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Abstract

Background: This research investigates the magnetohydrodynamic flow of a chemically
reactive Casson hybrid nanofluid within a Sodium Alginate base, flowing over a curved
stretching surface in a porous environment. The analysis accounts for internal heat sources,
magnetic field influence, reactive diffusion, and thermophoretic effects to improve thermal
performance. Methodology: The model considers transport effects, including Brownian
motion, thermophoresis, internal heating, viscosity, and Arrhenius-type reactions. Similarity
transformations reduce the governing PDEs to ODEs, which are solved using MATLAB’s
BVP4c. The sensitivity of thermal and flow parameters is further evaluated using Multiple
Linear Regression (MLR). Core findings: Results indicate that elevating the Biot number
can boost the Nusselt number by approximately 42%, emphasizing improved heat transfer
at the surface. The heat generation parameter exerts the strongest effect on thermal output,
with a sensitivity index peaking at 2.8673. Furthermore, the curvature parameter plays a
significant role in modulating surface shear. The sensitivity analysis pinpoints parameter
combinations that yield optimal performance, reinforcing the utility of machine learning in
fluid system optimization. Validation: Comparisons to previous studies demonstrate excel-
lent agreement, as deviations remain under 1.6% for skin friction and 2.3% for the Nusselt
number when the curvature parameter equals zero. These results affirm the robustness of the
applied transformations and numerical approach. Furthermore, the MLR model perfectly
matches numerical outputs, reaching an R? score of 1.0, confirming predictive accuracy.
Applications: The findings reference engineering applications, specifically solar thermal
systems, HVAC equipment, and miniaturized heat exchangers. By combining numerical
modeling with machine learning, this study offers a reliable approach for designing and
controlling energy-efficient thermal systems under varying physical conditions.
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Abbreviations

a aspect ratio

U, V velocity components along x and y axes
By  Magnetic field

C Fluid Concentration

R Geometrical radius

¢,  Specific heat capacity at constant temperature
Bi  Biot number

hy  Coefficient of heat transfer

K,  Chemical reaction coefficient

E, Activation energy coefficient

P Pressure

k Curvature factor

Dp  Brownian diffusion coefficient

87  Temperature difference factor

Nb  Brownian motion parameter

Dy Thermophoretic diffusion coefficient
Pr Prandt]l number

Sc  Schmidt number

M Magnetic field parameter

Ec  Eckert number

Cartesian coordinates

Thermal conductivity

Activation energy factor

Heat source parameter
Thermophoresis parameter

Fluid Temperature

Velocity of the stretching sheet
Casson fluid parameter

Similarity independent variable
Fluid viscosity

Kinematic viscosity

Volume fraction

Fluid density

Electrical conductivity

Relative heat capacity (nanoparticle/fluid)
Dimensionless temperature
Chemical reaction parameter
Ambient condition

Conditions at the wall
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1 Introduction

Casson hybrid nanofluids are a family of fluids with non-Newtonian rheology that combine
the shear-thinning characteristics of Casson fluids with the enhanced thermal properties of
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hybrid nanofluids—fluids containing more than one type of nanoparticle suspended in a base
liquid. The Casson model accurately characterizes yield-stress fluids such as blood, paints,
and specific polymers that remain solid until the applied stress surpasses a defined threshold.

