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ARTICLE INFO ABSTRACT

MSC: This article investigates the solvability of the time-fractional strongly coupled three-species cooperating system
35D30 of equations with the Dirichlet boundary conditions. This model expresses the interactions of cooperating
35R11 species. First, a suitable approximation problem is considered to overcome the strong degeneracy of the original
Keywords: model. Then, we establish the existence of a weak solution for the proposed system using the Faedo-Galerkin
Weak solution method and some compactness arguments.

Fractional PDE

Faedo Galerkin method

1. Introduction

Modeling and studying biological population dynamics using dif-
ferential equations is the primary concern of mathematical biology
and spatial ecology. Reaction—diffusion equations give rise to these
equations, where the reaction term represents inter- and intra-specific
equations that include birth and death variables. The word diffusion
means the species’ random spatial movement. Recent research in this
field demonstrates how another may impact the growth of one species.
These models fall within the strongly coupled parabolic systems cat-
egory and are referred to in the literature as cross-diffusion systems,
see Refs. 1-7. We breifly review the literature. Wenyan and Ya inves-
tigated the existence and nonexistence of the solution of the Lotka—
Volterra competition model with cross-diffusions in Ref. 2. Ko and
Ahn analyzed a simple food chain model with ratio-dependent func-
tional response cross-diffusion in Ref. 8. Ko and Ryu studied a steady
Lotka-Volterra predator—prey system with cross-diffusion in Ref. 9. Xie
examined the strongly coupled reaction—diffusion system describing
three interacting species in a food chain model in Ref. 10. On the other
hand, in recent years, fractional differential equations(FDEs) have been
widely used in developing biological models and other fields of science
and engineering. In particular, Baleanu et al.'’ proposed a fractional
model for the human liver involving the Caputo-Fabrizio derivative
with the exponential kernel. Baleanu et al.'? analyzed the Nipah virus
transmission dynamics with the help of the Caputo fractional deriva-
tive. Baleanu et al.'® investigated the real case of a cholera outbreak
using the Caputo fractional derivative. The dynamics of the motion of
an accelerated mass-spring system within fractional calculus studied
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in Ref. 14. Jajarmi et al.'® proposed the new generalization of y— Hilfer
fractional derivative and examined its basic properties of it.

Shigesda et al.'® generalized the Lotka—Volterra competing model
to describe the spatial segregation of interacting population species in
one space dimension. In recent years, much attention has been paid
to extending the Shigesda—Kawasaki-Teramoto model in any space di-
mension. Daoxiang et al.!” explored a delayed competitor-competitor—
mutualist Lotka-Volterra model with infinite integral. Fu et al.'® stud-
ied the existence and uniform boundedness of global solutions for
a strongly coupled reaction—diffusion system. Kim and Lin derived
the lower and upper bound of blow up estimates for solutions of a
parabolic system in Ref. 19. Mimura and Tohma discussed the problem
of competitive exclusion or competitor-mediated coexistence using a
three-species competition—diffusion system in Ref. 20. Pang and Wang
studied a strongly coupled model to understand the dynamics of a two-
predator-one-prey ecosystem in Ref. 21. Reisch et al.>? established the
global existence and boundedness of solutions of a reaction-diffusion
system modeling liver infections. In Ref. 18, Fu et al. considered the
following strongly coupled three-species cooperating model

- 2

uy, = A(dyu; + apuy + apuily) + (a) — cup + equy)uy,
— 2

uy, = A(dyuy + ay ujuy + apu; + y3tyutz) + (ay + byuy — couy + exuz)uy,
- 2

us;, = A(djuz + azusuz + a33u3) + (a3 + byuy — c3uz)us,

1.1)

with x € Q which is a bounded domain in R” having smooth boundary
0€ and 7 > 0 along with the homogeneous Neumann boundary condi-
tions. Here a;;,i = 1,2, 3, are self-diffusion pressures and a;,, @, @53, a3,
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are the cross-diffusion pressures, a;, b;, c;, d;, ¢; are real numbers, u;,i =
1,2,3, represent the population densities of three interacting species
respectively. They obtained the existence and uniform boundedness of
global solutions using energy estimates and Gagliardo-Nirenberg type
inequalities and some criteria on the global asymptotic stability of the
positive equilibrium points given by the Lyapunov function.

