BQ_‘.H) ‘
Moreover, we can obtain
’ 6.% i a,ﬁff @ A
e e
dyi ae[0,1] dyi )

A\ (dA\Y]| ~
A CARE T
ae[(}l]{ ayi Ayi r ¢

n- ('*hn,{!) [;+2(%ms1) ] | ) o
< dist(Q, Q) H’E’tifl]{d([ﬂ} . ,"],04) }

=yD (. 0,), (28)
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where v is a fixed constant.

|
For our subsequent results, we need the following hypotheses.
(H1) For & € J*" and o = (@p. a1, a2, a3) € [0, 1] X [0, 1] x [0, 1] x [0, 1].
‘(f(l'
leniy (A7) > a"en;( - g ¢la—1){1~5)
[(a(l -B)+B)
l t 4 i
+— [ E()EQW) -E(1) ' L(H)dr |, (29)
I'(B) Jo

where i € A and len; (/) = A — A

(H2) For &7 € J* and @ = (g, ay, a2,a3) € [0,1] x [0, 1] x [0,1] x [0, 1]. len;(&7*(1,-)) is
monotonous in 7 for i € A, and len;(«/“(-, y;)) is monotonus in y; fori, j € A;

(H3) For € J" . h > 0.i € Aand @ = (@g, ay,az.a3) € [0,1] x [0,1] x 0, 1] x |0, L],
,seé;?‘(r +h,-)— ,Qf;;“ (,-) is nondecreasing in @; and <7, (t + h, -) — </, (¢, -) is nonincreasing in a;;
(H4) For &7 € J om0, i,j € Aand @ = (ap, a1, a2, @3) € [0, 1] x [0,1] x [0, 1] x [0, 1].
A (- yj+h) — " (- y;) is nondecreasing in a; and 7, (-, yj + h) — <7, (-, y ;) is nonincreasing
in a;;

Theorem 3.4. Assume that L satisfies the hypotheses of Theorem 3.1 and the hypotheses (H1) —
(H4). The solution of the initial value problem (1) <7 (1, y) is in the conical domain M, = {(1,y) :

yeQ.te|0,0]-dist(y, dQ) Yo is small enough), and is also generalized fuzzy regular for each

t. Moreover, the fixed point equation <7 =T (7)) is Hyers-Ulam stable.
Proof. To prove this, we recall that any solution of the differential equation (1) must satisfy the
Volterra equation

N e(y) = (@1 (1-8)
L) S Fat-prp "

l r r
= =(1) — =())B-!
+I‘(ﬁ) '/(; EMEQR) —E(1)" L(AH)dr.

Set that
| fc, o PR
T Jo E (1)(B(1) - E(1))" L(A)dT. (30)
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Then, we show that the operator T has a fixed point. It is clear that 7 maps C([0,T] X Q, f“") to

itself. Moreover, we find that
r iz ’ l I r
D(T(H)6T(v),04) =D (m f E(1)(E@1) - E(1)P ' L(A)dr,
0

; l":' =y P ) B-1 =
G A = () (2() - 2(r))P L(B)dr

L L w1 @ e
= | E(@)(EQl) -E f‘—'( AV — — — D (o ©%A.0
5 | E@E0 =) 24 a2 )
+BD (4 © B, ‘{L))dr

T
<ﬁ(M +3yN)ﬂ'(.de,@,ﬁ4)£ E(1)(E(1) - E(1))F 'dr
| , -
= 3yN)ZE(1)PD (o © B,
1‘(,8+1)(M+‘yN) (1)"D (o © B, 04)
=D’ (A © B,0s), (31)

where M = ||B||, N = max;123{||AY||}.

We can choose a number 7 > 0 such that

= F(,B%I)(M +3yN)T" < 1.
Then in the domain M, = {(t,y) : y € Q,1 € [0,0|.dist(y,dQ) < 7}, T is a contraction mapping.
Thus, by the Banach’s fixed point theorem. we obtain the desired uniqueness of the solution of the
differential equation. It follows that the operator T is a c-weakly Picard operator with the positive
constant ¢ = ﬁ and the fixed point equation & = T'(.&) is Hyers-Ulam stable.
Moreover, the solution 7 (t, y) belongs to the associated space for each 7. The solution &7 (¢, y) is

also generalized regular. O

Example 3.5. Suppose that 1 is any real number, C(t,y) € C'(Q,H) is any generalized regular
function, and AV (¢, y) € C*(Q, H) is any quaternion valued function for eacht € [0,T]. Suppose,
further, that AP (1,y) = =AW (1, y)es, AP (1,y) = AD(1,y)es, B(t,y) = —nANV (1, y)ey. It is
easy to verify that L is associated with D, under the above conditions. Then by Theorem 3.4, there
exists a unique solution of the initial value problem (1), and the solution <7 (1, y) is also generalized

fuzzy regular for each t. Moreover, the fixed point equation <¢ = T (<) is Hyers-Ulam stable.
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In fact, the fixed point theorem plays a key role in the proof of Theorem 3.4, and this is called the
fixed point method. By using the fixed point method, we continue to consider the existence and

stability of the solution for the abstract Cauchy problem

DPE (1) = F(1. 7 (1)),0 < a, B < 1,1 € [0,T],

0t

(32)
A(0) = o),
where &7 (y) is a quaternion fuzzy function.
We denote the integral operator T by
o7
T(of — = (a—=1)(1-p5)
() = 20
t
+,L f E (1) (E(t) — E(1)P ' F(r, o (1))dr. (33)
L'(B) Jo