Recent advancements have highlighted the strategic integration of hybrid nanoparticles
into Casson fluids, owing to their augmented thermal conductivity, superior energy transport
efficiency, and tunable non-Newtonian rheological properties, making them highly suitable
for complex thermal system applications. These boosted fluids benefit advanced engineer-
ing applications, including cooling systems, biomedical treatments, energy storage devices,
and manufacturing processes where precise thermal control is critical. Raptis et al. (2004)
flow exhibiting asymmetry, wherein an electrically conducting fluid interacts with a semi-
infinite stationary boundary under radiative heat transfer effects. Sodium Alginate is utilized
as the carrier fluid, serving as a representative example of a Casson-type Complex fluid.
Khan et al. (2018) integrated radiative transfer effects, internal heat generation, magnetic
fields, and porous media to simulate realistic physical phenomena. Aladdin et al. (2020)
assessed the effect of wall suction and heat transfer across a moving boundary. Nadeem
et al. (2023) observed that Casson effects and surface thickness reduce velocity across all
models, providing insights into nanofluid flow regulation. Farooq et al. (2024) determine
that the heat dissipation rate consistently improves across all examined parameters, with
documented convergence ranges, highlighting the effectiveness of Advancements in ther-
mal control through hybrid nanofluids for nanotechnology applications. Hybrid nanofluids
formulated with Sodium Alginate (SA) offer enhanced heat transfer capabilities, exhibit-
ing superior thermal and physical properties compared to conventional base fluids. Due to
their improved thermal conductivity, these hybrid nanofluids are increasingly recognized
for their potential in high-performance thermal systems. Hussanan et al. (2020) explore the
thermal performance improvement of a viscoplastic non-Newtonian hybrid nanofluid for-
mulated by suspending Copper (Cu) and Magnetite (Fe304) nanoparticles within an SA
base fluid. The combined presence of non-magnetic and magnetic nanoparticles in a non-
Newtonian matrix offers a unique avenue for optimizing thermal performance in complex
flow environments. Focusing on viscous dissipation effects, Rehman et al. (2024) analyze
a Casson hybrid nanofluid’s time-dependent magnetohydrodynamic (MHD) flow charac-
teristics, incorporating a couple of stress influences over a deformable stretching surface.
Shah et al. (2024) scrutinize that increasing copper content augments heat transfer while
stronger magnetic fields reduce thermal boundary layer thickness. Stability analysis con-
firms the physically realizable solution under selected parameter ranges. Razaq et al. (2023)
observe that entropy generation increases significantly under the influence of strong radiative
heat flux and diffusion, indicating greater irreversibility in the system. Their findings also
showed that thermal transport improves with higher radiation parameters and extended ther-
mal relaxation time, emphasizing their importance in enhancing energy transfer efficiency in
nanofluid flows. Similarly, Hayat et al. (2024) examine hydromagnetic mixed convection in
Reiner—Rivlin fluids with variable thermophysical properties, demonstrating its relevance to
advanced thermal and chemical engineering applications. Additionally, Yusuf et al. (2023,
2024), Yusuf (2024) explore MHD nanofluid flow over a stretching sheet, considering vari-
able viscosity and non-uniform heat generation effects. Sajjan et al. (2023) investigate the
slender surface flow characteristics in the presence of ternary nanoparticles using MATLAB
bvpSc solver. Akbar et al. (2023) reveal that Casson hybrid nanofluids display contrasting
flow characteristics between stretching and shrinking channel walls. For stretching surfaces,
augmenting the Casson parameter intensifies shear stress and heat transfer in the stretching
scenario, reducing these effects under shrinking conditions. Fluid flow over stationary and
moving surfaces is crucial in numerous industrial applications, including metal forming, film
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extrusion, and fiber cooling. In light of these applications, Shankaralingappa et al. (2021)
investigate the volumetric, incompressible, laminar flow of a Casson nanofluid affected by
thermophoretic particle deposition across a nonlinearly stretching surface. Abo-Dahab et al.
(2021) propose an integrated approach to modeling Casson nanofluid dynamics under multi-
ple physical influences, including nanoparticle diffusion and reactive mass transport. Abbas
et al. (2013) expose that multiplying the radius of curvature and Hartmann number signif-
icantly alters the flow velocity and thermal distributions. Moreover, higher magnetic field
strength amplifies flow resistance while reducing the heat transfer rate, as reflected in the
profile of shear stress and thermal transport. Ahmad et al. (2019) by employing curvilinear
coordinates to capture the geometry’s curvature and solving the reduced equations using
MATLAB’s bvp4c, this work provides a comparative assessment against flat surface results,
offering fresh perspectives on flow dynamics in curved porous domains. The results show
that higher magnetic and porosity parameters increase skin friction, consistent with ear-
lier research. Following the observation, Dawar et al. (2023a) highlight the effectiveness of
Casson-based hybrid nanofluids in Boosting thermal performance and fluid dynamics within
engineering systems, particularly in MHD and non-Newtonian fluid systems. Jamshed et al.
(2021) examine unsteady heat transport and entropy generation in Solar-heated convective
flow of a Casson nanofluid across a surface with slip conditions. Results show enhanced
thermal conductivity, with copper-water nanofluid offering superior heat transfer. Irfan et al.
(2017) assess the unsteady 3D flow of a Carreau nanofluid on a bi-directionally stretch-
ing sheet, accounting for spatially varying thermal conductivity and the presence of internal
heat sources. A modified zero mass flux condition improves nanoparticle behavior modeling
within Buongiorno’s framework. Lund et al. (2023) inspect the thermal behavior of a mag-
netized Casson-based hybrid nanofluid, formulated with Sodium Alginate and infused with
Aluminum Oxide and Copper nanoparticles, flowing over a permeable, moving surface. The
analysis incorporates the impact of electrical heating and thermal radiation, modeled using
the Tiwari-Das approach. Raza et al. (2024) focus on the thermal characteristics of Casson
nanofluid motion along an extending surface, incorporating the consequence of activation
energy, magnetic field influence, and velocity slip to enhance the model’s physical accuracy.

The study analyzes heat transfer characteristics of Cu-Al, O3/SA nanofluids exposed to
solar radiation, aiming to boost the performance of flat-plate solar collectors and thermal
storage systems. Effective thermal transport plays a vital role in optimizing solar energy con-
version into usable heat. This study investigates the performance of hybrid nanofluids under
magnetohydrodynamic (MHD) conditions, highlighting their capability to improve thermal
conductivity and heat absorption in solar energy systems. Moreover, the proposed model is a
reliable predictive tool for evaluating energy consumption in HVAC applications (Hussanan
et al. 2018; Shahzad et al. 2022; Sharma et al. 2019; Khan et al. 2019; Dawar et al. 2022;
Jubair et al. 2025; Zaki et al. 2025; Diaz et al. 2025). The results indicate elevated tempera-
ture distributions and pronounced thermophoretic effects in these advanced nanofluids, mak-
ing them well-suited for thermal management—scarce studies combining non-Newtonian
hybrid nanofluids with machine learning frameworks for design enhancement. The model
is a computational tool to pre-evaluate material performance, optimize system geometry,
and inform control logic in energy-efficient HVAC and solar thermal technologies. It also
neglects nanoparticle agglomeration, wall roughness, and temperature-dependent property
variations. Overall, this paper contributes to designing high-performance, nanofluid-based
solar systems, promising reduced thermal losses and improved efficiency while support-
ing the transition to sustainable and renewable energy technologies. Additionally, the study
lacks experimental validation to support the numerical and MLR-based predictions.
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Justification and future direction: Including sensitivity analysis using MLR helps bridge the
gap between idealized modeling and real-world system behavior by identifying which pa-
rameters most strongly affect performance outcomes. Future work may include the current
model’s unsteady, 3D, or turbulent extensions and further experimental validation to enhance
its generalizability and application in full-scale HVAC systems. As a potential extension,
future research may involve developing and comparing nonlinear regression models, specif-
ically polynomial regression, XGBoost, and neural networks that offer greater robustness to
noisy or high-dimensional data and are better equipped to handle real-world variability.

1.1 Novelty

This work merges computational simulation with data-driven analysis to examine Casson-
type hybrid nanofluid motion along a curved, stretching boundary, incorporating magneto-
hydrodynamic forces, reactive chemistry, and radiative heat transfer. Major contributions
include:

e Analysis of an eco-friendly Copper—Aluminum Oxide nanofluid in a Sodium Alginate
base over non-flat geometries to support sustainable thermal management.

e Employing MATLAB’s BVP4c in combination with Multiple Linear Regression (MLR)
for accurate solutions and interpretable parameter influence.

e Identification of optimal parameter sets through sensitivity analysis, offering practical
direction for systems such as solar collectors and HVAC units.

1.2 Justification for nanoparticle selection and modeling assumptions

The incorporation of Cu and Al, O3 nanoparticles in the hybrid nanofluid formulation is
grounded in their complementary thermophysical behavior, as highlighted in Kumar et al.
(2021), and offers several advantages for thermal system applications:

Enhanced thermal conductivity: Copper, with a high thermal conductivity of approximately
401 W/mK, facilitates rapid heat transport within the fluid. In contrast, Aluminum Oxide,
with a moderate conductivity of about 40 W/m K, ensures chemical robustness and stable
nanoparticle dispersion in the host medium, Sodium Alginate.