With «;; = 0, the above system and the homogeneous Dirichlet
boundary conditions have been studied by many authors. One can
refer Refs. 19, 23, 24 and references therein. Taking «; ; = 0in (1.1),
Bhuvaneswari et al.>> obtained explicit lower bounds for blow-up time
for three species cooperating model in a bounded domain in R? under
different boundary conditions using differential inequality technique
under suitable assumptions on the data. Kim and Lin?* obtained the
blow-up estimates for solutions of a semilinear parabolic system that
describes the simple food chain model under homogeneous Dirichlet
boundary conditions and also obtained the upper and lower bounds of
the blow-up rate. They also investigated the three species food chain
model in Ref. 19. They proved that solutions exist globally if the intra-
specific competitions are strong. In contrast, the blowing up of solutions
exists under certain conditions if the intra-specific competitions are
weak. Lin et al.?® considered the two species Lotka—Volterra cooperat-
ing model under the homogeneous Dirichlet boundary conditions. They
proved the existence of periodic solutions and blow-up of solutions.

By taking all the above papers as motivation, in this work, we
consider the model (1.1), with time-fractional derivatives.

ofu = Aldju+ (aju+apvul +(a; — cju—ejv)u in Op,
/v = Aldyv + (ayu + ayv + ayw)v] 1.2)
+(ay — byu — ¢y — e W)V in Or, ’

ofw = Aldzw + (a3v + azzw)w] + (a3 — b3v — c;w)w in QOr,

along with the initial and boundary conditions

in Q,
in 2.

u(x,0) = uy(x), v(x,0) = vy(x), wy(x) = wy(x)
u(x,t) = v(x,t) = w(x,t) =0,

where 0 < @ < 1, Oy = 2x(0,T), Z; = 02 % (0,T), L2 is a bounded
domain in R”, n < 3 with a smooth boundary 0. Here u(z), v(t), and w(z)
represent the population densities of the three cooperating species. The
constants g;,¢;,i = 1,2,3, are real numbers that represent the intrinsic
growth rates and intra-specific competition, respectively. The positive
constants e, e,, by, b; are coefficients for inter-specific cooperation. Let
T be the maximal existence time. Moreover the Dirichlet boundary
condition implies that a hostile environment surrounds the habitat.
Here we have assumed that the presence of one species encourages the
growth of the preceding one and vice versa.

As per the author’s knowledge, there is no article available in
the literature to study the time-fractional three-species cooperating
model with the Dirichlet boundary conditions. Hence, in this work in
Section 2, we established the existence of weak solutions for the time-
fractional three species strongly coupled cooperating model using the
Faedo—-Galerkin method and compactness arguments.

2. Weak existence of solutions for time-fractional three species
cooperating model

In this section, we prove the existence of a weak solution for
the time-fractional three-species cooperating model using the Faedo—
Galerkin method, apriori estimates and some compactness arguments.
Without loss of generality, the above system (1.2) can be revamped in
the following form.

ofu — Aldyu + (aju+ apvul + F = au,
ofv—Aldyv + (e u + apv+apwivl+ F, = ayv, 2.1)
0f w — Ald3w + (az0 + azzw)w] + Fy = azw,

where F; := F|(x,t,u,0,w) = clu2 + equv, F, = Fy(x,t,u,0,w) =

byuv + c,0* + eyow and Fy = Fy(x,t,u, v, w) = byow + czw?.
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Definition 2.1.  The weak solution (u,v,w) € L*(0,T;H)(2)) N
L®(0,T; L?*(R)) of (2.1) will be of the form,

T
/ (af’u,¢1)dt+d1/ VquJldxdt+/ (ayu + a1,0)VuVedxdt
0 Oor or

+ (a1|Vu+a12Vv)uV¢|dxdt+/ F]d)]dxdt:/ ajugpdxdt,
QT QT QT

T
/ (9 v, py)dt + d2/ VoV,dxdt
0 Or
+ / (a1t + apv + a3 w)VoVe,dxdt
or

+ / (g Vu+ ayy Vo + ay; Vw)oVe,dxdt
Or
+/ F2¢2dxdt=/ avp,dxdt,
Or or
T
/ <6f’w,¢3)dt+d3/ VwV¢3dxdt+/ (350 + az3w)VwVzdxdt
0 or Or

+/ (a32VU+a33Vw)wV¢3dxdt+/ F3¢3dxdt=/ aywesdxdt,
or or o

T

where ¢; € H)(2),i = 1,2,3 and (-,-) is the duality pairing between
H,(2) and H™1(Q).

