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Abstract

In this work, we investigate the existence of mild solution for semilinear integro-differential
systems and semilinear neutral integro-differential systems with state-dependent delay in
Banach spaces. Using Monch’s fixed point theorem, the theory of Grimmer’s resolvent oper-
ator and the idea of measures of non-compactness, we prove the existence results. At the end,
an example is given to further illustrate the conclusions drawn from the theoretical study.
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1 Introduction

The term “neutral differential equations” (NDEs) refers to a differential equation in which
the derivative of the unknown function is evaluated at both the past time t — s and present
time s. Most of the application problems depend on the history of the function. Although
delays are inevitable when modelling differential equations, its derivation led us to neutral
evolution dynamical systems. There has been growing interest in exploring NDEs due to
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its applications in applied mathematics, engineering, ecology and physics. Besides these, in
modelling of network containing lossless transmission lines NDEs appear. These types of
networks occur in high-speed computers, when switching circuits are connected by lossless
transmission lines, we refer to [9] for additional details. To our knowledge, the majority of
the work currently in print focuses on NDEs [5, 31, 35].

On the other hand, integrodifferential equations arise and have gained significant attention
in various fields of application such as engineering, electronics, fluid dynamics, physical
sciences, and so on. Recently, qualitative and quantitative properties such as existence,
uniqueness, stability, and controllability for various types of integrodifferential equations
have been extensively studied by many researchers using the resolvent operator theory and
fixed point theorems; see [1, 3,4, 16-19, 21, 22, 29]. The phenomena do not fit into the frame-
work of conventional differential equations. Because of this, integrodifferential equations
have been receiving more attention recently from physicists, mathematicians, and engineers.
The theory of integrodifferential equations with resolvent operators has therefore received a
lot of mathematical attention in recent years, (see [15, 23, 32] and the references therein). In
fact, the resolvent operator, which takes the place of the Cy-semigroup in evolution equations,
is critical in solving these equations, in both the weak and strict senses.

Furthermore, functional differential equations with state-dependent delay (SDD) exist
often in many applications, such as electrodynamics, automatic and remote control, machine
cutting, neural networks, population biology, mathematical epidemiology, and economics, as
well as the qualitative theory’s distinction from discrete and time-dependent delay theories,
have made the theory of these equations a subject of intense interest and ongoing research.
Chalishajar et al. [11] demonstrated the controllability of impulsive neutral evolution inte-
grodifferential equations with SDD in Banach spaces by introducing a SDD into the equation.
According to Kailasavalli et al. [28], the exact controllability of fractional neutral integrodif-
ferential systems with SDD in Banach spaces can be achieved by the use of state-dependent
delay. We refer the reader to the book of carnada et al. [10] for more information on the theory
of differential equations with SDD and their applications, as well as the papers [6, 7, 26, 33].

The existence results for integrodifferential equations and neutral integrodifferential
equations with SDD and without delay have been extensively studied in the recent years.
Suganya et al. [33] analyzed the existence results for an impulsive fractional neutral integro-
differential equation with state-dependent delay (SDD) and non-instantaneous impulses in
Banach spaces by using Darbo fixed point theorem combined with the Hausdorff measure
of non-compactness. In [21], the authors proved the solutions of neutral functional integrod-
ifferential equations with an initial condition in finite delay. Very recently, authors in [22]
considered existence results for a class of impulsive integrodifferential equations with SDD
based on fixed point theorems and resolvent operator theory. Ahmed [2] proved the existence
of mild solution to Sobolev-type fractional stochastic integrodifferential equation with non-
local conditions in Hilbert space. Ahmed et al. investigated the existence of mild solution
for Sobolev type nonlinear impulsive delay integro-differential system with fractional order
l<a<2.

Inspired by the above discussion, we aim to investigate in this paper the existence of
mild solutions for systems (1.1) and (1.2), which are news models. We will prove our results
with the help of the theory of Grimmer’s resovent operator coupled with Monch fixed point
theorem and the notion of measure of noncompactness.

However, to the best of our knowledge, the study of existence results for systems(1.1)
and (1.2) with Monch fixed point theorem has not yet been done, which is an additional
motivation. The aim of this manuscipt is firstly to discuss the existence of mild solutions of
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semilinear integrodifferential equations with state-dependent delay (SDD) in the form

t t
c(1) = Ac(r) +/0 F(t — $)¢(s)ds +g<t, ;p(s,m,/o h, s, ;p(x,m)ds),
t € J =10, 400), (1.1

(1) =¢(t) € B, 1 € (—00,0],

where A is the infinitesimal generator of a Cp-semigroup (S (t)) />0 On @ Banach space H,
g:JXBXxH—>H,h:KxB— H,where C={(t,s) e I xJ:0<s <t < +o0},and
B is the phase space to be described later and p : J x B — (—00, +00) is a given function
which satisfies certain assumptions to be specified later on. ¢; : (—o00,0] — H, &(0) =
¢(t 4+ 6), 6 <0 belongs to an abstract phase space B.