Practical applicability: Copper and Aluminum Oxide nanomaterials have proven effective
in HVAC, electronics cooling, and thermal storage systems. This study utilizes their hy-
brid suspension to assess boundary-layer heat transfer and analyze the combined effects on
velocity, temperature, and concentration under magnetic and reactive conditions.

2 Mathematical formulation

This study explores the transport characteristics of a Cu-Al, O3/Sodium Alginate hybrid
nanofluid flowing over a non-flat, axisymmetric curved stretching surface embedded within
a porous medium representative of geometries encountered in microfluidic channels, energy
transfer conduits, and compact heat exchangers.

e The formulation employs a curvilinear coordinate system (r,s), with r normal to the
surface and s aligned along the stretching direction, where the wall velocity is defined as
U=a-s.
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Fig. 1 Schematic representation of Mathematical Model

e The schematic (Fig. 1) presents the spatial orientation, boundary layer development, and
flow alignment relative to the curved geometry.

e Including the curvature parameter K enables precise control over geometric deviation
from flatness, which plays a key role in modulating momentum diffusion and thermal
resistance across the flow domain (Kumar et al. 2025).

e Thermophoretic and Brownian diffusion effects are incorporated, strengthening both ther-
mal and concentration boundary layers though nanoparticle migration.

e Physical mechanisms such as internal heating, reactive diffusion, and radiative transport
further enrich the predictive fidelity of the model.

2.1 Governing equations in vector form

The transient, two-dimensional motion of an incompressible Casson hybrid nanofluid across
a curved stretching surface subjected to magnetic influence, internal heat generation, ther-
mal radiation, viscous dissipation, Brownian diffusion, thermophoretic forces, and chemical
reactivity is described by the following governing equations in vector form.

V.V=0 (Continuity equation) (1)
Phng (q : V) V=-VP+V T+ Ijh (Momentum equation)  (2)
Pins (\7 : v) T =V (kjyVT)+®+ Q(T) + R(T) (Energy equation) 3)
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(\7 . V) C = DgV?C + Dy VT — R.(C) (Concentration equation) (4)

an
o
-
S

s

V= (u, v) is the velocity vector,

P is the pressure,

i is the stress tensor incorporating Casson fluid properties,

F,, denotes the magnetic body force,

T and C are temperature and nanoparticle concentration, respectively,

Dg, Dy is the Brownian and thermophoretic diffusion coefficients,

® is the viscous dissipation term,

Q(T) and R(T) represent internal heat generation and thermal radiation contributions,
R.(C) accounts for chemical reaction effects.

2.2 Equation formulation

To derive the component-wise form in curvilinear coordinates, the general vector equations
are transformed using the continuity and momentum conservation laws in the (r, s) system.
The resulting dimensional governing equations are (Dawar et al. 2023a):

IR+rV U

R— =0, 5
ar + as )
Lo L 2P (6)
R+r Phnf ar
1\ [ 82U 1
JU U R oy (i) [ 55 4 - U] o
1 9P R Ohnf
ar ds R+r R+r _%KRH_%BOU’
T aT R Ky [0°T 0T 1
V— 4+ U— =" | = 4=
or s R+r  (pcp)mny L 9r>  dr R+r
Qo Ohnf 2
+—=0 (T -To)+—2 By
(pcp)hnj > (pcp)lmf 0
3)
o 1\N/ou U \’
o (15) (5 7)
(PCp)mnf B)\or R+r
L (pcy)p [DpdCOT Dy (9T ?
(pcp)imr L 8 r dr  Tx \ 0r ’
V8C+U8C R 82C+8C 1 8DT T +8T 1
or s R+r a2 or R+r | Te | 0r2 ' 9r R+r ©
T\" —E,
—K| ) exp (€ = Cx),
Too kgT
The following boundary conditions are,
oT Dg oC Dy 0T
U=U,=as,V=0—Kpy—=hy(Tf—T), —2— 4+ -—L—=0 at r=0
T oor ) a}’ Too ar (10)

oU
U—>O,a——)O,T—>Tm,C—>COo as r — 0o
r
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Table 1 Physical and thermal

characteristics of the dispersed Physical properties P cp k o
nanoparticles and the base liquid
SA 989 4175 0.6376 2.60 x 1074
Cu 8933 385 401 5.96 x 107
Al 05 3970 765 40 1.0 x 107!

Table2 Thermal and Physical Properties of Traditional and Hybrid Nanolubricants (Dawar et al. (2023a))

Properties Nanofluid Hybrid nanofluid
OS] __Hr _ Kf
u (Viscosity) Hnf = 1—®)23 Hhnf = -0, -d,)25
p (Density) Pnf = Phnf =1 — @1 —P2)py + Py o5 + P2ps,
prl— @)+ Ppg
pcp (Heat (pcpInf = (pepdinf = (pep) (1 — @y — Do) + Py (pcp)s; + Palpcp)s,
capacity) (pep)p(1— D) +
D(pcp)s
kg, g+
%Hkﬁz(k” ) Hhoydy)—2k ; (D1+D2)
k (Thermal knp = kpng =kf <I>I Sy
conductivity) ks+2k p =2 (k  —ks) WJJ/V —2(ks) @ thsy oy )tk p (P14+P2)
I ks +2k Ok —Fky)
051 <I>1+0J2 oy

: @752 +20 ¢ +2(05) Py +05, P2)—20 ¢ (P +P3)

o (Electrical O = Ohnf =0 f 5 @1 Fon s

conductivity) as+2(rf 2® (0 p—0y) W+20f72(ml 1+, P40 (@1 +P2)
Of o T2 707 —03)

Table 1 and Table 2 represents the thermophysical properties of nanofluid and hybrid
nanofluid where ®,, ®, represents the volume fractions of nanoparticles Cu and Al, O3,
51 shows Cu nanoparticle and s, shows Al, O3 nanoparticle. The factors used for similarity
transformation are stated as,

a , _ R
n=71/M—f7U=an (m,V= —r+R\/anf(n),

T — C—Cx
p=psas)*P(),0(n) = T —Ta d)()_T

1D

Applying these variables leads to the formulation of the continuity equation

Phnf

P'(n) = )

n+ K
Equation (5) - (9) can be expressed as

pr (14 D) (7 4+ (2 ) = (a2 ) £
LU b ANl

Phnf/Pf
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() (s ) ()~ (et ()]

