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ABSTRACT

MSC: The main concern of the manuscript deals with the optimal control problem of conformable
93B05 fractional neutral stochastic integrodifferential systems with infinite delay. This study is
34A08 motivated by SAR and RAR systems advantage of providing control over many factors such as
60G51 power, frequency, phase, polarization, incidence angle, spatial resolution and swath width, all of
Keywords: which are important when designing and operating a radar system. Initially, we investigate the
Existence

existence of mild solutions for the conformable fractional stochastic integrodifferential equations

Optimal control
Conformable derivative
Stochastic integrodifferential systems

with infinite delay using stochastic analysis techniques and Banach fixed point theorem. In the
later part we establish the existence of mild solutions of the conformable fractional neutral
stochastic integrodifferential system with infinite time delay. Furthermore, the existence of
optimal control of the corresponding Lagrange optimal control problem is investigated. An
example is provided to illustrate the applications of the obtained results. We explain the
limitation we have with the existence software, and developed a numerical scheme to justify
the theory.

1. Introduction

Numerous real-world phenomena, such as stock prices, heat conduction in materials with memory, rising population, and so
on, have fluctuated due to random influences or noise, requiring the accessibility of randomness in mathematical descriptions of
these phenomena. Stochastic differential equations (SDEs) are differential equations that involve randomness. SDEs are used in a
variety of domains including economics, finance and engineering due to its abstract formulation of many problems. For the study
of SDEs and SDEs in the fractional sense, the reader may refer to books [1-5] and articles [6-9]. Recently, much attention has been
paid to the qualitative properties of mild solutions to various stochastic integrodifferential equations and the fixed point technique,
see [10-12] and the references therein.

Many fields of science, including engineering, mathematics, and biomedicine, use optimal control problems. An optimal control
problem becomes a stochastic optimal control problem when the performance index and system dynamics are described by stochastic
differential equations. Recently, Sathiyaraj et al. [13] demonstrated controllability and optimal control for a class of time-delayed
fractional stochastic integrodifferential systems with Poisson jumps. Several studies have recently been conducted to determine the
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existence of optimal control conditions for a variety of dynamic systems. In the case of fractional optimal control problems, however,
there are only a few works in the literature. The reader may refer to [14-18].

Using the fractional variational principle and the Lagrange multiplier technique, Agrawal [15] presented general information
for fractional optimal control problems where fractional derivatives were considered in the Riemann-Liouville sense but not the
conformable sense. Liu et al. [19] investigated the solvability and optimal controls for a few fractional evolution equations with
impulse effects using fractional calculus, the Gronwall inequality, and the Leray Schauder fixed point theorem. Using resolvent
operators, Tamilagan et al. [20] investigated the solvability and optimal control for fractional stochastic differential equations
driven by Poisson jumps. A fractional neutral stochastic differential system with a Caputo fractional derivative using successive
approximation was taken into consideration by Ramkumar et al. [21]. For papers describing the solvability and optimal control for
the fractional SDEs, see [22-24].

FDEs are significant and helpful, which makes them and the approaches used to solve them popular. Numerical approaches are
also essential for solving FDEs in practice because analytical solutions, such as those utilizing matrix Mittag-Leffler functions or
Laplace transforms, are sometimes impractical or unfeasible for increasingly complex FDEs. Numerous such techniques, including
the q-homotopy analysis transform method, the B-spline collocation method, the predictor—corrector method, the space-spectral
time-fractional Adams—Bashforth—-Moulton technique, the fractional Taylor operational matrix technique, the Bernoulli polynomials
technique, the differential transform technique, and others, have been established in the literature. Here, we justify the idea using a
numerical scheme. The proposed method’s very effective outcomes and applicability can make significant contributions to the field
of numerical methods.

Many researchers used an integral form for fractional derivative definition. The most popular definitions of fractional derivatives
are Riemann-Liouville and Caputo definitions. Lately, Khalil at al.give a new definition of fractional derivative and fractional
integral [25]. This new definition benefit from a limit form as in usual derivatives. This new theory is improved by Abdeljawad [26].
Recently, Chalishajar et al. [[27], RICO] discussed the optimal controllability of stochastic systems with deviated argument in infinite
time horizon using new definition of a phase space. This work is the extension of authors own work using conformal mapping with
numerical simulation. This theoretical and numerical approach makes this work unique. For more articles regarding conformable
fractional derivative, one may refer [28,29].

Researchers are increasingly interested in numerical modeling of optimal control of nonlinear time-delay fractional differential
equations. Optimal management of nonlinear time-delay fractional differential equations was achieved by Chen et al. [30] using
the Dickson polynomial. They approximated the system’s states and control variables using a set of Dickson polynomials as basis
functions and then utilized a collocation method to translate the issue into a system of nonlinear algebraic equations. Chu et al. [31]
presented a dynamical model of SARS-CoV-2 in fractional derivative utilizing fourth-wave coronavirus cases. They fit the data to
both the fractional and piecewise stochastic differential equations and show that they both match the data well. Sher et al. [32]
investigated the existence and uniqueness of solutions for a class of evolution fractional order differential equations (FODEs) with
proportional delay utilizing Caputo derivative under local conditions using topological degree theory (TDT). In addition, Chu
et al. [33] employ a combination of Shehu decomposition and variational iteration transform methods to solve fractional third-
order dispersive partial differential equations. The graphs and table depict the behavior of the solution for various fractional
order values. In [34], Ahmad et al. used an effective local meshless method to discretize the numerical treatment of three-term
temporal fractional-order multi-dimensional diffusion equations. The proposed meshless approach based on the multiquadric radial
basis function through the time-fractional component discretizes the space derivative of the models. Hajiseyedazizi et al. [35] just
published a paper on multi-step approaches for singular fractional g-integro-differential equations with some boundary conditions
Q, which singular at some point 0 < ¢ < 1. Chen et al. [36] presented a unique approach to solving optimal control problems using
fractional differential equations and time delay. To be more specific, a set of global radial basis functions is utilized to approximate
the problem’s states and control variables.

1.1. A deterministic and stochastic method to conformal array fabrication for SAR applications

Space-borne Synthetic Aperture Radars (SARs) often use conformal phased array antennas with a large number of elements,
which are required to generate multiple shaped beams, including nulls and side-lobe regions with intricate geometries. Only the
pattern amplitudes are of importance in such applications, necessitating the learning of the optimal control on the cost basis.

SARs have been employed in both military and civilian settings. They have been shown to be particularly useful in applications
such as sea and ice or oil pollution monitoring, oceanography, snow monitoring, earth terrain categorization, and so on. Because of
the vast range of applications and benefits of Real Aperture Radars (RARs), a large number of airborne and spaceborne SAR systems
have been developed over the last few decades.