Theorem 2.1. The system (2.1) admits a weak solution with an assump-
tion that uy, vy, wy € L*(2).

Since the problem (2.1) has strong degeneracy in diffusion term,
with reference to Ref. 27, we introduce an approximate to (2.1). For € >
0 be a small positive number, let us consider the following regularized
system.

0fu, —dy Au, — div[Rayy £ (u) + ayp [T )Vu, + app fH(u)Vo,]
+F . = ayu,,

0%, — dyAv, — divl(ay [F ) + 200 f(00) + ay £ (10.) Vo,
+oy £ W) Vue + a3 fF0IVw ] + Fy o = ayv,,

0w, — dzAw, — div[(az 1 (v,) + 2033 fF (W) Vw, + az, fF(w,)Vo,]

+F;, = azw,,

(2.2)

where F,, = F, (x.t,u., 0., w,), f(n) = #’\nl’rﬁ = max(0, n), for any

n € R. Let us consider the diffusion matrix A in Box I which is uniformly

non negative. Let A = [A; A, Aj3], where A; € R. Using a;; > ‘%,

ap > 2 agy > 22, ayy = ay1,ap; = a3 and also using the inequality
ab > a* - b%, Ya,b € R, we get

AAAT = AR2ay, fH ) + Aapy £ (V)

+ A Ay [ () + Ay Agayy [T we)

+ Aoy f1ue) + 24500 £ (0,)

+ Aoy fH(w,) + Ay Az, fH(w,)

F Ay Ay fH(0) + Mgy fF(0,) + 24735 fF (w,)

A2Qayy — ) [T + A2Qay, — ay) £ (v,)

+ A2 Qaz; — ap) £ (w,). (2.3)

v

We now apply the Faedo Galerkin method to establish the existence
result for approximation system (2.2). Consider the spectral problem
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201 fF(u) +apn fH(0) ap fl W)
A= ay fF(v,) ay [T () + 2000 fF () + a3 1 (w,)
0 an fF(w,)

an fF(ve) + 25 £ (w,)

0
@y fF(We) ;

Box I.

to find e € 2 and a number k such that

(Ve,V¢p) = k(e,¢p) in £, }

e = 0 on 0RQ. 24

Therefore, the above mentioned spectral problem possess a sequence
{e;} of eigenfunctions, which is an orthogonal and orthonormal ba-
sis in H(}(Q) and L?(Q) respectively. For a fixed positive integer n,
let us find functions !, v and w! for x € £, and ¢t > 0 of the
form

ul(x,1) = Z Cy e (x), vix,1) = Z Cy (e (x),
’:i = (2.5)
w'(x,1) =Y Cy,,, (D) (x).

I=1

We need to find the coefficients {Cj,nJ}/n:l’ j = 1,2,3 such that for
m=1,2,3,...,n, we have

(a;'uf_,em)+d1/QVuZVemdx+/Q(a“f:(ug)+a,2f:(ug)>

XVugVemdx+/(a“Vug+a12VUg>f:(u2’)Vemdx
Q
+/F1’€emdx:/a1uZemdx,
Q Q
<0;’vz,em>+d2/QV02Vemdx

+ / (@ £ @) + ann £ D) + s £ )
Q

xVulVe,dx + /
Q

+/F29€emdx=/azugemdx,
Q Q

<0;’w2,em> +d; L Vuw!Ve,,dx

(a21Vu2’ +ayn Vol + a23Vw2)f€+(vg)Vemdx {

+/(a32f:(ug)+a33f€+(wg))ngvemdx
Q

+ / (a32ng +a33ng)f:(wg)vemdx
Q

+/F3Y€emdx:/a3w2emdx,
Q Q

and the initial conditions,

(2.6)

Up(x) =Y Cpy0)e(x),

u(x,0) =
=1

VI0) = 0,0 = Y Co(Oe(),
=1

wix,0) = we,(x) = Y Cy,(0)eX).