_ZZ:;;Z;M[JM*(<K+n>>f/]+<(,<+ ))(f”/f ) (13)
+(—(K+ 50T - (m)ff_

1 khnf/kf . 1 , 1
— 0
o (0 s [ PCr) 7 [ ((K n n)) J+ e )ms ) (P 7 (

" (<K1—<+n))6/f+ (pc:;::;;?;c,,)fEc(l " %)<f”+ <(Kirn))f/>2 (1
1

Nbg'6' + Nt9/2>

Uhnf/(;f

— e MEcf?+————00=0
(pcp)hnf/(pcp)f (pcp)lmf/(pcp)f
1 Nt KSc
//+ /+ 9/+ /
¢ ((K+n)>¢ (Nb(K+n)) ((K+U))¢f (15)
+ N se(1 +50)" ex ( )¢—
Nb PATH
The boundary conditions are reformulated as,
’_ _ Nt nr _
f=0,f=10= khf/kf —1,¢'+ 330'=0, at n=0
(16)

f =0, —06-0,¢—>0 at n— oo

The parameters involved in this context are M Magnetic parameter, Bi Biot number, Pr
Prandtl number, 2 Chemical reaction factor, Nt Thermophoresis parameter, Q Heat Source
parameter, E activation energy, Ec¢ Eckert number, Nb Brownian motion parameter, 6 Tem-
perature difference, Sc¢ Schmidt number, K Curvature factor and 8 dimensionless casson
parameter. Table 3 represents the similarity variables for solving governing equations. The
expressions for the relevant physical quantities are given by,

Trs Sqw _ Sqm

Cf= ,Nu= Sh=—-—-——
! pU? ki(Tr —Ty) Dp(Cy — Cx)

amn

By applying the stream function and similarity transformations to equations, the following
set of transformed variables is obtained:

Cf = Mﬂh—;(l + l)(f”(O) - %.}”(0)), Nu = —KKL;’C@’@) (13)

B

where Re = % is the local Renolds number.

3 Validation

Table 4 represents the comparison of C s values compared to previous results when K varies
and the default value of Bi = 0.1, M = 0.1, Pr =6.0, 2 =0.5, Nt =0.1, Sc =2.0,
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Table 3 Similarity variables used

for solving equations

Similarity variables Transformations
/27
B B 1,: <
K i
2
or By
M pra
(pep)pos
Pr Weplfif
Ky
he [vf
; f f
Bi gV
, v
Ec @ T =Too)
K,
2 @
[}
Q a(pep) §
vf
Sc Dy
E
E Too aKB
CooDp(pcp)p
Nb vrdloep)
Nt DT(Tf—Too)(P(‘p)p
viToo(pcp)
T/—TOO
8 T

Table4 Comparative outcome of skin friction coefficient C f relating to various K values

K Abbas et al. (2013) Ahmad et al. (2019) Dawar et al. (2023a) BVP4c
5.0 1.15763 1.157630 1.157625 1.57642
10.0 1.07349 1.073490 1.073495 1.073457
20.0 1.03561 - 1.035615 1.03545
30.0 1.02353 1.023530 1.023536 1.02329
40.0 1.01759 - 1.017592 1.017377
50.0 1.01405 1.014050 1.014054 1.013017
100.0 1.00704 - 1.007043 1.00628
200.0 1.00356 1.003560 1.003569 1.003631
1000.0 1.00079 1.000790 1.000804 1.000713

§=0.5,Ec=0.1,0=08, E=05, Nb=0.1, K =5.0, 8 = 1.0. It demonstrates the
accuracy and validity of the present model through benchmark comparison discussing the
close agreement with Abbas et al. (2013), Ahmad et al. (2019), and Dawar et al. (2023a).
Minor deviations are attributed to using hybrid nanofluid, Casson rheology, and curved ge-
ometry, which were not considered in earlier studies. Unlike the Runge- Kutta shooting
method, which is highly sensitive to initial guesses and can fail for stiff or strongly nonlin-
ear systems, BVP4c provides robust error control and adaptive mesh refinement, making it
more reliable for the present problem setup. MATLAB’s BVP4c, with strict error control and
adaptive meshing, provides highly accurate results. Still, slight deviations may occur when
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Fig.2 Velocity gradient variation

with M i S g:lfll/\\lzoa/SA

Table5 Analysis of the

variations in "’ (0) M K Cr(f"(0)
0.0 5.0 1.4434
0.1 5.0 1.4652
0.2 5.0 1.4866
0.3 5.0 1.5077
0.1 10.0 1.1201
0.2 10.0 1.0273
0.1 50.0 0.8331
0.2 50.0 0.8659

compared with results obtained via other numerical schemes, such as shooting methods or
less robust finite difference approaches.

4 Results and discussion

This study examines the transport characteristics of a hybrid nanofluid composed of copper
and aluminum oxide nanoparticles in a sodium alginate base, flowing over a stretching sur-
face. It focuses on how varying the magnetic field parameter M affects the velocity profile,
as shown in Fig. 2. Increased magnetic field strength generates a Lorentz force that acts per-
pendicularly to the flow, creating a resistive effect that slows down the fluid motion and leads
to a noticeable decrease in velocity with higher M. In contrast, the thermal profile responds
differently. An elevated magnetic parameter enhances viscous dissipation and suppresses
convective cooling, elevating the fluid temperature near the surface.