The main advantage they offer is the ability to achieve high azimuth resolution. In fact, to improve RAR system resolution,
one should either utilize a very long antenna or reduce the signal wavelength. However, in spaceborne and airborne applications,
the antenna size and weight are constrained by the platform’s structure. Furthermore, short wavelengths are subject to significant
attenuation in the environment. SARs, on the other hand, employ the forward motion of the actual antenna on the vehicle to
“synthesize” an extremely long antenna, allowing a suitable antenna size to be maintained. Thus the study of optimal control is
helpful to day and night monitoring and wide area coverage (even in unfavorable weather conditions).

The antenna in imaging radar systems moves at a constant speed along the track direction. The ability of the system to distinguish
between two targets on the ground is characterized as ground resolution. A long antenna in RAR systems generates the beam that
illuminates the ground below. The radar along track resolution, also known as the azimuth resolution, is the shortest distance
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on the ground parallel to the flight path at which two targets can be viewed individually. The azimuth resolution is defined as
p. = RA/I, where R is the slant range from the antenna to the mean point of the swath, A is the wavelength, and /7 is the physical
aperture length. The pulse length, 7,, on the other hand, determines the across-track resolution, or range resolution. It is calculated
as p, = ct,/(2sind), where c is the speed of light and @ is the look angle. To improve azimuth resolution, either a longer antenna or
a shorter wavelength must be employed in conjunction with optimal conformable system control.

SAR processing results in a high resolution image. In SAR systems, the azimuth resolution is p, > //2. Furthermore, SAR systems
provide control over numerous aspects such as power, frequency, phase, polarization, incidence angle, spatial resolution, and swath
width, all of which are significant for developing and running a system for quantitative information extraction. But, when antenna
arrays of many elements are involved, using simple and light feeding networks is highly important to the aim of reducing the cost
and the payload of a satellite. Thus, it is important to reduce the dynamic range ratio (DRR) of the excitation, defined as the ratio
between the maximum and the minimum amplitude of the excitation using optimal control of the conformal stochastic system.

Motivated by the above facts, let us take into account the Conformable fractional stochastic integrodifferential system with
infinite delay of the form:

do(t)
dt

>

t t
D) = er(f)+153(t)3(f)+f<tvlfu/0 g (ts.x) ds) +b <trh/0 g (ts’&)ds>

10 =), €LY, ),te (~,0], .1

D¢ is the conformable fractional derivative w.r.t. t€ & = (0,v] and 0 < a < 1.

The infinitesimal generator of 2[ : Z(2) C Y — Y generates a strongly continuous semigroup {®(t)}t > 0 on a Hilbert space Y
with (.,.)Y and norm ||.||).

Allowing € = [0, v]. Then, values are received by the control function j from the reflexive Hilbert space, K.

The appropriate functions are f : Ex&; XY >V, h: ExG; xY - £(2) and g.§: EXEXG; = V.

Let Z be a different real separable Hilbert space with (.,.); and ||.||; as its norm.

We may assume that {w(t),t > 0} is a Z— valued Brownian motion with finite-trace nuclear covariance operator Q > 0

The abstract phase space & ; has the element r; : (—o0,0] — ¥, which is described by r,(s) = x(t + s).

The initial condition ¢ = {{(t) : t € (—o0,0]} is independent of the Wiener process {w(t)} with the finite second moment which
is ® ;— valued random variable and 3,—measurable.

The outline of this paper is as follows: Section 2 is devoted to the notions and preliminaries required to solve the aforementioned
system (1.1). In Section 3, for the modeled system, the existence results of mild solutions are investigated. In Section 4, a Conformable
fractional stochastic neutral integrodifferential system is framed and the existence results of mild solutions are presented. In
Section 5, the optimal results of the system (4.1) are investigated. To validate the obtained results, an example is provided in
Section 6 depicts the cost functional considered attains its minimum. In Section 7 numerical simulation is presented to show the
application of the equation. At last Section 8 Conclusion is presented.

The primary contribution along with the innovation of the manuscript are listed as follows:

« A conformable fractional stochastic integrodifferential system with infinite delay and the neutral condition is modeled and
the existence result is established which is not discussed so far

« The optimal controllability with the numerical simulation of the conformable fractional stochastic integrodifferential system
with infinite delay is untreated in the literature.

« Theoretical proofs are justified by numerical simulation uniquely.

2. Preliminaries

Assume that (2, S, P) is a complete probability space, that S, t € £ represents the normal filtration as being right continuous,
and that {3} contains P—null sets. With the covariance operator Q, w is a Q-Wiener process on (£, S,.P) 2 Tr(Q) < . Consider
the sequence of bounded non-negative real number {4, },-, and the complete orthonormal basis {&;};5; in Z 3 Q& = h¢,. The
sequence of independent Brownian motion {t, };5; follows (w(t),&); = ZZ":I \/ﬁ(fk,é)mk(t), ¢ € Z, t € €. Take into account
L) = £,(Q'2Z;Y) as the space containing all Hilbert-Schmidt operators from Q'/2Z to ¥ with gl = Tr(¢pQd*), where ¢*
is the adjoint operator of ¢. The expression £, (2,3,P;Y) = L,(£2;Y) is used to describe the set of all strongly rrllezasurable
square integrable Y- valued random operators, is a Banach space equipped with the norm [r()llz, = (IE‘, [|xC.s VO)”ii) / , where

Ellhyll = [, ho(vo)dP defines the expectation E. Let C (£, £,(£2; Y)) be the Banach space consisting of all continuous functions & into
L£,(2; D) satisfying sup,ce E [[x(®)]|? < oo.

Definition 2.1 ([25]). For a function p(.) with t > 0, the conformable fractional derivative of order v is defined as follows.

v I-vy _
a'p® _ lim pt+ot™) —p(®
dtv v—0 v

, O<v<.

For the specific condition t = 0, the following definition is derived:

v v
dpO) _ | dBO
dtv =0+ dtv
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The conformable fractional derivative of order v of a function s(.) is related with a fractional integral 7V(.) defined by

t
IV (p)(t) = /0 s p(s)ds.

Remark 2.1. By considering a simple differential equation ¢'/2 + ¢ = 0, one can solve using either Caputo or Riemann-Liouville
definition, then one can use Laplace transform or fractional power series technique. Nevertheless using Conformable fractional

1 1
derivative and the fact 7, (eE t") = e« t*, we can easily see that r = ce 2V,
Following is the abstract phase space & ; [37]:

¢ (00,01 > Y,V e >0, EIE@HY/? is a bounded and measurable function on [—¢, 0]
®7 =\ with [°_F(s) sup (ENCI?) " ds < +oo.
s<n<0

where J : (—00,0] — (0, +0) be continuous with [ = /_Oco J(t)dt < +o0 and

0 Ny
Ille, = | TG sup (EICEDI)
s<n<

ds, V €6

Clearly (Qig, ||.||@,j> is a Banach space.