In the second part of this work, we investigate the existence results of the following
semilinear neutral integrodifferential systems with SDD of the form

d(L(t) = £t Cpag))) = AC(D)dt
+( Jo Ft —9)¢(s)ds + g(r, Epts.c00s Jo Bt s, cp@,;:))ds))dn

teJ =10, +00), (1.2)

C() =¢@) €B, 1 €(-00,0],

where f : J x B — 'H is a given function and the other functions mentioned in (1.2) are the
same as described in (1.1).

Remark 1.1 The advantage of Monch fixed point theorem is that it helps to find the fixed point
of the mild solution of system (2.5) without assuming the compactness of the semigroup.
As remarked by Triggiani [34] in an infinite dimensional Banach space, the linear control
system is never exactly controllable on a given interval of time, if either a bounded linear
operator (from control space to state space) is compact or a semigroup is compact. According
to Triggiani [34], this is a typical case for most control systems governed by parabolic partial
differential equations, and hence the concept of exact controllability is very limited for many
parabolic partial differential equations. We are discussing here neutral integrodifferential
equations with state-dependent delay in Banach spaces. So according to Triggiani [34], we
have to get rid of the compactness assumption of the semigroup/the resolvant operator. We
have used MNC for the same reason. This is one of the novelties of the present work.

The following are the most significant contributions made by this work :

e In order to guarantee the existence of a mild solution for system 1.1 and 1.2 a new set of
sufficient conditions has been constructed.

e By applying the theories of resolvent operator in the sense of Grimmer and measure of
non-compactness, it is possible to demonstrate the existence of a solution through the
use of the Monch’s fixed point theorem.

e The results of this paper are a generalization of the research on differential equations
with state-dependent delay that has already been published.

e In addition, an example has been constructed to illustrate our findings.

The structure of this article is as follows. We introduce some basic findings in Sect. 2 that
will be used to develop the paper. In Sect. 3, we establish the existence results by means of
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Monch fixed point theorem. At the conclusion, an example is offered in Sect. 4 to illustrate
the theoretical results.

2 Preliminaries

This section contains some of the notations used throughout this manuscript and collects
some material which is important for our work.

Let BUC be the space of all bounded uniformly functions from (—oo, 4-00) into H. Let
BC be the Banach space of all bounded and continuous functions from (—oo, +00) into H
equipped with the general norm

IZllBe = sup  [£(@)].

te(—00,400)

Finally, we denote by BC™ the Banach space of all bounded and continuous functions from
[0, +00) into H equipped with the general norm

ISlge+ = sup  [£(D)].
tel0,400)

2.1 Phase space B

It must be made clear that once the delay is infinite, we may discuss the theoretical phase
space B in a useful manner. In this manuscript, we discuss phase spaces B, which are the
same as those presented in [24, 25]. We therefore skip the details.

We assume that the phase space B will be a linear space of functions mapping from
(—o00, 0] into H endowed with a seminorm || - || 3, and satisfying the following axioms:

(A1) If¢ : (=00, T] = H, T > Ois such that {y € B, for every ¢ € J, then we have:

(i) ¢ € B.
(i) There exists / > 0 such that (1] < /]|¢ 5.

(i) 15 lls = Y1) sup [[E(@I + Yi(@)lISolls, where Ty : [0, +00) — [0, +00) is

0<t<t
a continuous map, and Y : [0, +00) — [1, 400) is a locally bounded map, and
Y1, Y, are independent of ¢ ().

(A3) For ¢(:)in (A1), s — & is a B-valued continuous map on J.
(A2) The phase space B is complete.

We will denote by Y| = sup{Y1(t) : t € J} and YJ = sup{Y2(t) : t € J}.
Let R(p™) be the set defined as

R(p™) ={pGs, ¥) : (s,¥) € J x B, p(s, ) = 0}

Assume that p : J x B — (—o0, T'] is continuous and the subsequent hypothesis holds:
(Hy) The map ¢ +— 1 is continuous from R(p™) into B, and there exists a bounded and
continuous function NV : R(p~) — [0, +00) such that

I¥ells < NV @)Y s, forevery t € R(p™).

The following result will be required in computation.
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Lemma 2.1 [27] Let ¢ : (—o0, +00) — H be a continous function such that §o = . If
(Hy ) holds, then

Izl < (05 + NV ells + 7 supllig ()l < ¢ € [0, max{0, T}} T € R(p)UJ,

where NV = sup NV (0).
teR(p™)

Definition 2.1 A function g : J x B — 'H is said to be of the Carathéodory if

(i) o +— g(t, ¢) is measurable for all ¢ € B;
(i1) ¢ +— g(t, @) is continuous for almost each ¢ € J.

2.2 Integrodifferential equations in Banach spaces

Now, let us review some of the fundamental aspects of the concept of the resolvent operator.
Consider the following integrodifferential equation

t

u' (1) :Au(t)—i—[ F(t — s)u(s)ds fort >0
0

u(0) =ug €€,

@2.1)

where A and F(¢) are closed operators on the Banach space £. Let Y be the Banach space
formed from D(A) with the graph norm

lxlly = [[Ax]l + llx[l, forx € D(A).