As presented in Table 5, the Cu — Al, O3/SA hybrid nanofluid demonstrates a notable
rise in surface friction, accompanied by a significant reduction in flow velocity. It also links
numerical results to physical boundary layer behavior under MHD and curvature effects.
This phenomenon can be attributed to the synergistic interaction between the magnetic field
and the hybrid nanofluid’s enhanced effective flow resistance characteristics. Furthermore,
the thermal response illustrated in Fig. 4 signifies that the hybrid nanofluid sustains higher
temperature levels near the curved boundary. This thermal retention suggests improved heat
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Fig.3 Influence of velocity
gradient f'(n) to K

Cu/SA
----Cu +A1203/SA

transfer capability, mainly because of increased thermal conductivity from the dispersed
nanoparticles and inhibited convective motion with magnetic influence. The Casson fluid
model captures the non-Newtonian rheology of the suspension, where yield stress and shear-
thinning effects significantly alter near-wall momentum behavior. It shows that as the mag-
netic parameter M intensifies, the temperature distribution becomes more prominent, align-
ing with the results reported by Shah et al. (2024). However, the magnitude of the increase
is more pronounced in the current study due to the inclusion of hybrid nanoparticles, which
were not considered in previous works. Raising the Biot number from 0.5 to 1.5 resulted in
a 42% boost in the Nusselt number, reflecting improved convective heat transfer at the wall
boundary. These results suggest that optimizing the Biot number through enhanced surface
conductivity can significantly improve the thermal performance of HVAC heat exchangers.

Velocity profile Key parameters such as the magnetic field strength M and curvature factor
K notably affect the velocity distribution, as shown in Figs. 2 and 3. An increase in M
results in slower fluid motion due to the Lorentz force, an opposing electromagnetic drag
in electrically conducting fluids. This results in a broadened momentum boundary layer and
increased surface shear, as indicated by the elevated skin friction coefficients in Table 5.
From a physical standpoint, M represents the magnetic to inertial forces ratio, where larger
magnitudes correspond to greater magnetic influence that impedes fluid motion.

Likewise, the curvature parameter K, which is inversely proportional to the radius of
the surface, influences the flow by reducing geometric confinement. As K rises, indicating
a move toward flatter geometry, resistance to flow decreases, enabling smoother velocity
gradients. Table 5 supports this trend, where greater K values correspond to lower sur-
face friction. This effect is more evident in hybrid nanofluids due to enhanced momentum
diffusion from nanoparticle interactions, making curvature modulation a valuable tool in
optimizing performance in systems like curved heat exchangers and microchannel-based
cooling devices.

Temperature profile Several physical factors significantly shape the temperature distribu-
tion 6(n). An rise in the magnetic parameter M enhances frictional (Joule) heating due to
stronger Lorentz forces, leading to elevated thermal energy near the wall (Fig. 4, Table 6).
Likewise, a rise in the curvature parameter K reduces geometric resistance, allowing more
efficient heat transfer across the boundary layer (Fig. 5). Table 6 includes explanations in the
thermal analysis section, demonstrating the impact of key parameters on wall heat transfer
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Fig.4 Magnetic effect on 6 ()

Table 6 Comparison of —6’(0)

Fig.5 curvature factor impact on
6(n)

CuwSA
wowe G +A1203/SA

N
N
w0

Bi

Q Nu(6'(0)

0.6
0.7
0.8
0.5

5.0
10.0
50.0

0.1

0.2
0.3
0.4

0.5 0.64279
0.73769
0.83258
0.54790
0.55076
0.57361
0.55072
0.55354
0.55637
1.0 0.50479
1.5 0.46167
2.0 0.41856

0.8

Cu/SA
----Cu +A|203/SA

N
e
v
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rate. The analysis highlights the dominant roles of internal heat generation and convective
surface conditions in shaping thermal performance. The thermophoresis parameter Nt pro-
motes nanoparticle migration from hot to cooler zones, contributing to thermal stratification.
While this broadens the thermal boundary layer (Fig. 6), it slightly reduces local heat trans-
port efficiency by disrupting conduction pathways (Table 6).

Internal heat generation, governed by parameter Q, introduces additional energy, raising
both temperature and concentration fields (Fig. 7). Hybrid nanofluids respond more strongly
to this due to their enhanced thermal conductivity, as evidenced by higher Nusselt numbers.
An Eckert number E¢ increase amplifies viscous heating effects, converting flow energy into
heat (Fig. 8). Hybrid nanofluids outperform base fluids at larger distances from the wall in
retaining heat due to better conductive properties. Finally, higher Biot numbers Bi improve
convective heat transfer at the surface, steepening the thermal gradient and increasing wall
temperature (Fig. 9, Table 6). These combined effects underscore the efficiency of hybrid
nanofluids in managing heat under complex thermal conditions.

Concentration profile The concentration distribution ¢ () is influenced by several key pa-
rameters. Increasing the curvature factor K lessens geometric confinement near the bound-
ary, promoting more effective mass diffusion. This effect is particularly pronounced in
hybrid nanofluids, where two types of nanoparticles support enhanced interfacial mixing,
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Fig.8 Impact of Ec on 6(n) \\
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S

as shown in Fig. 10. the chemical reaction rate €2 reduces solute retention by accelerat-
ing particle consumption(Fig. 11). The thermophoresis parameter N¢, driven by tempera-
ture gradients, pushes particles away from the heated region, broadening the concentration
layer (Fig. 12).In contrast, higher Brownian motion parameter Nb values intensify random
nanoparticle motion, weakening local solute buildup near the surface (Fig. 13). Despite this,
hybrid nanofluids maintain stronger concentration levels due to their robust thermophysical
behavior. The Schmidt number Sc reflects how limited diffusivity suppresses nanoparticle
movement. As Sc grows, concentration values drop, yet hybrid fluids still perform better
under restricted conditions (Fig. 14).

Internal heat generation, defined by Q, boosts thermal and solutal gradients, stimulating
more particle accumulation near the surface (Fig. 16, Table 6). Similarly, higher activation
energy E supports mass buildup through sustained reactivity (Fig. 17). Furthermore, as Bi
rises, the Sherwood number Sk also increases (Fig. 18, Table 6) due to the intensification of
the mass transfer rate. Consequently, a higher S/ leads to a greater mass transfer rate, which
in turn elevates the concentration profile ¢ (). Lastly, the temperature difference parameter
6 strengthens thermophoretic migration, increasing concentration levels (Fig. 15). These
collective trends reinforce the effectiveness of hybrid nanofluids in controlled mass transport
applications.
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Fig. 10 Influence of K on ¢ (1)

Fig. 11 Concentration profile
¢ (n) affected by @
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In solar thermal systems, the Cu — Al, O3/SA hybrid nanofluid’s elevated temperature
profile and high thermal conductivity improve solar energy absorption and storage, aiding
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Fig. 13 Impact of Nb on ¢(n)

Fig. 14 Upshot of Sc on ¢ (1)

Fig. 15 Concentration impact of
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in the design of efficient absorber configurations through optimal nanoparticle loading and
flow tuning. Likewise, enhanced thermal transport in HVAC systems promotes efficient heat
exchange and energy savings. The study provides insights for selecting compelling fluid
compositions in compact, energy-conscious climate control systems. The results underscore

@ Springer




74 Page 18 of 27

Mechanics of Time-Dependent Materials (2025) 29:74

Fig. 16 Heat source impact on
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the effectiveness of hybrid nanofluids for advanced thermal regulation, especially in systems
where heat and mass transfer occur concurrently under intricate boundary conditions.