The C ((—o0,v],Y) be the space of all continuous Y- valued stochastic processes {£(t) : t € (—o0,v]}. Also, 6:7 ={r:re
C(—c0,v],Y)} endowed with the seminorm QS’J defined as

llelly = MSlls,, + Sup. (Ellx(S)Il ) ,rEG.

s€l0.

Lemma 2.1 ([37]). Iftp=( €& .k € &', then for t€ &, r( € & ;. Moreover,
1/2 1/2
LENOIP) " < llrdls, < Dol +1 sup (Elxs)lI?)"”.
s€[0,t]
where | = /_Ooo J(s)ds < +o0.
Definition 2.2. If the mild solution g(.) satisfies 6(t) = r(t) a.e., then the system (1.1) is trajectory controllable on [t,, T].

Lemma 2.2 (Generalized Gronwall’s inequality [3,37]).: If p > 0, @(t) is a non-negative function locally integrable on 0 < t < T, for some
(T < +o0), and g(t) is a non-negative, non-decreasing continuous function on 0 < t < T, g(t) < ¢ being a constant and suppose ii(t) is
non-negative and locally integrable on 0 < t < T with fi(t) < a(t) + g(t) fot(t — 5)P~li(s)ds, on the interval. Then

fi(t) < act) + / Z(E(tr){(ﬂﬂ) D"~ syP-la(s)ds, 0<t<T.

In particular, when a(t) = 0, then i(t) =0 for all 0 <t < T.

Definition 2.3 ([38]). A mild solution of (1.1) is §,—adapted stochastic process ¢ : (—oc0,0] — Y with { € £2(Q, & 7) on (—o0,0],
I € Cg(Q, Y) and the integral equation below is satisfied:

t o @ a t e @ a s
;(t)=/os ‘T(;—%)a(s)dw/ s 'T(E—%)f<s,IS,A g(s,p,;p)dp>ds
t o @ a s
+/0 s 17’(;—%)h<s,15,/0 g(spch)dp>dw(s>+r( )¢, @1

3. Main results

The following are the assumptions to discuss the existence and uniqueness of mild solution as well as the optimal control of the
evolution equation:

(A1) The linear operator 2 : Y — Y in (1.1) generates Cy—semigroup 7(.). Thus there exists M > 0 being constant such that
ITOI<MVYtee.
(A2) For t € &, the function f : £x &7 x Y — Y is continuous. u;,ii; € &4, u,,{i, € Y and 3 positive constants Ni, Nf

B ) - 005

()

IA

Ny (=l +E fJua = 5]

Ny (1l I3, + Bl )

IA

4
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(A3) For t € &, the function h : ExG ;7 xY - £g is continuous. uy,i; € &4, u,,{i, € Y and 3 positive constants Ny, ]\7,,

IN

B[l (tanm) =0 (t50.5)| 7 < Ny (-0, +E - w)).

Bl (b < Ry (14113, + Bl )?).

A

(A4) For each (t,s) € £2, the functions g,§ : £2x & 7 — Y are continuous. For all u,ii € & 7, 3 positive constants m;, m,, i, i,

A

E llg(t. s.0) = g(t.s. DI < myllu—allg .
EJ13(t 5,0) = §(t s, W < mylu =g,
Ellgtts.wl < g (141l ).
E gt s.wl < @y (1+1ul} ).
(A5) Operator B(.) defined on L (&, L(K,Y)), endowed with the sup norm ||IB%||§°.

(A6) Let M(K) be a class of nonempty, closed, convex subsets of K. The multivalued maps 2 : £ - M(K) are measurable and
20(.) are contained in ©, @ being bounded subset of K.

Admissible set 2,; = {v() : €xQ — Y} > v is a S—adapted stochastic process and IE/Ou [Iv(®II?d3 < c0. Obviously, 2,, # @ and
for (1 < g < +00), 2A,,; C L9(&€,K) is convex, bounded and closed. This implies that B € £4(€,Y) for 3 € 2A,,.

Theorem 3.1. With the assumptions (A1)-(A5), a unique mild solution (1.1) exists if

a1 ) 2 a1 2
N; (1 +1y0%) +3M THQ 53— Ny (1+1m,y0%) < 1.

2
M 2 — 1

Proof. Let the operator y : 6:7 - @:7 be

€@, t € (-,0]

t t s
a S o 5"
wo={ [T (G )swass [ (5= 0)i (s [a(son) a0 ) s
t s
oty (B8 5
+/0 5 T((x p” )f) (s,;s,/o g(s,p,;p)dp) dw(s), t€é&.

For { € &, we may define ¢ as

- g, t € (—00,0]
) =
‘o {C(O), teé.

then ¢ € 6{7. Let r(t) = t(t) + £(t), —0 < t < b. Clearly r is satisfied if and only if o fulfills w, = 0.

() = /Ots"‘17<% - %)3(s)ds+/0l5"‘17(% —%)f(s,ms+ES,/0Sg(s,p,mp+Z‘,>dp> ds
+ /Ots"’lT(% - %)h <s,ms+ES,/Osﬁ<s,p,mp+Zl,)dp> daw(s).

Let Qﬁg ={we Qﬁ&;mo =0€®,}. Forany w e 059.

172 1/2
lolly = lIwolles, + sup (ElleI?) " = sup (Ellws)]?)'"*.
<s<v

<s<v

This demonstrates that ((’5; ||.||n) is a Banach space. We assume B, = {w € Qig : |lw]|2 < p}); for some p > 0. then, B, C Qﬁy is
uniformly bounded, w € B, V p. By virtue of Lemma 2.1,

=12 2 =12
o +Z0l3 < 2 (i3, + 1203,

IA

4 gl + 1 sup (Ellw()II?) + 5ol + 1 su E||E(s)||2>
( 0ley SE[OI.)t]( ) 0, se[ol,)t]( )

IN

40+ Pliwl + I3, + PEICOI? )

IA

4(Pp+1C13, + PEICOIP) = . €3
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Now we may define ¥ : & — &'/ as

0, t € (—0,0]
t a a
/5“"'T(t——s—)3(s)ds
o, a o«
a—1 ﬁ_i = : =
+/0 5 T(a a)f(s,ms+ijx,/0 g(s,p,mp+£jp)dp)ds

+/0t a- 17(;—%)h<s,mx+Zsa/05§<s,ﬂ,mp+zp)d/’> da(s), teE,

implies that ¥ has a unique fixed point. Let us divide the proof into several steps.