In what follows, we suppose that A and (F (z)) o satisfy the following conditions:

>

(R1) A is the infinitesimal generator of Co-semigroup (S (t)) >0 in €.

(Rp) Forallt > 0, F(t) € L(Y, &), and for each u € Y, the function F(-)u is bounded,
differentiable and the derivative F /(-)u is bounded and uniformly continuous on
[0, +00).

Definition 2.2 [23] A family of bounded linear operators (Q(t)) >0 C £(&) is said to be a
resolvent operator for Eq. (2.1) if Q(¢) satisties the following properties for all ¢ > 0:

(i) Q(0) = I (identity operator on £) and || Q(r)|| < Me®' for some constants M and w.
(i) Foreachu € &, Q(t)& is strongly continuous for ¢ > 0.
(ili) Foru € Y, Q()u € C'([0, +00), &) N C([0, +00), Y) and

t
Ql(t)u = AQ(t)u +/ F(t —s)Q(s)uds
0
t
= Q(t)Au —l—/ ot —s)F(s)uds for t > 0.
0

Theorem 2.2 [23] Assume that (R1) and (R3) hold. Then, Eq.(2.1) has a unique resolvent
operator (Q(t))tzo.

Theorem 2.3 [15] Assume that (Ry) and (R») hold. Let (Q(t))l>0 be the resolvent operator

of equation (2.1). Then, Q(t) for t > 0 is operator-norm continuous (or continuous in the
uniform operator topology) if only if S(t) is operator-norm continuous for t > 0.
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In the following, we give some results for the existence of solutions for the following
integrodifferential equation:

t

u/(t) = Au(t) +/ F(o —s)u(s)ds +9() fort >0
0
u(0) = ug € &,

(2.2)

where ¢ : [0, +00) — £ is a continuous function.

Definition 2.3 [15] A continuous function u : [0, +00) — €& is called a strict solution of
equation (2.2) if:

1. u € C1([0, +00), £) N C([0, +00), Y),
2. u satisfies equation (2.2) for ¢ > 0.

Theorem 2.4 [15] Assume that (Ry) and (Ry) are satisfied. If u is a strict solution of
equation (2.2), then the variation of constant formula holds

t
u(t) = Q(t)ug —|—f ot — s)¥(s)ds, fort>0. 2.3)
0

2.3 Measure of noncompactness

Here, we introduce some notions and properties about the Kuratowski measure of noncom-
pactness (KMNC).

Definition 2.4 [8] The Kuratowski measure of noncompactness «(-) defined on bounded set
G of Banach space H is

a(G) =inf{e > 0 : G = UL, G; and diam(G;) < efori = 1,2,...,m}.

Theorem 2.5 [8, 14] Let o denote Kuratowski measure of noncompactness on the real Banach
spaces H and G, G1, Gy C 'H be bounded. The following properties are satisfied:

() If G1 € Gy, then a(G1) < a(G2) (Monotonicity).
(i) «(G1) = a(G1) = a(convG), where G and convG mean the closure and convex hull
of G, respectively.
(iii) G is pre-compact if and only if (G) = 0 (Regularity).
(iv) a(AG) = |A|a(G) for any A € R.
(V) 2(G1 U G2) < max{a(G1), a(G2)}
vi) a(G +v) =a(G) forallv € H.
(vii)) a(G1 4+ G2) < a(G1) +a(Gy) where B+C ={x+y: xe€ B, yeC}.
(viii) Ifthe map ¥ : D(9) € H — U is Lipschitz continuous with constant «, then

x(PG) <k a(G)
for any bounded subset G € D(1).

Lemma 2.6 [8, 14]Let F| and F> be two bounded sets of a Banach space H. Then:

() If Fi € Fp thena(F1) < a(F2),
(i) a(F) =0 <= F) is compact (F] is relatively compact),
(i) a(F1+ F2) < a(F1) +a(F).
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More details on the Kuratowski’s measure of noncompacness can be found in Goebel [8] and
Deimling [14].
The next results play an important role in demonstrating our key findings.

Lemma 2.7 [12] If G C H is bounded for a Banach space H, then a countable subset
Go C G exists, for which a(G) < 2a(Gy) exists.

Lemma 2.8 [13] Let H be a Banach space, and G = {¢,} C C([t1, 12], H) be a bounded and
countable set for the constants —00 < t] < tp < 400. Then a(G(t)) is a Lebesgue integral

on [t1, ] and
o) 12}
a({/ Sn(t)dt in € N}) 5/ a(G(t))dt.
n n

Now, we give the following well-known result, referred to as Monch fixed-point theorem,
which is a useful tool for explaining our results.