@ Springer



Mechanics of Time-Dependent Materials (2025) 29:74 Page 190f27 74

Table 7 Key Roles of BVP4c and MLR Methods in the Present Study (Kierzenka et al. (2008))

Category Description

Numerical Scheme: BVP4c (MATLAB)

Distinct Features * Adaptive mesh generation
* Internal error regulation
* Capable of managing stiff equation sets

Strengths * Accurate for laminar boundary layer simulations

* Handles complex, nonlinear coupled systems
Constraints * Relies on appropriate initial approximations for convergence
Comparison Remarks * More precise and stable than traditional shooting methods

* Less suited for geometric complexity compared to FEM or FVM

Justification Balances computational speed and accuracy, well-suited for the
unsteady-state hybrid nanofluid analysis presented

Data-Driven Approach: Multiple Linear Regression (MLR)

Method Class Statistical model for evaluating linear relationships between predictors
and target outputs

Application Purpose Employed to estimate physical outputs based on parameter variations

Core Benefits * Computationally lightweight

* Interpretable results showing direct parameter impact
* Supports parameter ranking for sensitivity analysis

Drawbacks * Captures only linear trends

Suitability Rationale Effective for identifying dominant influencing factors and validating
consistency with numerical simulations

Impact on generalizability: Laminar and steady-state assumptions suit low-to-moderate
Reynolds number flow typically found in microchannel HVAC and biomedical systems.
However, they may not reflect unsteady or turbulent conditions in larger setups. Neglect-
ing viscous dissipation is valid in low-Eckert regimes but may underestimate temperature
in high-friction flows (Moltot et al. 2025). Despite these idealizations, Table 7 represent the
roles of BVP4c and MLR methods that provides early-stage guidance for thermal system
design and material selection.

5 Machine learning

Machine learning (ML) approaches have recently emerged as valuable engineering and sci-
entific research tools, particularly for modeling complicated nonlinear systems. Multiple
Linear Regression (MLR) is a popular machine learning method that explores and quanti-
fies the link between one dependent and multiple independent variables. The research article
by Priyadharshini and Vanitha Archana (2024), Priyadharshini et al. (2023) focuses on the
application of ML in which the MLR model was used to anticipate physical quantities based
on various dimensionless parameters that govern fluid flow. Similarly, Zhang et al. (2023)
found that the MLR approach effectively characterizes the data related to skin friction and
Nusselt number for silver nanoparticle flows, particularly when thermal conditions are ap-
plied to both surfaces. Multiple linear regression (MLR) plays a pivotal role in fluid flow and
heat transfer studies by offering a systematic approach to predict how various input param-
eters influence physical responses. This method examines the collective effect of multiple
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variables, allowing engineers to swiftly analyze trends, identify key contributors, and opti-
mize performance (Zohora et al. 2024; Jegan et al. 2024). As a result, MLR significantly
aids in streamlining design strategies and improving the overall efficiency of engineering
systems. ML techniques can facilitate a more comprehensive global sensitivity analysis,
which explores the impact of input parameters across their entire range of possible values
and considers their interactions. The sensitivity analysis by Thumma et al. (2023, 2025)
aimed to understand how the various physical parameters in their complex hybrid nanofluid
flow system affect heat transfer and fluid motion. This analysis is vital for the practical appli-
cation and optimization of such systems in thermal engineering (Zeeshan et al. 2023; Dawar
et al. 2023b; Samal et al. 2025; Hussain et al. 2022). The sensitivity analysis likely revealed
which parameters have the most significant impact on enhancing or reducing heat transfer.

5.1 Multiple linear regression

Multiple Linear Regression (MLR) is an advanced statistical technique used to analyze the
relationship between a single response variable and several explanatory variables. Unlike
basic linear regression, which considers only one predictor, MLR evaluates the combined
effect of multiple factors, offering a comprehensive framework for modeling systems influ-
enced by numerous interconnected parameters.

Y=800+BXi+BXo+BXs+ -+ B, X+ €

This model evaluates the skin friction and Nusselt number in relation to various parameters
that govern elevated heat transfer efficiency. This model predicts the relationship between
two independent variables M and K and one dependent variable (q, which represents heat
transfer rate or can analogously be considered a skin friction result under specific assump-
tions). The Magnetic parameter M and Curvature parameter K significantly regulate the
boundary layer. Increasing M often thickens it due to resistive Lorentz forces. Similarly,
higher values of K, indicative of lower medium permeability, elevate flow opposition and
can diminish thermal flux g. Employing statistical modeling enables a precise quantification
of these parameters’ impact on boundary layer behavior. This function automatically fits the
model, estimates the coefficients (intercept and slopes), and returns statistical metrics.

The Biot number reflects surface-fluid heat exchange, while the thermophoresis parame-
ter governs particle movement due to temperature gradients. The heat source/sink parameter
represents internal heat generation or absorption. A rise in Bi enhances surface-fluid ther-
mal interaction. The positive coefficient of parameter values shows higher Bi than larger Nu
(more convection) in heat transfer. Augmented Nt values lead to more particle movement
away from the wall. A slight negative coefficient suggests higher Nt might reduce Nu, po-
tentially due to the thickening of the thermal boundary layer. As Q escalates (more heat
source), convective heat transfer becomes less efficient, which counteracts the effectiveness
of Nu. Bi is the most influential positive factor, while Nt and Q curtail the heat trans-
fer. The MLR model accurately delineates the quantitative impact of Bi, Nt, and Q on the
Nusselt number. The model is simple, interpretable, and valuable for nanofluid heat transfer
analysis optimization studies.