Pro(t) = < 3.2)

Step 1: To claim 3 p > 0 3 ¥(B,) C B,
On the contrary let us assume that for p > 0 3 w?() € B, and P(ro?) ¢ B,, (i.e), E|(#wP)(®)]|> > p for some t € £. From
Lemma 2.2 and the assumptions (A1)-(A6), yield

I\

Ell (#1o?) ()]

/Ots""]T (% - %)gm)ds

p
2

3|1E

IN

s 2

+E / @ 1T(tw—£>‘f(s P +¢ g(spmp+Z)dp)ds
0 a o P £ 0 e 4
t N
-1 s e G Pz
+ E /05" T(a a)h(s,ms+és,/o g(s,p,mﬂ+§,,)dp>

< 3[6,+ 6, + 65l

where

& =E

2
/0 5% 1T<— - —)3(s)ds

< M / 52("‘”IEI|5(S)II2ds
0

2 t
< M ||z||,:q(£ o

2
E

[}
3
I\

a1 @ s 0.7 S p L7
5 T(———)f(s,mx+éx, g(s,p,mp+§0)dp)ds
0 a a 0

t s
MZ/O 52(“)‘]Nf<1+||m§+CS||2+IE”/0 g(s,p,m)j+§p)dp

2a—1

¢ N N
< Mzza_le(l+p’+m102(1+p’)),

IA

2
>ds

2

t s
P t(l a —_ - p—
GH SIE‘/O 5 IT(;—%)h(s,m§+§s,/0 g(s,p,mg+¢p)dp)dw(s)

t s
sMZTr@/ 52(“)"1%(1+I|m§+C:|I2+1E“/ §(somp+,) dp
0

2
)ds

< MzTr(Q) Nh (1+p + 0% +p).
Thus combining the above form we obtain

< e 51 a2 2L (1 g2+ p))
p = 2o — qu(glc) 2a—1 f p 1 p

+ 3M2Tr(Q)2a—_1Nb (1+p + 031 +p)).
Dividing throughout by p and by taking p — o,

2 { a—1
-1

which goes against what we assumed. therefore, for some p > 0, Y/(Bp) C B,.

1 <3M

N; (1+m0%) + 3MZTr(Q)—Nb (1+m,0?);

Step 2: To claim ¥ is a contraction on By.
Let us consider v, b € B,, then
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E|[#ro() - P )|
t a— @ a _ s _
< 2[1\2”/05 1T<;—;)[f<s,ms+cs,/0 g(s,p,mp+¢‘p)dp>
s t
_ 5 4+ 7 o +7 atp (888
f<s,m5+§s,/0 g(s,p,mp+cﬂ)dp>]ds /Os T(T-%)
X [h (s,ms+fs,/ ﬁ(s,p,m,,+f,,)dp>—h(s,r%ﬁfs,/ ﬁ(s,p,rﬁﬁfp)dp)]dw(ﬂ
0 0

a—1

2
20 — 1

[

2
+E

]

a—1
< 2M— N (llmS 1|13+ my?, - m,,||2) +2M2THO) Ny (lIvo, = .13,

2 o2
+ myv°[|rw, — 1, ||%)

< |oaen, 27 2 4 2M2Tr) L N (1 2 512

< g+ mo’)+ HQ) 53— Ny(1 +mo”)| [0, =[5,
) t20(—1 5 2 tZa—l )

< [ZM Ny g7 (14 m;02) + 2MTHQ) - Ny (1 + myo )]

x ([2supE||m<s)—ﬁa<s)||2+nmon; ol )
sEE J J

t2a—l tZa—l . 5
< P [2MZNf ST+ m;0%) + 2M>Tr(Q) S Nn(+ m,b?) ngE [ro(s) — ()|
< P'supE|w(s) - ﬁ)(s)”2 ,

SeE

here
t20(—1
20— 1

2a—1
P =2 [2/\42 Nfﬁ(l +my02) + 2M2THQ)

Ny(1+ mznz)] :
Thus by taking supreme over t, we obtain [|Pro — P12 < P*||lro — |2,

As a result, ¥ is a contraction on Bp and has a unique fixed point r(.) € Bp, which is the mild solution of (1.1). Hence the
facts. [J

4. Systems of neutral stochastic differential equations with infinite delay
Neutral differential systems have gained popularity in applied mathematics recently. A number of partial differential systems,

such as heat flow in materials, wave propagation, and various natural phenomena, get assistance from neutral systems with or
without delay. Let us now consider the following neutral stochastic infinite-delay integrodifferential system of the following form:

t
D [e(t) —k(t.x)] = A[e®) —kt.xy)] +3(t)+f<t,;t, /0 a(t, s,;s)ds>
v do(t
+h (t,xf,/o g(t,s,xs)ds> Zi)’

1) = L), €LXQ,6,),te (-0l 4.1)

A strongly continuous semigroup {&(1)} is generated by 2( on Y.
Consider the following hypotheses:

(A5) k: [0,0]x & ; — Y is a continuous function such that it satisfies the following requirement
Ellk(t.r) — k& DI* < Nelle -8l rEi€ 6, tedy,

ElkGoI® < My (141163 ), re 6y, te s,

Theorem 4.1. Assume that (A1)-(A6) gets satisfied. Then (4.1) has a unique mild solution provided,

N N N 2a—1
SN+ [SMPN;(1 + i, 0%) + SMP N THQ)(1 + fivy0?)] ;a—_] <1.

Proof. Let us define # : Qﬁ’J - Qﬁ’J as
(o, te(-w,0L
t t
[ el 5" a1l [
e = T(;)[c<0>—k(o,c>1+k(t,;t>+/0 s T(;—;)a(sH/o ST (= -2

. t a a s
f(S,}:s,/(;g(S,/),Ip)dﬂ) ds+/ Sa—lT(t_ — S_)h<5’157/ g(s,p,;ﬂ) dp> do(s), t>0.
0 a a 0

7
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Consider ¢ as

B {C(t), t € (—00,0]

(SR
£(0), tee "%

then 4_’ S 6{7. Let r(t) = mo(t) + Z‘(t), —o0 < t < v. Clearly  is satisfied if and only if ro fulfills w, = 0.

W) = —T( )k(o §)+k<t mt+§(t)> /0‘5""17<%—%)3(.s)ds+/0‘s””l’f(%—%)
X f<s,ms+ES,/0Sg<s,p,mp+Zp>dp> ds+/0l5“_'7(%—%>
x h<s w, +§Y,/0S (5010, +Cﬂ>dp> da(s).
Foranymeeﬁg={me®:7;m0=OeQ5J},

1/2 1/2
ol = liwglls, + sup (Ellw)2)* = sup (Efincs)l)"
0<s<v 0<s<v

Eventually, (@g ||.||u) is a Banach space. We consider B, = {w € qu lw||?2 < p}; For some p > 0, then B, C (,5// is uniformly
bounded, for each p. For 1o € B, and by the virtue of Lemma 2.1

=2 2
o+ 2% <2 (i3, +IE3)

IN

4<||m0||2 © sup (EIRGIT) + 100, +F sup (E||c(s>||2)>
s€[0,t]
< 4(0+ Plwl3 + €13, + PEICOIP )
2 2 2 2\
< 4(Po+ 1, +PEICOI) =" “2)

Now we may define ¥ : &/ — &' as:

t € (=00,0]

/ ( )z(s)ds

Yro(t) = — S — (4.3)
+/ T(———)f(s,ms+§s,/0 g(s,p,mp+§ﬂ)dp)ds

+/0 sa’lT(;—§>h<sm +cs,/os (s.0.10, +§,,)dp>dw(s) tee,

implies that ¥ has a unique fixed point. Let us divide the proof into several steps.