Recall that & is a solution to the Cauchy problem (32) if and only if < is a solution to the integral
equation (33). Moreover, & satisfies the integral equation (33) if and only if & satisfies the fixed
point equation &/ = T'(«/). In other words, & is a solution to the Cauchy problem (32) if and only

if <7 is a fixed point of the operator T.

b - 'ﬁ{} = (a=1)(1-5)
T(A) = (1) “Ta(d_5 +ﬁ)~(r)
+$~£ = ()(E@1) - E(0))P ' F(r, o (1))dr. (34)

For our subsequent results, we need the following hypotheses.
(H5) There exists a constant M for which D' (F(t, d),@) < M holds for all r € I and all &7 € J*".
(H6) For < € J*" and @ = (@g, @y, az,a3) € [0, 1] x [0,1] x [0, 1] x [0,1],

I A
len;(A") Zh’ﬁ,‘( - L 2(1)le-D0-p)
I'(a(l-8)+p)
+$/ﬂ1 E,(T)(E(l‘)—:(T))ﬁ_lF(T._Jé{H(T))dT : (35)

where i € A and len; (/%) = &7 — A7,

(H7) For & € J* and @ = (0.1, @2,@3) € [0, 1] x [0,1] x [0,1] x [0, 1]. leni(«/ (1)) is
monotonous inz fori € A;

(H8) For &/ € J*. h > 0.i € A and a = (g, a1, az.a3) € [0,1] x [0,1] x [0, 1] x [0, 1].

Ay (1 + h) — &7 (1) is nondecreasing in ; and A7 (t + h) — /(1) is nonincreasing in a;.
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Theorem 3.6. Assume that hypotheses (H5) — (H8) are satisfied. Let F : I X T T pe
Lipschitz continuous and bounded, with Lipschitz constant L. Then, there exists a unigue solution

to the Cauchy problem (1) on a neighbourhood of a € I. Moreover, the fixed point equation

A =T() is Hyers-Ulam stable.

Proof. By definition and hypotheses (HS) — (H7). it is easy to verify that the Z-Hilfer derivative
of « is well-defined. Let [0, €] X [« — 6, ) + 6] C I X J* be a compact subset on which F is
defined. Then T to be well-defined, D' (T« — ,04) <6 forall o € [« — 0, 9% + 6]. and

' ~ A1 £ o ~
D (T © 4,04) =D (m E(1)(E@) —E(1)P F(r, o (1))dr, 04)
0
1 Pl -
S D (E (1)(E(t) - E(1))P ' F (1, # (1)), 04)0'1'
I'(B) Jo
M _y
ey = (r)(E(t) — E(1))P ldr
c5 ), EOEO-20)
M
= B 3
*TE+1) &%)
Hence we require %Eﬁ < 4, i.e., we must pick € > 0 such that € < [u;:”]%
Bor k=0, 1,2, .0 if we define Xy(1) = .
“ =4\ @-1)(1-P)
Xy (1) == =(t
k+1(1) Ta(l—-p)+ ) 1)
1 ',
+—— | E(@)(E@F) - E()P F(r, Xp(1))dT. (37)
I'(B) Jo

Then,

D' (T(X © X»), 0) =%D’( ,[] E (1) (B(1) — E(0)YP (F (1. Xm(2))

eF(r,x,,(r)))dT.EL)

"t
s,i) / = (1)(E(1) — @)D’ (Xn(7) © Xu(7), 0a)dr
I'ig)| Jo
j &

SmEﬁD’(Xm © Xy, Og). (38)

If e < min{|

ST(B+1) 1% rT(B+1) 1L v x . . .
: [ﬁr )]3, [ (’8: J]ff}, the mapping is a contraction. In such a case, T is a contraction,

and by the Banach fixed point theorem, 7 has a unique fixed point. Thus, there exists a unique

X* e C([0,€] X [« — O, 4 + &]) such that T(X™) = X*. One may construct this function by
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X*(t) = limy X (1). This function is the unique solution to the Cauchy problem (1) on the

1 1
'sr(g'”]ﬁ, [r(’i+l)]3}. It follows that the operator 7 is a c-weakly

interval [0, €], where € < min{]|

Picard operator with the positive constant ¢ = +eﬁ and the fixed point equation &7 = T (&) is
R -

Hyers-Ulam stable. O

Example 3.7.

DYPEa (1) = F(t, (1) = A (D[ +9 6 (i + j + k)sin(| (1)])
HA0)=, O0<a,p<I.

(39)

Let &7, % € J*. and note that

D' (F(«) 6 F(%8),04) =D (\N|Z2+96 V| BR+96 (i + j +k)(sin(|Z|) © sin(|B))), 04)

<D' (V|2 +96 V| B +9,04) + 3D (sin(|<|) © sin(|2]), 0s)
|| + | B

VP2 +9e |82 +9

<4D' (o © B.,04) (40)

D' (|| & |#|.04) +3D (|| © |B|.04)

so F'is Lipschitz continuous with Lipschitz constant L = 4. Furthermore, since &/ € JAn by
assumption, 7 (1) = (&4 (1), ) (1), @H(t), «4(t)) and || < 1, (i =0, 1,2,3), hence |F ()| <
V13 +3. So F is continuous and bounded. Assume that hypotheses (H5) — (H8) are satisfied.
Theorem 3.6 unique local solution to (39). Moreover, the fixed point equation of (39) is Hyers-Ulam

stable.
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