I=1

On the boundary, by using (2.4) we have u!(x, 1) = v(x, 1) = w!(x,1) = 0.
Using normality condition, we write (2.6) as follows

OCD;xcl,nAVk = —dl/VuZVemdx
Q
- /(anfj(ug)+alzf:(vg))Vu2’Vemdx
Q
_ /Q(a“w;+a12Vug)fj(ug)vemdx

—/Fl’é,emdx+/alu2'emdx
Q Q

= GYAAC | ACo Y ACs b))
th“CZ,,,’k = —dZ/QV02Vemdx

_ [Q(omfj’(u?)+a22f:(02)+a23f:(w2')>

xXVulVe,dx @.7)

— /Q(aleug +an Vol + a23Vw2’>f€+(vg)Vemdx
—/er(x,t,ug,vg,wg)emdx+/azvg’emdx
o 7 Q
= Gy AC i AC Y G B s

EDICy . = d3/VWQVemdx

7 a
_/Q(%zf:(UZ)+a33f:(w;’)>ngVemdx
Al

/ a3, Vol + a33VwZ>f:(wZ)Vemdx
Q

_/F3€(x,t,u2,vg,w’g)emdx+/a3w2emdx
Q Q

= G;"(t» {Cyny }7:1’ {Cony }7:1’ {Cs s }7:1)~

The system of Egs. (2.7) is a system of nonlinear fractional ordinary
differential equations. Here all G;.”, j = 1,2,3 are continuous functions
of C;, (). Using standard fractional order differential equations the-
ory, (2.7) has a local solution in the form of (2.6). Given absolutely
continuous coefficients b; , ,()¢,(x), j = 1,2,3, we set

byt X)= Y b, (e (x),j = 1,2,3.
I=1
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It follows from (2.6), that the finite dimensional solution satisfies the
following weak formulations for each fixed ¢,

/6,’"u2’d>1ndx+d1/Vu2V¢1ndx
Q ’ Q ’

+/ (allf:(ug) + alzf:(ug))VugV(ﬁl,ndx
Q
+/ (a1 Va? +a|2VvZ>f:(uf_)V¢]V,,dx+/ Fi ) ,dx
Q Q
= / ayuld) ,dx,
; :
/ 6;’Ug¢zyndx + d2/ ViV, ,dx
Q Q
+/ (@ £ @ + an fF @D + as 1)) '
Q
XVU"V by ,dx + / (a1 Vi + @ Vel + as Vael ) £ @V dx
2
+/ F2,€¢2,Ildx = / 0202¢2,ndx’
Q Q
/Q 0w by dx + d /Q V! Vebs dx + /Q((xnf:(vz) +an )

X V!V ,dx + /Q(%zVUZ + aBng)f:(wg)Vqﬁi,,dX

+/F3,e¢3,ndx=/03w2¢3,ndx'
Q Q

Upon taking ¢, = u; ¢, , = v!;¢3, = w! and using the Lemma (2.3)
in Zhou and Peng,’® we get

C 2 2 2
OD,“/(|ug| + 10 + | )dx
n2 n2 n2
+ (d1|Vu€| +dy| VoI + ds V| )dx

+ (Fl,e”g + B v + F3’€we)dx < C/ (|u:|2 + |UZ|2 + |wg|2>dx
Q Q

(2.8)

where C is a positive constant which is independent of n. Therefore,
we get

/(|ug|2+|ug|2+|wg|2)dx5c, (2.9)
Q

for some positive constant C that is independent of n. From the above
equation we conclude that

gl oo 0,75 020 + Ve L0, 75120) + Nl Lo o, 7522¢2)) < C- (2.10)
With reference to Eq. (2.9), we get

”Vuglle(Q,i,) + ||VUZ||L2(Q,I~,) + ||ng||L2(Q,i_) <C. (2.11)
Using Egs. (2.10) and (2.11), we get

I Fy 5'45”L1(QT) + ”F2¢U€||L1(QT) + I1F3 5‘45”L1(QT) <C. (2.12)

In order to use compactness argument Theorem 2.2 in Temam,?° we
need to establish that zero extension of !, v? and w’ are bounded
in W*(R; H(; (2); L*(22)) which was defined by Zhou et al. in Ref. 30.
Further to avoid confusion we use T instead of T'.