Step 1: #(B3,) C B, for p > 0.
Assuming the contrary, for each p > 0 there exists w(.) € B,, and ;(w) & B, (i.e), E ||(ﬁrr>)(’c)||2 > p for some t € £.

E || @) 2
s 7 (%) [ (- ) o
T CE e N PA A |
4 5E /Okﬁaflr(%—g)%sm +¢s,/0S (50, +3,) )dw(s)

< 61+6,+6;+6,+6s.

IN

p

2
+5E

IN

T e “k (t,mt +Et)

2

where
V= EIT (S ko, c>||2 < MR (14113, ).

S, = ]EHk t,m£+E{)

< R (14 o+ E) < K1+

2
/0 57 17(— - —);,(s)ds

a 2o
< M2|BI%E [ / 312 ds] <M o— ||a||£q(g,c),

6, =E

8
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t —1 ’ta S(t - s -
/ 5% T(———)f s,mS+CS,/ 9<S,p,m,,+Cp)dp>dS
0 a a 0

)

2

ta 1 _ s _
<M Nf<1+||ms+C5||éJ+]EH/O g(s,p,mp+§/,)dp

2a—1

<M2

st 2a-1 Ny (1 o, 4+ 2+ (14 1, + 3,1
(

Ni (1+p; +m,0°(1+py))
2

o ]EH/O:‘X IT({: _;a)h(S s +CS’/S (S P10, +Cp>dﬂ> da(s)
'/Oth<sm +§S’ 05 (sp’m +C) )dSZ
(e, e (1S ))

tZa—l N _
< MzTr(Q)mNh (1+p, +m0*(1+p)).

a1
< MzTr(Q)t—lE

< M?

Therefore,

~ (l
p o< 5M2Nk(l+|IC|I2 )+ SR+ ) + 5P — ||z||m(5,c)

+ SMZ le(1+p] +m 0’1 +p)) +5M2Tr(Q) Nh (1+p, +m0*(1+p)).

Dividing by p throughout and let p » oo, we obtain

20—
(1+T,07) + SMTHQ N, ;

1551\7k+5M21\7f2t (1 +m,0?)

It opposes our theory (4.1). Therefor 7(13,) C B,, p > 0.

Step 2: 7 is a contraction on B3,,.
Using tv, 10 € Bp,2
E |[rro() - ()|

H tmt+§t)—k(tmt+§t)] / a=ly %—% f<sm +¢, g(S,p,mp+Ep)dp>

_ f<s"%5+g“’/0s9<s p,m +C,, dp) / %— a)

X [h (sm +cy,/x (s P, +, dp> <sm +gv, (s p1o, +§p>dp>]ds
0

2a—1

H

2

< 3Nw—®% +3MZNf2 (1+mlu ) o — 113 +3M2Tr(g> — Ny (1+my0?)
X I, = 1o,lIg

2a—1 —1
< [3Nk+3MZNf (1+mln )+3M2Tr(Q)—1Nh (1+myn? )]

X <r2sup1E||m<s>—rfa(s>||2+||mo||§5 + Il )
se& J J

IA

2a—1
2 [3Nk + BAMEN;(1 +my0?) + 3METHQ)N, (1 +my0?)] =

) a2
50 1] iggE [[ro(s) — ()|

IA

2% supE ||to(s) - t’o(s)”2 s
SEE
with
. _ 2 2 2 2 2y 22!
2* =P |3N, + BM*N;(1 + myv°) + 3MPTrHQ)Ny (1 +my0?)] 2l
By taking supremum over t,
ll7vo = 7|l < 2*[lw — ]l

Thus 7 is a contraction. As a result, the mild solution of (4.1) has a unique fixed point 1(.) € B, for the function . [
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5. Optimal control

Consider the Lagrange problem (LP). Find a control 3° € 21, 3 £G% < £G), V 3 €A, where

b
2@3) =JE{/O (68,00, 5(0) dz},

and p? relates to the control 3 € 2, and is the mild solution of system (4.1). To demonstrate that there is a solution to the problem,
we establish the following hypotheses (LP).

(A7) () A : EXB 7 x Y XK= RU{oo} is Borel measurable.
(ii) A#Z(t,.,.,.) on 7 x ¥ X K is a sequentially lower semicontinuous functional V t € £.
(iii) .#(t,x,,.) is convex on K for each y € ;,f € ¥ and almost all t € £.
(iv) There exist constants &b > 0, ¢ > 0, g is non-negative and g € £'(€,R) such that

a() +allell |+ BIEN +Ell3lI < 4 (tx.£.5)

Theorem 5.1. Assume that (A7), Theorem 4.1, and the existence of the strongly continuous operator B are all true. Then, the Lagrange
Problem (LP) accepts at least one optimal control pair, that is, a control ;° € 2, such that V3 € 2,,,

v
2% =E { / A (62).2°0.5°1) dt} <LG).
0

Proof. For inf{.£() | 3 € A,;} = +o0, nothing needs to be verified. Without loss of generality, we deduce that inf {£(}) | ; €
Aad} = O < +o0. By (A7), we have © > —0. According to the notion of infimum, there is a minimizing sequence of feasible pairs
{@". 3"} Cc V,y, where U,; = {(r,3) : r is a mild solution of [(4.1)] relating to 3 € A,,;} such that .£(",3") > O, as n - +o0. Then
{3"} € A, n=1,2,...,{3"} is a bounded subset of the separable reflexive Hilbert space £L%(£, K) and 3 a subsequence, {3"} and
30 e LIEK) > 5"~“—L 30 in £9(&, K). Due to the closed convex nature of 2l,,, the Mazur Lemma, which states that 3° € 2., holds
true. If {¢"}, which corresponds to {3"}, is the solution sequence for (4.1), then

(o, te(-e.0L
t t
I n a—1 ¥ 5% n a—1 ¢ 54
e =7 (£) RO -ko.01+ker+ [T (8- LYoy (s)+/0 ST (S -2

0 a «a
t K
_ o s* .
f(s,xg,/;g(s,p,;;)dp)dw/o s 'T(;—;)h<s,;;’,/0 g(s,p,;;)dp> dos),  t>0.
By referring Theorem 4.1, it is evident that 37 >0> n=0,1,2,....
le"1l3 < 7.