Theorem 2.9 (Monch fixed-point) [30] Let O be a boundedn closed, and convex subset of
a Banach space G such that 0 € O. Assume that ¥ : O — O is a continuous map which
satisfies Monch’s condition, that is,

N € O is countable, N C conv({0} U W(N)) —> N is compact.
Then V has a fixed point in O.

To end this current section, we present the mild solutions of the systems (1.1) and (1.2). From
Theorem 2.4, we adopt the following concepts of mild solutions of systems (1.1) and (1.2).

Definition 2.5 A function ¢ : (—00, +00) — H is called a mild solution of the system (1.1)
when the following conditions are satisfied: {p = ¢ € B on (—o0, 0] and the restriction of
¢(+) to [0, +00) is continuous and satisfies the subsequent equation:

Y, t € (=00, 0],

t s
Q(r)¢(0)+/0 Q(r—s)g(s,gp(s,{s),/o hs, T, gp(r,;,))dr)ds, rel.
(2.4)

g =

Definition 2.6 A function ¢ : (—o0, +00) — H is called a mild solution of the system (1.2)
when the following conditions are satisfied: {o = ¢ € B on (—o00, 0] and the restriction of
¢ () to [0, 400) is continuous and satisfies the subsequent equation:

¥, 1 € (—00,0],
c(t) = 1 QOO = O, 91+ [t Epae) (2.5)

t s
+/ Q(t—s)g(s,;p(s,m,/ h(s. T, CP(,,gr))dT)ds, rel.
0 0

3 Existence results
In this section, we discuss the existence results for the systems (1.1) and (1.2) in accordance

with the Monch’s fixed-point theorem, which is a useful tool for proving our results. To do
this, we first introduce the following hypotheses:
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(Hp) The resolvent operator (Q(t))t>0 is norm-continuous for # > 0.
(H3) The function h : K x B — 'H satisfies the following conditions:

(i) For every (¢, s) € K, the function h(t, s, -) : B — 'H is continuous and for each
x € B, the function h(-, -, x) : K — H is strongly measurable.
(ii) There exists an integrable function vy : J — [0, +00) such that

lh(t, s, x)|| < vi(®)|x|pforae.t,s € J, x € B.

Assume that the finite bound of f(; v1(s)ds is ag.
(iii) There exists an integrable function (¢, s) : J x J — (0, +00) such that

a(f(t,s,Gp)) < l(t,s)[ sup ot(G1(z)):| forae. t,s € J,

—00<z=<0

t
where G1(z) = {v(2) : v € G1}; a is the KMNC and denote [* = / I(s,v)dv <

0
0.

(H3) The Carathéodory function g : J x B x ‘H — H satisfies the following conditions:
There exists an integrable function v : (—o0, +00) — [0, +00) such that

gt x. ) < vO)(xlls+ o), 1€, xeB, peH

and

t
v* = sup/ v(s)ds < oo.
0

teJ

(Hy) Let G, ¢ B, G C Handeacht € J, we have

a(g(r, Gz,G))Sv(I)[ sup Ot(Gz(Z))-FOt(E)],

—00<z=<0

where G2(z) = {x(2) : x € G3}.

Theorem 3.1 Assume that assumptions (R{)—(R2) and (H})-(Hy) hold, then the system (1.1)
has at least one mild solution on ), provided that

S=2(1+1"YMv* < 1. 3.1

Proof Consider the space Y, = {¢ € C(J, H) : ¢(0) = ¥ (0)}. We aim to apply Theorem 2.9
to the operator F : )y — ) defined as:

¥, t € (—o0, 0],

FO@) = d s
FH® Q(t)w(0)+/0 Q(r—s)g(s,;,,(s,m,/o hs, T, ;p(r,;,))dr)ds, rel.

The transformation that we are going to use now is to simplify the calculations and the
conditions and not to have a norm as soon as our space is already a Banach space Let
£(-) : (—o0, +00) — H be the function defined by

(1) = ¥, t € (=00, 0],
OM)e(0), t e J.
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Then 6y = ¢. Let £ € C(J, H) with & = 0, we denote by & the function given by

- o, re (o001
50 = :g, tel.

If ¢ () satisfies (2.4), we are able to splitit as ¢(¢) = 6(¢) 4+ &(¢), for > 0 which implies that
& = & + 6, and also the function 6(-) satisfies
t
¢ = [ 0= 9s(s. b0
s
F0p(s.6+6,) / (s, &p(s &etor) + 9p(s,sf+0f>)df)ds, rel.
0

Let Y =1{& €V 1 £ =0 € B}). Let & € )7, then
I€lly0 = lI§ollB + sup{lv(®)] : 0 < 1 < +00}.

Thus (y,o - IIyP) is a Banach space. Next, the operator F: y? — y,o is defined by

t
(F&)(@) 2/0 Q(I—S)g(s,%“p(s,maa

N
+9p(s,£5+95>,/0 h(s, &ps.e.+6,) +9p<s,§,+9r>)df)d& rel.