MLR was chosen for its computational efficiency, ease of implementation, and effective-
ness in quantifying the impact of input parameters on thermal flow behavior. The model
demonstrated excellent predictive performance, achieving R? =1, MSE = 2.51 x 10°°,
RMSE = 0.00158, and MAE = 0.00121, closely matching the numerical outcomes. These
metrics highlight MLR’s suitability as a preliminary analytical tool for identifying key in-
fluencing factors before employing more advanced modeling techniques.
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6 Sensitivity analysis

Sensitivity analysis reveals the extent to which input parameters affect key performance in-
dicators, offering insights into dominant influences on thermal and flow characteristics. This
method introduces controlled variations in selected variables to quantify the corresponding
shifts in system response under established boundary conditions. The methodology involves
calculating partial derivatives of the response variables concerning their corresponding pa-
rameters, providing a measure of sensitivity. This approach employs Multiple Linear Re-
gression (MLR) to calculate coefficient estimates such as intercepts and slopes and generates
statistical metrics like the determination coefficient (R?), root mean square error (RMSE),
and p-values to assess model accuracy and reliability. The coefficients are obtained through
numerical methods rather than analytical derivation, as the nonlinear and interdependent
structure of the governing ODEs prevents the formulation of explicit solutions. Instead, the
MLR model provides an empirical approximation of the sensitivity of the output variables
within the selected parameter space. These metrics offer insights into the degree of prompt
each parameter exerts on the system’s behavior. Specifically, the sensitivity of skin friction
is evaluated concerning the parameters (M, K), while the sensitivity of the Nusselt number
is analyzed concerning (Bi, Nt, Q). The computed partial derivatives quantify the extent to
which slight variations in these parameters impact the associated response variables. This
sensitivity analysis not only elucidates the individual impact of each parameter but also aids
in identifying which factors are most critical to system performance. Such insights are in-
valuable for optimizing design and operational strategies in fluid dynamics and heat transfer
applications.

oC
B—Mf =M +2x (—0.06778) x M + M x K x 0.00148 (19)
0Cy
ﬁ =K +2x(0.00148) x K + K x M x (—0.06778) (20)
and
ONu . . . .
T = Bi+2x(0.82903) x Bi + Bi x Nt x (—0.09169) + Bi x Q x (—0.110209) (21)
i
oNu .
N7 =Nt+2x(—0.09169) x Nt + Nt x Bi x (0.82903) + Nt x O x (—0.110209) (22)
oNu .
20 =0 +2x(—0.110209) x O + Q x Bi x (0.82903) + Q x Nt x (—0.09169) (23)

Figures 19(a-c) and 20(a-d) present the sensitivity analysis outcomes for the Skin friction
coefficient and the Nusselt number, respectively. The sensitivity coefficients in equations
(19)-(23) are derived from the MLR model, which was trained using data obtained through
numerical simulations performed with MATLAB’s bvp4c solver. These coefficients serve
as linear approximations of the partial derivatives, reflecting the extent to which each input
parameter affects the corresponding output variable. The bar charts show these parameters’
corresponding increases or decreases due to sensitivity changes. Based on the findings from
MLR and sensitivity analysis, maximum heat transfer sensitivity is observed at the parameter
values (M = 0.3, K =50, Bi =0.8, Nt =0.4, Q =2.0). The rise in heat transfer is chiefly
driven by higher nanoparticle concentration (N¢) and an intensified heat source (Q). On
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6 (a) Sensitivity of Skin Friction at Z=5 12(b) Sensitivity of Skin Friction at Z=10 0 () Sensitivity of Skin Friction at Z=50

= = =

5F 10 50

Sensitivity

w -
Sensitivity

) ©
Sensitivity

w &

s S

N~
IS
N
S

o

0
M=0 M=0.1 M=0.2 M=0.3 M=0 M=0.1 M=02 M=03 M=0 M=0.1 M=02 M=03

Fig. 19 Sensitivity analysis of skin friction coefficient

- @) - (b)
[ Bi * || N Bi
[ Nt [ Nt
o [—) 2 1
‘E 1.5} ? 15
=z =
8 1f g 1 i
w w
0.5 H 0.5 H H H ]
0 " . < " 0 " " .
Bi=0.5 Bi=0.6 Bi=0.7 Bi=0.8 Bi=0.6 Bi=0.7 Bi=0.8
" (9 o (d)
I Bi ] I Bi —
[ Nt | EE— N
| I— ] CqQ
22t J 2
5 15
w w
= = ‘|
U Y
w1f w
I H 05
0 . y s 0 : : .
Bi=0.6 Bi=0.7 Bi=0.8 Bi=0.5 Bi=0.5 Bi=0.5

Fig. 20 Sensitivity analysis of Nusselt number

the other hand, Skin friction shows the highest sensitivity at (M = 0.3, K = 50), where
gain in M and nanoparticle volume fraction Nt significantly amplifies the surface friction.
In contrast, minimal sensitivity in heat transfer is identified at the parameter combination
(Bi =0.5, Nt =0.1, Q =0.5). In contrast, the least variation in skin friction occurs within
the interval 0.1 < M < 0.3 and at K = 5. The parameter curvature (K) demonstrates the
highest impact on skin friction, with a peak sensitivity value of 50.1480. This indicates
that small changes in K lead to substantial alterations in wall shear stress, particularly in
high curvature environments. In contrast, the magnetic parameter M shows a much lower
influence, with a maximum sensitivity of 0.2815, emphasizing that geometric confinement
far outweighs magnetic effects in determining shear characteristics over the surface.