Assume that ¢"(t) = w"(t) + Z‘(t); " € Qﬁg and E ! (—oo0,0] — Y are the functions defined in the earlier part of the proof. For t € &,
we get
2
E ”m"(t) - mO(t)”
2

: ¢ a—1 t s* n 0
+4E| [ 51T (S - 2 ) [Be)" ) - Bi’)] ds
0 [04 ¢4

+ 4IE“/0‘501—1T(% - %) [f (s,mz’+ES,/OSg<s,p,m;’+Zs)dp>

_ f<s,mg+zs,/oxg(s,p,m?+zs)dp>]ds /Oksa—17<% _ %)

Bttt ) ol
0 0

a—1

t2
2 — 1

< 4IEHk(t,m't'+Zt)

2
+4E

2

t 2 2a—1
< AN} = wllly, |+ 4M? E [/ ”]B(s)g,"(s) - IB%(S);,O(S)” ds] + [4M22ta—1Nf (1+m0?)
A -

2
n 0
oy — o,

2 tZa—I 2
+ AMPTHQ) 57— Ny (1 4+my )] |

2 2
So exists #* >0 3 sup,ee E ‘ " (s) — mo(s)” <.7*||B3" — Béo”m(s B V teé&.

Hence, B is strongly continuous. This implies that

2
”IB%@" - IEB;,OH —>0asn— .
LI(EY)

Then, we have

”m" mouz —-0asn—
- 0.
v

10
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which is equivalent to
" —;0||%] — 0 as n— oo.
Therefore,
n 0 - ’
"ot mQ5J as n— oo.
We deduce that

(rexr3) ~E {/0 VAR ONI0)) dt}

is sequentially lower semicontinuous in the weak topology of £LI(&, K) ¢ £!(£, K) and strong topology of £!(£, ®.J xY) from Balder’s
theorem [39]. So, .Z is weakly lower semicontinuous on £9(€,Y). By (A7), .Z > —oo and .Z succeeds its minimum at 3 € A s 1€,

o b
6 = lim E {/ M (620,57 (1) dt} >E {/ (12, 2°(0,5°0) dt} =2¢% > 0.
n—oo 0 0

Hence the assertion. []

6. Illustration

Let us consider a conformable fractional stochastic neutral control system of the form:

D [stte) =[O, bt et e)de | = Lrat o)+ fi) % (e, 5)3(s, O
+5 (t, f_too E1(s = (s, E)ds,fot /—Ooo Z,(s,e,€ = s5)x(e, e)deds)

+Y (t, L 21— txts, s, f [0 25 (s,6,€ = 9) (e, e)deds) ol teg 6.1)
1(t,0) =x(t,7) =0,t > 0,
Wt e) =@t e), e €[0,x],—c0 < t <0,

where D“ is the Conformable derivative, and the neutral function be b(t, €). (€2, J, P) is the filtered Probability space with w(t) being
a one-dimensional standard Weiner process in Y. The functions ¢(t, €), =,Y, =,, and =3 are continuous.

Let us equalize the Considered Hilbert spaces, (i. (¢) (K =Y = £2([0,z])). The operator 2% : Z(A) C ¥ — Y is expressed by
Au = v’ € 2(A), where

2@) = {ue Y : u, v are absolutely continuous, 1’ € Y,u(0) = u(x) = 0}.

20 generates a continuous semigroup ®(t),,, being compact, analytic, and self-adjoint, having a discrete spectrum. Let —1?,v € N
are the eigenvalues and the corresponding normalized eigenvectors are

172
w,(€) = (%) sin(ve), v=1,2,....

Let us consider the following assumptions:

(i) Provided, u € Z(), Au= Y (4, 1w, )0,

(i) Forue ¥, Q=37 é(u,mu)mv in the space 2(Q) = {ue Y,y v{w,w,)w,}, Q=1-2
Consider J(s) = €2%,5 < 0, then [ = f_oco J(s)ds = % & ;7 be the phase space equipped with the norm

0 2172
ISle, = J(s) sup (ESl®) " ds.

- s<n<0

Then, (Qﬁj, ”'”QSJ) is a Banach space.
For (t,{) € [0,0] X &7, where {(.,€) = ¢(..€) € (=0, 0] X [0, z], we consider

(®)(e) = it e),
0
gt = / Ey(t€,5)¢(s)(e)ds,

)

t t t
f<tC,/O g(&C)) (&) = 5<t/ El(s—t)x(sﬁé)ds,/o g(f,C)(e)dS>,

0
o =/ E3(t €, 5)C(s)(e)dss,

©

t t t
h(téﬂ/o ﬁ(&C)) (&) = Y(t/ El(s—f)x(s,f)ds,/o @(f,é)(s)dS),

0
k(t, &)(e) =/ b(t, e)C(t, e)de.

11
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It is obvious that the functions f, g, §, h, and k satisfy the assumptions (A1)-(A7).
The function 3 € ([0, z]) » R is a control where 3 € L2(&x([0, z])), t — 3(t) is measurable. Let the set A = {3 € £ : ||/l < @}
where w € £2(£,R*). We confine the admissible control 2, to be 3 € £L2(&([0, z])) D |13(, V|| < w(b).
We express B(t)3(t)(e) = f[(m (g, $)3(s, ds and suppose that
(i) % 1is a continuous function.
(i) 3 € £2([0, 7] X &) and A : EX G ;XY X K — RN oo being defined by

0
A (62,18, 5(0) (g):/ / |g3(t+s,£)|2dsde+/ |;3(t,5)|2d5+/ 3¢, H)|2de.
[0,7] J —c0 [0,7] [0,7]

It is explicit that all the requirements of Theorem 4.1 gets satisfied. Thus there occurs an admissible control pair (r, 3) such that the
associated cost functional

5(3)=1E{/0 M (65, B(10),50) df}

achieves its minimum.
7. Application

In this section we will show numerical simulations of the application Eq. (7.1). In terms of approximating a numerical solution
this example has a variety of interesting and challenging components. If it only had the parabolic partial differential equation (PDE)
component then we could solve it with a variety of software suites and the methods described in [40,41]. If it was only the neutral
delay term then we could use the methods described in [42]. If it was only the Brownian and fBm components then we could use
the methods described on in [43]. This equation has all of these components in addition to an integral term.

To the author’s knowledge there is no existing software suite built to handle all of these components in the example NSIDE with
infinite delay and mixed fBm so we have built one in Matlab. All of the specifics of the simulation are available within the code
but the primary techniques are as follows. A forward finite difference was used in the time derivative as to make it an explicit
method. A centered difference approximation was used for all spatial (6) derivatives. The trapezoid rule as implemented by the
Matlab function trapz.m was used to approximate the integral term at each discretization point. The Brownian term d B is normally
distributed with mean zero and variance d: where d: is the time discretization step. the fractional Brownian term dZ is normally
distributed with mean zero and variance dt*" where h is the fBm parameter. The delayed derivative terms were approximated by
difference derivatives on the mesh as well.