The claim that system (1.1) admits a mild solution is hence equivalent to the fact that the
operator F has a fixed point. Since F also has a fixed point, it follows that the operator F
does as well. Next we prove that F has a fixed point by the means of Theorem 2.9. To this
end, the proof is splitted into several steps.

Step 1: F maps y,O into y?.
Using Lemma 2.1 and the phase space axioms, we get for every ¢t € J

1€ocr.6+60) T Opir.ei 400 1B < 115p.t+0) 1B + 100,540 |B

< T1OIED] + 20 [€olls + T1O0@) 13 + T2() 160118
< TIOEO]+ YOIV O) I3 + (X2 (0) + N 1Y lIs
S THEDOI+ YTMLIY |+ (Y3 + NIV

S THEDI+ YTMLIY |+ (Y3 + N)v s

= TTEOI+ (FML+ 15 + N[y |s.

Then, we have
IEpa.6+00 + Opr i vonlls < ¢+ YTIED] = c+Tr =7, (3.2)

where ¢ = (Y; ML + T§ + NV)|[y| 5 and |£(t)| = I€llyo < r. Then, by (Hy) and (H3),
we have for every t € J

IFOHO

t s
5/ HQ(Z—S)g<s7€p<s,s,-+e,->+9p(s,a-+9,-),/ h(SsT,c?p(r,meI)+9/)(r.sr+91>)df)
0 0

)

@ Springer
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t s
< M/O U(n“)(”ép(s,&—}—%) +¢9p(s,ss+9s)||3+/0 vl(r)(ll§p(r,g,+9,)+9p(r,g,+9,)||6)df>>ds

t
< M./o v@) (e + T{EW] +aole + YTIEG)D )ds

< Mv*(c + Tl*llélly,o +ao(c+ TTll%’llyp))
< Mv*(1 + ao)(c + TT”s”y,O)-

Therefore F(£) € JP.
Moreover, let r > 0 be such that

- Mv*(1 + ag)c
r
T 1= Mv*(1 +ap) Yy

and B, be the closed ball in ¥ centered at the origin and of radius 7. Now, take £ € B, and
t € [0, 400); then

I(FE) (@) < Mv*(1 4 ag)e + Mv*(1 + ag) Y.

Hence [|£]lyp < r, which implies that F(B,) C B,.

Step 2: F is continuous.

Let {£"} be a sequence such that £” — & asn — oo in B,. First, we examine the convergence
of the sequence {fz(&g@}nel\h s € J. From the continuity of p(s, -), we have §,(s.gn) —
§p(s,6), S € J,asn — oo. Lets € J be such that p(s, &) > 0, then we obtain

5 = [&0c.en — So.en | s + 606,60 — Enss)
=Y =&+ [Epen) — Episen

which implies that§ ) ..y — §5(s,5,) iIn Basn — oo forevery s € J such that p(s, &) > 0.
Similarly, if p(s, &) < 0, we get

185 6.em) — Eps.) 5

B

|&56.en) — Er.olls = |V — Vo0 | 5 =0

and we deduce that Eg(&é;’) — &p(s,6,) inBasn — ooforevery s € J suchthat p(s, &) < 0.

In the same manner, we can easily show that E/’)’(S gy Y in B as n — oo for every
s € J such that p(s, &) = 0. Therefore, gg(s’és,,) — &p(s,8) iInBasn — ooforeverys € J.
Also, since g is a function Carathéodoty, we have

N
g(s’ Spis.ervoy T 9p(s,::f+es>,/0 h(s, T8 enyo, T 9p(r,sf+9,))df)

N
- 8(37 Epsgton) 9p<s.§s+0s>’/0 h(s. 7. 8p.gc400) + 9p<r,sf+er))df) asn — 0.

It follows from the Lebesgue dominated convergence theorem, that

I(FE™) (1) — (F&D)|
t s
5/0 ”g<s"53<s,sy+es) +9ﬂ<ss¥s”+05>’/0 h(s, T8 env0,) +9ﬂ<ffr"+9z>)df>

N
— (5, Epts.6,+00 + Bots.tira0) /0 hS. T, Ep(rr+o0) + Opirr+00)dT ) |ds

— Qasn — oo.
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Consequently,
I(FE™) — (F&)llg — 0asn — oo

and the operator F is continuous in Bj.
Step 3: F maps bounded sets into equi-continuous sets in B,.
Take 0 <t < 1, < B and for each £ € B,, we sustain

~ ~ !
1P = FOuln < [ 106 =5) = et =) s s+ fnct 10
N
+9p<s,ss+es)a/ h(s, T, Ep(r.gc+0) +9p(r,s¢+6y>)df) Hds
0

5]
+ [ 106 =91 g(58ntct 10
131

ds.

N
+ 9p<s,ss+9s),/0 h(s. 7. 8p.gev0r) + 9p(r,sf+0r))df)

By (H3) and (3.2), we have

N
IIg(S,Sp(s,mex) +9p(s.ss+9;>a/0 h(s, T, Sp(r,srwf)+9p(r,&+er>)df)H
N

U(S)(pru,sswo + 0p(s.,+0,) 1B +f0 V(D 1Ep (.6 460) +9p(r,sf+9r>||6df)

IA

v(s)(r/ + v*r/)
< u(s)(1 4+ v¥)r.