Lemma 2.1. Let uy, vy, wy, € L*(2), then sequences {u,"},{0,"} and
{18} are bounded set of W*(R, H,(£2), L*(£2)) where

te[0,T],
R\[0, .

Ze,n(x’ 1),

Z,,(x1) = { 0 (2.13)
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Proof. To show that {i,"},{s,"”} and {i,"} are bounded in W*(R,

€

Hé (), L*(2)), we need to verify,

[2 2 (oldr < e,

0 €

[P oldr < e, (2.14)
L2 1w (oldr < e,

for some p > 0 and 4,", 5." and «&," denote the Fourier transform of
{u,"},{v,"} and {5."}. To prove (2.14), let us rewrite (2.6) as follows

(5D ;)

(Fo ) + @000, 0)_ 1175 = G, b)),
(§0r0.8)) = (Fudh ) + @00 8- 1}76) = WD) ) )61,

(§ D1 ;)

(Fusoh) ) + (00, ) 175 = T, ) 15,
(2.15)
where, F, F,n and F,, are defined as follows
Fpo= di A +div|(ay, 7@+ ap fF 0DV + alsz(uﬁ)VUf-]
- Fl,e +agug,
Fyp = dyAu? + div| (g S0+ o [0 + as £ @)V
SOV + a23f;(ug)ng] - B +ay,

Fup = dydufl + divl(anf:(UZ) s W)V + a [ W)V
=B +azwg.
Using Fourier transform to the first equation of (2.15) we get
@rin) ")) = (Fipo ;) + @2(0), ¢ )(2rir)
- W'(0), ;) Qrmir)* e 2T

Replacing ¢; as v, we obtain

@rio)|i,"|* = <F Sl >+(ug(0), W) Q2rit)* -l (1), i) 2mit)* e 2T
(2.16)

With the help of Eq. (2.10) in (2.16), we get

sup ||F (T)”H 1(Q) <C.

TeR

Since u, is bounded on L*®(0,T; L?(2)) from (2.9) and (2.10) we get
|u,(0)] < C and |u,(T)| < C. Therefore (2.16) becomes

~ 2 A
[z|%|ut(z)|” < Cmax{1, || l}llugllyé(g)-
For fixed y < 5, we see that

1 ~
[ wpartas s co [~(E D Yt

<) / WE 12, de

H\@
+C (y)/
: T

]! Ol 1)
Applying the Parseval equality, the first integral is bounded as n — .
Consider

T

o |T|a_1 ”uAn(T)”H[;(Q)
/.

L+l 1/2 1/2
® dz 2a-2
< (/_oo 1+ ITIO’_2}')2> (-/—oo =™l (T)”Hl(-()))

Again consider,

oo T
20-2 2 _ | u" 2
[, dr = [ o O o
I-a 2
< (75=9) e, dr
T2-a) H)@
<C.

Therefore, u” is bounded in W*(R, H(;(Q), L*(£)). Similarly we can
prove that o and w” is bounded in W*(R, HS(Q), L2(Q). O
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Using Egs. (2.10), (2.11) and (2.12) we get

(ul, v, wl) = (ug, v, w,) weakly* in L*(0,T; L%(Q)) a.e in Or,

W, v, wh) = (u,, v, w,) weakly in L2(0,T; H) (L)),

F o (e t,u, 0", w"y = F; (x,1,u,, 0., w,) weakly in L2(Qy), i = 1,2,3,

(Vu', Vo', Vw!) = (Vu,, Vo,, Vw,) in L*(Qy),

fEW) = fXu) aein Or,

fEW) = fFve) aein Oy,

frwh = ffw,) aein Of.

From the estimates (2.10), (2.11) and (2.12), Lemma 2.1 and by
using Theorem (2.2) in Temam,?’ we get

u" - u, strongly in L%(0,T; L*(Q)), v" — v, strongly in L(0,T;
L2()), w! — w, strongly in L2(0,T; L*(Q)).