In the included simulations (Figs. 1-3) the following functions and parameters have been used. We have used » = 2 and 20
points in each spatial dimension for a total of 400 spatial points at each timestep. We have used 5000 time-steps so d: = 0.0002. The

fBm parameter h = 0.7. The functions are ¢@,0) = 2 + ! 62, A(s) = cos(s), and ¢(1,0) = :2+2;92 Fig. 1 shows the function at the

beginning at 1 = 0 and a third way through the simulation. Fig. 2 shows the simulation at roughly two thirds through the simulation
and at the end. Fig. 3 shows the simulation at roughly third eighth through the simulation and at the end.

d 2+ |19(1—(p,6')|2

o [&(:, o)+ 1—8] (7.1)
L 2 e |9 —,0)
=S 80, 0) + T]
+ 68(1—(p,6’)/\/§+19(1,smt|19(1,6')|)/\/§ 7.2)

9
t t 0 . .
. 0, e19G—9,0)
. — O 1sin dido
+e/_msm(1 &) l'/(; /_oo[ 3 + 31 19G.0)] 1

t t 0 .
. o 1sinf e |G — @, 0)| da(t)
+ [e 4/—90 sin(z C)dl/o /_oo [ o + 31 19G.0)] ] dtde] 7t (7.3

1€ (0,1], 6 €10, x],

9(,0) = 0,
3(1,0) = ¢(1,0), 0 €[0,x], 1 € (—0,0]. (7.4)

8. Conclusion

In this article, we discussed the optimal control of conformable fractional neutral stochastic integrodifferential system. This
equation has infinite delays and takes place in a separable Hilbert space. In addition, using Banach fixed point theorem, the existence
results and some conclusions concerning the optimal control are obtained. An illustration of the theory that has been presented is
provided as the concluding part. We developed a numerical scheme to justify the theory. The code contains all of the details of
the simulation based on finite difference method in Matlab. This work is a unique combination of theoretical proof with numerical
estimations.
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= t=0.4995

1200

15

1000

800

600

400

200

Fig. 1. Function at the beginning at : =0 and a third way through the simulation.

t=0.4995 t=1
1200 3000
1000 ' 2500
800 / 2000
600 1500
400 1000
200 500
0 0
3 3

Fig. 2. Simulation at roughly one half

This work can further be extended to trajectory (T-) controllability of conformable fractional stochastic differential equations.
T-controllability is the strongest notion of controllability, so one has to prove the result without assuming the compactness of the
semigroup or the resolvent operator using measure of noncompactness or some other way. Also, we are planning to weaker the
Lipschitz condition on nonlinear operator by the “Integral Contractor method with Regularity” for the advanced stochastic fractional
order system, like, y-Hilfer system, Hadamard system, Hilfer-Katugampola system, etc.

13
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t=0.66667 t=1

1500 3000
2500
2000
1500
1000

500

Fig. 3. Simulation roughly two-thirds through the simulation and at the end

We have studied the solution of the model as a piecewise random stochastic with numerical schemes including Newton
polynomial. This technique is more accurate and useful for solving the linear and nonlinear partial differential equations. We can
generalize the same for the future work. One can use the hybrid control system using the same argument. sWe cannot apply this
result to the boundary value problem. The existence result has not been reported so far for the system with infinite time/state
delay with boundary value. This is the limitation. The studied numerical simulation is valid only for the time delay system, but not
for the state delay, and not for the deviating arguments. One needs to generate separate codes to extend the result studied in this
manuscript.

Declaration of competing interest

There is no conflict of interest.
Data availability

No data was used for the research described in the article.
Acknowledgments

The authors would like to thank the referees and the editor for their careful comments and valuable suggestions to improve this
manuscript.

Funding
The authors do not have any financial assistance from funding sources.

References

[1]1 Mao X. Stochastic differential equations and applications. Chichester: M. Horwood; 1997.

[2] Oksendal B. Stochastic differential equations: An introduction with applications. Springer Science and Business Media; 2013.

[3] Da Prato G, Zabczyk J. Stochastic equations in infinite dimensions. Cambridge: Cambridge University Press; 1992.

[4] Podlubny I. Fractional differential equations. San Diego: Academic Press; 1998.

[5] Pruss J. Evolutionary integral equations and applications. Monographs in mathematics, vol. 87, Base; 1993.

[6] Diop Mamadou Abdoul, Rathinasamy Sakthivel, Ndiaye Abdoul Aziz. Neutral stochastic integrodifferential equations driven by a fractional Brownian motion
with impulsive effects and time-varying delays. Mediterr J Math 2016;13(5):2425-42.

14


http://refhub.elsevier.com/S2666-7207(23)00095-4/sb1
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb2
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb3
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb4
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb5
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb6
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb6
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb6

D. Chalishajar et al. Results in Control and Optimization 13 (2023) 100293

[71

[8]

[9]
[10]

[11]

[12]

[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]

[42]
[43]

Diop Mamadou Abdoul, Ezzinbi Khalil, Issaka Louk-Man, Ramkumar Kasinathan. Stability for some impulsive neutral stochastic functional
integro-differential equations driven by fractional Brownian motion. Cogent Math Stat 2020;7(1):1782120.

Ravikumar K, Ramkumar K, Anguraj A. Null controllability of nonlocal Sobolev-type hilfer fractional stochastic differential system driven by fractional
Brownian motion and Poisson jumps. J Appl Nonlinear Dyn 2021;10(04):617-26.

Yang X, Zhu Q. pth moment exponential stability of stochastic partial differential equations with Poisson jumps. Asian J Control 2014;16:1482-91.
Mane A, Caraballo T, Diop MA. Controllability for neutral stochastic functional integrodifferential equations with infinite delay. Appl Anal Nonlinear Sci
2016;1(2):493-506.

Ogouyandjou C, Mouhamed M, Diop MA, Amoussou AG. Existence results for impulsive stochastic neutral integrodifferential equations with state-dependent
delay. Trans Razmadze Math Inst 2019;173(06):17-31.

Diop MA, Ezzinbi K, Mamadou PL, Ceesay B. Existence results for some partial stochastic integrodifferential equations with nonlocal conditions in Hilbert
spaces. Res Math 2022;9(1):2043019.

Sathiyaraj T, Wang J, Balasubramaniam P. Controllability and optimal control for a class of time-delayed fractional stochastic integro-differential systems.
Appl Math Optim 2021;84:2527-54.

Al-Hussein A. Necessary conditions for optimal control of stochastic evolution equations in Hilbert spaces. Appl Math Optim 2011;63:385-400.