IA

A

Then, we have

~ ~ ’ tl
1(F& Q) — (FEElIn = A +vH)r /0 Q2 —5) — Q11 — s)||lv(s)ds

15}

+ M1+ u*)r’/ v(s)ds.

4l

According to the norm continuity of Q(¢) for t > 0, we see that the rigth-hand side of the
above inequality tends to O as #p — #;. Thus, F (B,) is equicontinuous.
Step 4: F(B,) is equiconvergent.

Lett > 0 and & € B,, we obtain

t
I(FE)DI < Mv*(1 +ao)/ v(s)ds.
0
Then, we have
lim [(F&) @) < Mv*(1 +ag)r .
t—+00
Hence,

I(FE)(t) — (F&E)(+00)| = Oast — +oo

and F (B,) is equiconvergent.
Step 5: The Monch condition holds.

Let U be a subset of B, such that U C conv(F(U)U{0}). We are going to show that U (¢)
is relatively compact. For this purpose, It is sufficient to prove that «(U) = 0. Moreover, in
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view of Lemma 2.7, we affirm the existence of a countable set Gy = {¢"} C G such that
oz(]? (G)) < 20{(_7? (Gy)) for any bounded set G. Thus for {¢,} C G, the appropriate choice
of U. For every o € [0, ], by the virtue of Lemma 2.8 and conditions (H1)—(Hs) and the
properties of the measure «, we obtain

a(F)(E")
t s
=“</() Q(f—s)g(svfﬁ(s,sﬁes)+90<s,ss+es>’/0 h(s’f,';(s,s,w,)+9,o(s,s,+er>)df)d5)

t s
§2M/ v(s)( sup a(E"(z—i—s)—i—Q(z—i—s))—i—/ I(s,7) sup a(E"(z+s)
0 0

—o00<z=<0 —00<z=<0

+0(z+ s))dr)ds

<M / v)( sup @(§"(0) +1* sup (8" (k)))ds
0

O<k<s O<k<s

t
52(1+l*)M/ v(s) sup a(&"(s))ds
0 O<s<pB

<2(1+1"Ma({"}) /(;0 v(s)ds

<2(1 +I"Mv a({E")),
which gives that

a(F)U) <2(1 +I*)Mv*a(U).
Then, by the hypothesis in Monch condition, it follows that
a(U) < a(FU) < Sa(U).
which implies that
aU)1-S8) <0.

By (3.1), we deduce that «(U) = 0 and for ¢ € J; tBen U(t)is relative_ly compact irl H.
Consequently, by Monch fixed point Theorem, F has a fixed point £. Then ¢ = § 46 is
a fixed point of F, which is a mild solution of the system 1.1. O

Next, we study the existence result for the system(1.2). Now, we make the following
additional hypotheses:

(Hs) Let f : J x B — H be a Carathéodory function and there exists a continuous function
vy 1 (=00, +00) — [0, +00) such that:

If@ Ol <vrOlxls, 1€ J,xeB

and

t
v?- = sup/ vr(s)ds < oo.
teJ JO

(He) Let G be a bounded set, G C B and every ¢ € [0, +00); we have
a(f(t, G)) < vr@®)a(G).
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(H7) If G C B, where G is a bounded set; then, the function {t — f(t,x,) : x € G} is
equicontinuous on every compact interval [0, 8] of [0, +00), for every 8 > O.

Theorem 3.2 Assume that the assumptions (R1)—(R2) and (Hi)—(H7) hold, then the sys-
tem(1.2) has at least one mild solution on Yy provided that

S = 2[(1 + M+ v;] <1 (3.3)

Proof Define the opertor P : )V, — ) as follows:
¥, t € (—00,0],
Po) @) = { LOWO) = £O, )]+ £ (1, & z)
+/ Q —S)g<s,{p(s,§‘,),/ h(s, T, Cp(r,;,))df)ds, red.
0 0

In perspective of Theorem 3.1, define the operator P : V0 — )0 by
(PE)(1)
== fO.¥) + [ Epwei+0) + Opr.ti+6)
+ /Ol ot - S)g(sy E0(s.6+60) T Op(s.6+6) /Os h(s. Eo(s.6et00) 9p<s,s,+ef))df)ds
telJ.