Consider ¢;(x,t) = Y, a;,(x,0)e;(x), where a;,(1),j = 1,2,3 are
C1([0,T]) functions and ¢;(,T) = 0. Multiply first equation of (2.2)
with ¢, (x,7) and integrate the resulting equations from 0 to 7, and ¢, to
t and then subtracting the resultant we get,

(e n(t0)s P1) — (e, (1), 1)
= /OIO{(to — )01 — (1 — 5)*! [(dlwg,v(pl) + ((a“f:(ug)
+ap WD)Vl Vqﬁl) + ((oy Vil + ap VO fHW), V)
+(Fpe ) — (alug,¢1)] }ds
- /tt{(z— 97y Vut, Vo) + ((ann @)
+a1;)f:(ug))VuZ, Vqﬁl) + ((a“wg + aung)f:(ug),V(z:l)
+(Fpe ) — (a]ug,q.’))] }ds.

Since u! — u, weakly in L%(0,T; H,j(£2)), we assume that u/ (1) —= u,(to)
for all 7, € [0, T]\K, for some K satisfying meas(K) = 0. Therefore, we
get

lim u, ,(ty) = u,(ty) in L*(Q) for t, & K.
n—oo ?

Using Lemma 2.1 and Lebesgue dominated convergence theorem, we
obtain

(uc(t9), ?31) = (u (1), ¢1)
= [Nt =s = o [ Ve Vo) + (a1 12 00
+a ) Va,, V¢1) + ((aUVuE +ap Vo) £ (), qul)
+ (P o) = @yt )| ds
- / (- sy |1 Vue, Vo) + ((@nr £ o) + ana £ 000 Vi, V) )
+ ((zomwe VIS W), Vb ) + (Frs ) = (@t o) ds,
for all ¢, € LX(0,T; H)(L2)). As t — 1, we get
(ue(to), d1) = (u (1), ¢y) = 0.
Similarly as in Zhou,?' we can show that

(We(t0), h2) = (VD). p) = 0,

(w(19), 3) — (w,(1), d3) = 0.

This concludes the existence of solution to the approximate problem
(2.2). Proceeding similarly like the estimates (2.10), (2.11) and (2.12)
for u,, v, and w,, we can infer that

lluell oo r;r2@p + W0ell o2y + 1Well oo rir20y < Cs
"”e”LW(o,T;H(; @ T ||Ue||L°°(0.T:Hl§(Q>) + ||Ws||L°°(0,T;1-1(§(.Q)> < G
1Fy e, tte, 0wl 110y < C, (2.17)
[1Fy (et ttes U, Wl 10y < C,
"Fz,c(xs 1, uc’uc’wc)”Ll(QT) < C.

Lemma 2.2. Let uy, v, and w, € L*(2) and hypothesis (H1)-(H3) holds,
then i, 0, and 15, are bounded set of W*(R, Hé(.@), L2(Q)).
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Proof. The proof of lemma follows as in Lemma 2.1. []

Proof of Theorem 2.1. From the above estimate (2.17) we can
find that sequences {u.}, {v.} and {w,} have convergent subsequences
which we label as u,, v, and w, such that

(e, v, w.) = (u, v, w) weakly* in L®(0,T; L*(Q)),
(e U, wp) = (u, v, w) weakly in L®(0, T H(; (2)).

In view of Lemma 2.2 and Theorem (2.2) in Temam,2° we obtain,

(U, Ve, w,) — (u,v,w) strongly in L*0,T; L*(2)),
F, (x,t,u., 0., w.) = Fi(x,t,u,0,w) strongly in L?(0,1; L*(2)),i = 1,2,3.

Using Holder’s and Young’s inequalities, we get

€Ul

1+ eu,

A

1fou) = ull 20,y < V2l —ull 20, + V2

L2(Qr)

IA

V2llu, — 2o
2 =
3 3
V26 Wtell o 71200 141l 220732502

From the Sobolev Embedding Hé(Q) c L%Q), we get f(u) —
u strongly in L?*(Qy). Similarly we can prove f(v.) — v and f(w,) —
w. [

3. Conclusion

We established the existence of weak solutions of time-fractional
strongly coupled three-species cooperating system of equations with
the Dirichlet boundary conditions. We employed the Faedo-Galerkin
approximation method and convergence results to prove the existence
of solutions of the considered model.
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