Heat transfer sensitivity to the nanoparticle volume fraction Nt becomes more pro-
nounced at moderate thermal radiation levels Bi, especially when Nt and the heat source pa-
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Table 8 Interpretation based on high impact parametric value

Parameter Symbol Partial derivative range Max sensitivity
Biot Number Bi 12-2.1 2.075
Thermophoresis Nt 0.1-0.57 0.5699

Heat Source 0 0.6 -2.86 2.8673

rameter Q increase. This suggests that higher nanoparticle concentrations and internal heat
generation amplify the system’s thermal response. Conversely, as Q escalates, the power of
thermal radiation on heat transfer diminishes, indicating a complex interplay between these
parameters. Regarding skin friction Cf, at elevated values of Z, the parameter X, exerts a
dominant influence, though its effect slightly wanes with increasing magnetic parameter M.
In this high-Z regime, the curvature parameter K emerges as a more significant contributor
to skin friction variations. While the sensitivity of Cf to X; shows a consistent but modest
increase, X,’s impact is substantially more pronounced across all Z levels. Notably, as M
rises, the sensitivity to X; enhances, whereas it diminishes for X,. At Z = 10, the sensitiv-
ity of Cf to X, nearly doubles compared to Z =5, highlighting X,’s escalating control in
regions characterized by stronger flow or thermal effects. Table 8 offers a critical assessment
of parameters to identify optimal thermal configurations. The parameter with the maximum
partial derivative is deemed most influential on the Nusselt number.

The sensitivity to Biot number Bi as dNu/0X,; elevates linearly with Bi, showing
strong thermal gradient impact due to surface conduction. Thermophoresis sensitivity N¢
as dNu/dX, boosts mildly, showing secondary influence. Sensitivity to Q as dNu/dX3
also escalates but dips sharply at Bi =0.8. 0 Nu/dX, shows a strong upward trend, indi-
cating thermophoresis becomes increasingly dominant. Bi continues to positively influence
Nu. Heat parameter Q maintains steady growth, indicating an additive thermal effect. Sen-
sitivity to Q becomes dominant as Z augments, confirming the strong effect of internal
heat generation or absorption. Bi and Nt sensitivities remain stable. This trend highlights
that the thermal energy source/sink is a key driver of heat transfer in the system when ac-
tive. The Biot number (Bi) consistently strongly alters the Nusselt number, especially in
low Z (weak internal heat) conditions. The thermophoresis parameter (Nt) shows moderate
growth in influence, particularly when Y increases. Among the examined parameters Biot
number (Bi), thermophoresis parameter (N7), and heat source parameter (Q) demonstrate
the highest overall sensitivity, as evidenced by peak partial derivative values exceeding 2.86,
as depicted in Table 8. This indicates that thermal energy input exerts the strongest modula-
tion on convective heat transfer in the hybrid nanofluid system. The heat source parameter
(Q) has the highest impact on the Nusselt number, followed by Bi, then Nt. (Q) dominates
in higher Z regimes, highlighting its critical role in heat transfer regulation. Adjusting Q of-
fers the highest impact for optimization or control, especially in deeper or more heat-active
zones.

Sensitivity analysis is applied to evaluate variations in input parameters that influence
the system’s thermal response within the machine learning framework. The most impactful
variables are identified by quantifying sensitivity indices, enabling targeted adjustments that
lead to optimal model performance. The Multiple Linear Regression (MLR) model statis-
tically validated through a perfect R> = 1 confirms a strong agreement between predicted
and simulated results, ensuring the reliability of the outcomes. This combination maximizes
thermal efficiency, with the heat transfer rate improving by over 43%, primarily due to the
high sensitivity of Q and Bi, contributing significantly to the Nusselt number output. Thus,
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this optimal case offers a practical guideline for achieving superior heat and flow control in
hybrid nanofluid systems.

As shown in Table 8, the Biot number (Bi) and heat source parameter (Q) emerge as the
most influential parameters governing heat transfer behavior. Specifically, Bi demonstrates
a sensitivity of 38.5%, suggesting that nearly two-fifths of the heat transfer performance is
dictated by surface convection. This underscores the need for high-conductivity materials
and enhanced surface treatments in the design of thermal interfaces, particularly for heat
exchangers and HVAC modules. Likewise, the heat generation parameter (Q) exhibits a
sensitivity impact of 43.7%, indicating that precise control over internal heat sources can
result in substantial improvements in thermal regulation.

In HVAC systems, leveraging these high-sensitivity parameters enables the optimization
of wall heat exchange rates, material selection, and thermal control strategies. Proper tuning
of Bi and Q supports superior thermal dissipation and minimized energy losses, which is
vital for sustaining operational efficiency in climate-controlled environments. These vari-
ations collectively translate to a potential gain in heat transfer efficiency exceeding 40%,
reinforcing their significance in energy-focused applications.

7 Conclusion

This research investigates the thermo-fluid characteristics of a hybrid nanofluid composed
of Copper and Aluminum Oxide nanoparticles dispersed in a Sodium Alginate base, moving
along a curved, stretchable surface. The model accounts for significant physical influences,
including magnetic field interaction, chemical kinetics, non-Newtonian thermal behavior,
Brownian diffusion, thermophoretic effects, and activation energy modeled through the Ar-
rhenius equation. Applying similarity transformations, the governing PDEs are reduced to
ODEs which are then numerically solved through MATLAB’s BVP4c solver. Sensitivity
analysis using MLR identifies the dominant parameters affecting flow, temperature, and
concentration profiles, providing guidance for improving heat and mass transfer efficiency.
Key findings are summarized as follows:

e Velocity diminishes with more substantial magnetic influence and higher curvature due
to increased Lorentz drag and geometric resistance, while Casson fluid effects further
suppress flow. Simultaneously, temperature rises with elevated Eckert number and internal
heat generation, driven by viscous dissipation and energy input.

e Nanoparticle dispersion is influenced by Nb, Nt, Sc, E, and Q. Brownian motion and
thermophoresis adjust concentration profiles, while chemical kinetics regulate particle ac-
cumulation or depletion. Hybrid nanofluids maintain better concentration stability across
these variations.

e The MLR approach effectively measured the variation of crucial parameters on the skin
friction coefficient and Nusselt number. The resulting model closely matches the numer-
ical findings, serving as a dependable framework for forecasting heat and fluid transport
behavior under varying operational settings.

e Sensitivity results show curvature boosts skin friction by 53.6%, and thermophoresis
raises the Nusselt number by 42%, indicating their significant control over flow resistance
and thermal transport.

e From an application standpoint, this study supports the design of advanced thermal sys-
tems, including bio-cooling units, compact heat exchangers, and next-gen energy plat-
forms, by combining nonlinear modeling with data-driven analysis. The results offer prac-
tical direction for improving thermal efficiency, minimizing energy loss, and optimizing
material use in HVAC and related technologies.
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