Clearly P has a fixed point is equivalent to one P, then it suffices to prove that P has a fixed
point. The remalmng of this part is splitted as:
Step 1: P maps y, into JJZ

1PE) @)
= 1@ fO, Y + I1f . Epr.,+6,) + Opir.eito))

t s
+ fo @ — S)g(s, Ep(s,&+05) T Op(s.£,+6,) /0 h(s, §p(s,£0+6,) + 9p<s,sr+9f>)df)|lds
<M fO, I +vr®ONEpe.e40,) + Opi.e+00) B

t
M [ o) (e 1] + ate + XTI s

< MIFO )+ v+ THEOD + Mo*(c + gl yo +aoe + T gl y))
< MILFO. Y1 + (e + TTE L yp) + Mu* (1L +ao)(e + YT 1]l y0)

< MI£O, )l + vjc + Mv*e(l +ap) + T [v} + Mv* (1 +ap)ll§ 10

=0+ Tf‘[v;‘c + Mv*(1 + ao)]||§'||yp,

where ® = M| (0, )| + v;‘cc + Mv*c(1 + ag).
Thus, P&(r) € JP.
Moreover, choose r > 0 such that
@
- 1 — T*[v + Mv*(1 + ap)]’

@ Springer



52 Page140f19 M. Fall et al.

and B, be same as defined in Theorem 3.1. Now take £ € B, and ¢ > 0; then

IPE)D] < © + YTV + Mv*(1 + ag)lr.
Hence ||735||3,p <rand P(B,) C B,.
Step 2 and 3: P is continuous and equicontinuous in B, .

By thinking of steps 2 and 3 of Tlleorem 3.1 and conditions (H5) and (H7), we have come

to the conclusion that the operator 7 is both continuous and equicontinuous in the space B;.
Step 4: P is equiconvergent.
Letr > 0Oand & € B,; we get

IPED < © + 1% + Mv*(1 + ap)lr.
Then, we have

lim [[(PE)(O)] < © + Ti[v} + Mv*(1 + ap)]r.
t——+400 J

Hence,

I(P&)(r) — (P&)(+00)|| — 0 ast — +oo,

and P is equiconvergent.
Step 5: The Monch conditions hold. As a result of Step 5 of Theorem 3.1 and assumptions
(Hs)—(H7), we have

a(P(E™) < 2(1 —I—l*)MOt({E"})/Ot v(s)ds +2vy(E)a({E"})

<2[(A + I )Mv* + v} a({E")
which implies that

a(P(U)) < 2[(1 + I*)Mv* + v} ]a(U).
Therefore, by the hypothesis in the Monch condition, we have

a(U) < a(P) = Sa()
and then
aU)(1-8) <0.

According to (3.3), we see that «(U) = 0 and for o € J; then U (o) is relatively compact in
H.

_ Hence, by Monch fixed point theorem, we conclude that P has a fixed point &. Then
¢ = & + 0 is a fixed point of P, which is a mild solution of the system 1.2. m}
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4 Example

To illustrate our theoretical results, we treat the following partial integrodifferential system

i z(s_t)z(s — p1()p2(llz(H), x)
d[z(t,x) —e"/ e 49 ds]

9?2 =
= [252000) + 520 2) + 020, 2)
ax a

! a2 3
+/O a(t —S)(ﬁz(S,X) +)»152(Sax) —H»zz(s,X))dS

z2(s = p1&)p2(lz()H 1), x)
L 2(s—1)
e / e 64 ds

—o0

. ‘ zZ(v = p1(W) P2z, x)
N 2(v—s)
+e_’/ sin(s—t)/ e 16 ds]dt,
0 —00
2(t,0) =0=z(t, m), t € [0, +00),
z(t,x) =0=yY(t,x), —co <t <0,0<x <,

4.1
where p; = R — R*, j =1,2,% € B, and §(-) is a bounded differentiable function on
R with a bounded uniformly continuous derivative s () with A1, A € R.Let’H = L?[0, 7]
be the space of square integral functions from [0, 7] to R equipped with the norm || - |2
induced by the following inner product

y.0) = /0 y (),

where y and g are square integral functions. L2[0, 7] is a separable Hilbert space. Determine
the operator A : D(A) CH— Hby Ay =y + A1y + Aoy with the domain

D(A) = H*(0, ) N H{ 0, 7).

Then it is known from [20] that A generates an analytic Cp-semigroup (S(¢));>0, then
(Ry) is fulfilled. In addition, since the semigroup (S(¢));>0 is analytic, then it is norm-
continous for ¢ > 0. Hence, in virtue of Theorem 2.3, the corresponding resolvent operator
is norm-continous for r > 0 and (H) is satisfied.

Let F(t) : D(A) C 'H — 'H be the operator defined by

F(t)z =8(t)Azfort > 0and z € D(A).

Then, (F(t));>0 satisfies (R) thanks to the assuption on §. Therefore, system 1.2 has a

unique resolvant operator (Q(t));>0, which is also norm-continous for ¢ > 0.
0

1
For the phase space, we choose p(s) = €2°, s < 0; then we set m = / p(s)ds = 5 <
—00
00, for s < 0 and determine

0
Ills = f p(s) sup Sl 2ds.

-0 ve(s,0]

Let (z, ¢) € [0, 1] C [0, +00) x B, where ¢ (V) (x) = ¢ (v, x), (v, x) € (—00, 0] x [0, 7].To
rewrite the system (4.1), we define

2(O)(x) =z(1,x), p,¢) = p1(H)p2(ll¢O))
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L)
e

_ -t 2s ¥
Fo.d)(x) = e /_oo 2 is
O e
gt . THx) = ¢ / & Lds + Tp)00,

where
t 0 ¢
(To)x)(=h(t,s,z)(x)) = e_t/ sin(t — s)/ 2T Lds.
0 —00 36
Then, the system (4.1) takes the subsequent abstract form
d(E(t) = f(t. Spie)) = AL ()dt

(P =960+ (00 v 305, G i)

teJ =][0,400), 4.2)

() =y eB.