Agrawal OP. A general formulation and solution scheme for fractional optimal control problems. Nonlinear Dynam 2004;38:323-37.

Agrawal OP, Defterli O, Baleanu D. Fractional optimal control problems with several state and control variables. J Vib Control 2010;16:1967-76.

Fan Z, Mophou G. Existence of optimal controls for a semilinear composite fractional relaxation equation. Rep Math Phys 2014;73:311-23.

Wang J, Zhou Y. A class of fractional evolution equations and optimal controls. Nonlinear Anal Real World Appl 2011;12:262-72.

Liu X, Liu Z, Han J. The solvability and optimal controls for some fractional impulsive equation. Abstr Appl Anal 2013;2013.

Balasubramaniam P, Tamilalagan P. The solvability and optimal controls for impulsive fractional stochastic integrogifferential equations via resolvent
operators. Appl Math Optim 2016. http://dx.doi.org/10.1007/510957-016-0865-6.

Ramkumar K, Ravikumar K, Varshini S. Fractional neutral stochastic differential equations with Caputo fractional derivative: Fractional Brownian motion,
Poisson jumps, and optimal control. Stoch Anal Appl 2020;39(1):157-76.

Wang JinRong, Zhou Yong, Medved Milan. On the solvability and optimal controls of fractional integrodifferential evolution systems with infinite delay.
J Optim Theory Appl 2012;152(1):31-50.

Harrat A, Nieto JJ, Debbouche A. Solvability and optimal controls of impulsive Hilfer fractional delay evolution inclusions with Clarke subdifferential. J
Comput Appl Math 2018;344:725-37.

Li Xiuwen, Liu Zhenhai. The solvability and optimal controls of impulsive fractional semilinear differential equations. Taiwanese J Math 2015;19(2):433-53.
Khalil R, Al Horani M, Yousef A, Sababheh M. A new definition of fractional derivative. J Comput Appl Math 2014;264:65-70.

Abdeljawad T. On conformable fractional calculus. J Comput Appl Math 2014;279:57-66.

Chalishajar D, Ravikumar K, Ramkumar K, Diop MA. Optimal control for neutral stochastic systems with infinite time delay and deviated argument driven
by Rosenblatt process. Results Control Optim 2022;9:100181.

Khalil R, Abu-Sahaab H. Solution of some conformable fractional differential equations. Int J Pure Appl Math 2015;103(4):667-73.

Abu Hammad M, Khalil R. Fractional Fourier series with applications. Am J Comput Appl Math 2014;4(6):187-91.

Chen SB, Zeid SS, Alipour M, Chu Y. Optimal control of nonlinear time-delay fractional differential equations with Dickson polynomial. Fractals 29(4).
World Scientific. https://doi.org/10.1142/50218348X21500791.

Chu Y, Yassen Mf, Ahmed I, Sunthrayuth P, Khan M. A fractional SARS-COV-2 model with Atangana-Baleanu derivative: Application to fourth wave.
Fractals 2022;30(08):2240210. http://dx.doi.org/10.1142/50218348X22402101, World scientific.

Sher M, Shah K, Chu Y, Khan R. Applicability of topological degree theory to evolution equation with proportional delay. Fractals 2020;28(08):2040028.
http://dx.doi.org/10.1142/50218348X20400289, World Scientific.

Chu Y, Bani Hani EH, El-Zahar ER, Ebaid E, Shah N. Combination of shehu decomposition and variational iteration transform methods for solving fractional
third order dispersive partial differential equations. Numer Methods Fuzzy Fract Differ Equ 2021. http://dx.doi.org/10.1002/num.22755.

Ahmad I, Ahmad H, Thounthong P, Chu Y, Cesarano C. Solution of multi-term time-fractional PDE models arising in mathematical biology and physics
by local meshless method. Symmetry 2020;12(7). http://dx.doi.org/10.3390/sym12071195.

Hajiseyedazizi SN, Samei ME, Alzabut J, Chu Y. On multi-step methods for singular fractional g-integro-differential equations. Open Math 2021;19:1378-405.
http://dx.doi.org/10.1515/math-2021-0093.

Chen SB, Zeid, Jahanshahi H, Alcaraz RA, Gémez-Aguilar J, Bekiros S, Chu Y. Optimal control of time-delay fractional equations via a joint application
of radial basis functions and collocation method. Entropy 2020;22:1213. http://dx.doi.org/10.3390/e22111213.

Yan B. Boundary value problems on the half-line with impulses and infinite delay. J Math Anal Appl 2001;259:94-114.

Gu H, Trujillo JJ. Existence of integral solution for evolution equation with hilfer fractional derivative. Appl Math Comput 2015;257:344-54.

Balder EJ. Necessary and sufficient conditions for L,—strong weak lower semicontinuity of integral functionals. Nonlinear Anal 1987;11:1399-404.

Cook R, Malkus D, Plesha M. Concepts and applications of finite element analysis. 3rd ed.. New York, NY: John Wiley & Sons; 1989.

Strang G, Fix G. An analysis of the finite element method. 2nd ed.. Wellesley, MA: Wellesley-Cambridge Press; 2008.

Shampine LF. Dissipative approximations to neutral DDEs. Appl Math Comput 2008;203(2):641-8.

Glasserman Paul. Monte Carlo methods in financial engineering. Springer; 2004.

15


http://refhub.elsevier.com/S2666-7207(23)00095-4/sb7
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb7
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb7
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb8
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb8
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb8
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb9
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb10
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb10
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb10
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb11
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb11
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb11
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb12
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb12
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb12
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb13
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb13
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb13
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb14
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb15
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb16
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb17
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb18
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb19
http://dx.doi.org/10.1007/s10957-016-0865-6
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb21
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb21
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb21
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb22
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb22
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb22
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb23
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb23
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb23
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb24
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb25
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb26
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb27
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb27
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb27
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb28
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb29
https://doi.org/10.1142/S0218348X21500791
http://dx.doi.org/10.1142/S0218348X22402101
http://dx.doi.org/10.1142/S0218348X20400289
http://dx.doi.org/10.1002/num.22755
http://dx.doi.org/10.3390/sym12071195
http://dx.doi.org/10.1515/math-2021-0093
http://dx.doi.org/10.3390/e22111213
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb37
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb38
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb39
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb40
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb41
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb42
http://refhub.elsevier.com/S2666-7207(23)00095-4/sb43

	Optimal control of conformable fractional neutral stochastic integrodifferential systems with infinite delay
	Introduction
	A deterministic and stochastic method to conformal array fabrication for SAR applications

	Preliminaries
	Main Results
	Systems of Neutral Stochastic Differential Equations with Infinite Delay
	Optimal Control
	Illustration
	Application
	Conclusion
	Declaration of competing interest
	Data availability
	Acknowledgments
	References