Next, we are going to chek the assumptions (H>) — —(H7) for the above system (4.1).
Verification of (H>):
The function A (%, s, z) (x) is Carathéodory and for ¢ € [0, 1] C [0, +00), ¥ € B, we have

2 1

h(t, s, 22 < (/ <_’/ I s1n(l—v)||/ dtdv) dx )2
T 1 _ 5

< (/O <36 /m sup||¢||ds> )

VT
< Y
=3¢ el
=vi@lels,
where v () = £e” and [* = \3{65 sup / e *ds = 0.031. Also, we can see
te[0,1]1C[0,4+00) JO

that each bounded set G| C B and

a(h(t,s,Gy)) < J—?e” sup «a(Gi(n)) forae.t,s € [0, 1] C [0, +00).

3 —oo<n=<0

Verification of (H3) and (Hy4): The function g(o, s, z)(x) is is Carathéodory and for t €
[0, 1] C [0, +00), ¥ € B, we have

lg(t, s, 2)(x)]l2
1

b4 0 t 0 2
< (/ (e_’/ | = —f/ I sin(t—s)||/ Tds) )
0 —00 0 —00
T 1 0 0 2 %
< (/ (—e*’/ e sup ||¢>||ds+e*’/ e sup ||¢||rds> dx)
0 81 —00 —00

LN
- 324

—t
e lols
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=v()llolls.

13 13 !
je” etv* = i sup / e *ds = 0.045. Also, we can see
324 324 10,1110, 400) JO

that for each bounded set G, C B, G C H, t € [0, 1] C [0, +00) and
137 _,

e ¢ (s aGio) +a@),

where v(r) =

a(g(t, G2, G)) <

where G7) = {z(y) : z € Ga}.
It follows that the hypotheses (H3) and (Hy) are satisfied.
Verification of (Hs)—(H7):
The function f (¢, ¢)(x) is Carathéodory and for ¢ € [0, 1] C [0, +00), ¥ € B, we have

T 0 2 )
1f( ez < (/O <e—f /_ooezs %]w) dx>2
T 1 0 2 %
< (/ (—e—’/ e sup ||¢||ds> dx>
0 25 —00

VT
< Y
=55 ¢l
<vr@®)l¢lB.
t
where vy (t) = ﬁe" and v}y = ﬁ sup f e *ds = 0.045. Also, we can see
25 : 25 1e10,11c10,4+00) Jo

that for each bounded set G C B, we get

a(f(,G)) < ge_’ sup «a(G(y)) forae.t € [0, 1] C [0, +00).
—oo<y<0

For any 0 < 71 < 1 < B and for each ¥ € B,, we obtain

If (r2, 9)(x) — f(z1, ) ()2 < «;7577(642 —e Dllgls

—0ast — 1.

As a consequence, we realize that the hypotheses (Hs)—(H7) are satisfied.
Remember that * = 0.031, v* = 0.045, v}i = 0.045. Moreover, taking M = 1, we get
for Theorem 3.1

S§=2(14+1")Mv* =2(1 +0.031) x 0.045 x 1 =0.093 < 1

and for Theorem 3.2 we get
S = 2[(1 +IYMv* + v;‘c] =2[(140.031) x 0.045 x 14 0.045] = 0.1828 < 1.

Thus 3.1 and 3.3 is verified. Thus, all the conditions of Theorem 3.1 and 3.2 are fulfilled,
then the system (1.1) and (1.2) is a mild solution.
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Remark 4.1 By adopting the techniques of Theorems 3.1 and 3.2 we can prove the result for
the impulsive neutral integrodifferential equations with state-dependent delay of the form:

d(¢®) = f(t.¢o0.6)))
= AC(dr + (fo’ F(t = s)t(s)ds + g(h Epis.cn Jo it s, ¢p<sv¢s>)ds>>dt’
teJ=10,+400),

AL(t) =) — ¢t =Tk @y), t =1, k€ 1,2,....m,
(@) =) € B, t € (—00,0],

5 Conclusion

In this manuscript, we established the existence results for integrodifferential equations (1.1)
and (1.2). We proved the existence of mild solutions for considered systems under some
conditions and by using Monch fixed point theorem with the measure of noncompactness.
Finally, an example is given to illustrate the effectiveness of the obtained results. However, we
can extend the obtained results to some stochastic integrodifferential equations with random
impulses.
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