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Abstract

The purpose of this study is to present an averaging principle for Hilfer fractional stochastic
differential pantograph equations (FSDPE). Under appropriate non-Lipschitz conditions, the
mean-square sense and probability of solutions to averaged stochastic systems can be used to
approximate solutions to HFSDPE. Finally, an example is provided to demonstrate the results’

viability. Furthermore, our findings have greatly broadened prior findings.
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1 Introduction

Fractional differential equations are the generalization of classical ordinary differential equations
(ODEs) with arbitrary order see [I, 2]. Pantograph equations (PEs) [I5] are a class of unbounded
delay equations that have been utilized to express a variety of applications, including those in
biology, electrodynamics, finance, and other nonlinear dynamical systems,(see [16, [I7]). Numerous

academics have extensively researched the existence, uniqueness, and stability of various types of



pantograph equations based on these fundamental aspects. Naturally, a few outstanding and
significant papers have also appeared in our view (see [I8] [19, 20] and references therein). The nature
of solutions for fractional stochastic differential pantograph equations (FSDPEs) in Euclidean space
n-dimensional R™ [3, [], is particularly interesting in practical applications. Non-linear FSDPEs
solutions are extremely challenging to solve. As a result, we used symmetrical methodologies and

tactics across the board. It has had a significant impact on the evolution of partial calculus [5 [7].

On the other hand, Khasminiskii [§] focused on analysing the convergence of idle systems on the
drag time scale € — 0, in order to resolve uncertain issues. A typical approach that is highly successful
for investigating the use of fractional stochastic differential equations (FSDE) in many interesting
disciplines is the AP in stochastic fractional dynamical systems. The averaging method proposes a
potent tool for achieving equilibrium between complex models and simple systems (see [9} 10} 1T} [13]).
For instance, few authors have addressed the AP of FSDEs, for example Abouagwa and Ji Li looked
into the approximation properties of solutions to It6-Doob FSDEs with non-Lipschitz coefficients [13].
The averaging principle for SDEs with Caputo fractional derivative was investigated by Wenjing et
al. [14]. This work is motivated by the fact that the averaging concept for Hilfer FSDPEs has not yet
been addressed in the literature. The highlights and major contributions of this paper are reflected in

the subsequent key aspects:

(i) Initially, the effort to study the characteristic of solutions for a class of Hilfer FSDPEs via the
averaging principle (AP) under non-Lipschitz conditions is made. Comparing with literatures
[20, 21], the corresponding conditions are required to satisfy the Lipschitz condition or the local
Lipschitz condition. The Lipschitz condition usually fails in several practical situations, though.
Therefore, in our study, the non-Lipschitz conditions which are significantly weaker than the

Lipschitz condition will take the place of the Lipschitz condition.

(ii) The impact of delay terms on the AP for the relevant Hilfer stochastic system has not been
taken into consideration in the prior literature [10, 14]. The delay effects, however, do exist in
certain Hilfer stochastic differential systems. As a result, in this study, we look at delay Hilfer

stochastic differential equations with a linear delay 7(:) = 6 with 0 < 0 < 1.

The purpose of this study is to establish the averaging principle for Hilfer FSDPEs in the following
form
dB(v)
di
7m0 V(0) = g, (1.1)

DY) = [(e10(e),0(00) +m (1, 10(c), w0(62))

where ¢ € [0, 7], g € %™ is the initial value, which is Jp—measurable on Z™ and satisfies E|tg|? < oo,

0<6<1, Dg’;n is the Hilfer fractional derivative with 0 < 1) < 1, % <n< 1,00, T|XZ" <X %" — %",

V]



m o [0,7] x Z" x Z" — Z™"™, and B(1) is a m-dimensional Brownian motion on the complete

probability space (2, S, P).

2 Preliminaries

Definition 2.1. [6/ The fractional integral operator of order n > 0 is expressed as

1 Lo
M) = / ) 4 L >0, (2.1)
) Jo (
where I'(+) is the Gamma function.

Definition 2.2. [6/ The hilfer fractional derivative of order 0 < ¥ < 1 and 0 < n < 1 is interpreted

as
4

771% . 7,/)(1—11)
Dy l(e) = I, %

1—g)(1—
-,
where D = %.
Definition 2.3. An %" —wvalued stochastic process {w(¢) }o<,<7 is said to be a unique solution of
if,
(i) {w(v)} is continuous with respect to v and I,— adapted.

(i) 1(t,0(0),w(00)) € L0, T]; %) and m(z,10(2), 0(00)) € 220, T]; Z"<™).

(11i) For all v € [0,T], we have

o) = A g + ! /L(L —5)" (s, 10(s), 0(0s))ds
L((1 —n) +n) I'(n) Jo
+ F(ln)/o (¢t — s)"flm(s,m(s),m(Hs))d‘B(s). (2.2)

(iv) For w* (1), we have P{w(t) =w*(t), V. €[0,T]} = 1.
We impose the subsequent conditions:
(H1) There exist a function ®(-) such that, for any fixed « > 0 and w;,y; € Z", i = 1,2, we have
(2,01, y1) — (1, 02,y2)[* V [m(z, 01, y1) — m(e, 02, y2)[* < @ (1, [01 — 2%, |y1 — y2|?) . (2.3)

where ®(-) satisfies ®(¢,0,0) = 0 and define Q = [0,+00) x [0,400) and [, mduv = 00

and there exist non-negative functions \;(¢), ¢ = 1,2,3 such that for u,v > 0, ®(t,u,v) <

A1(e) + A2(e)u + Az(e)v and fOT Ai(0)de < o0, i=1,2,3.

L]



3 Main Results

Initially, let us consider the standard form of the system ([1.1)).

,(—1)(1-n) - -
w.(t) = F(¢(1—n)+n)m0+ () /0 (L —38)" (s, 104(s),w.(0s)) ds
+ F\([‘;/o (L= 5)" " m (s, 10.(s), 0.(05)) dB(s), (3.1)

where ¢ € (0, 9] is a positive small parameter and ¢q is a given fixed number.

Before concluding with the AP for SPE, there exist measurable function [* : Z" x Z" — %" and
m* : X" X B — ™™ such that the following holds.

(H2) For 71 € [0, 7], o,y € Z"™, there exist positive bounded functions ¥;(77), i = 1,2 such that

71—1/0T1 (s, 10,y) = 1" (w,y) Pds - < @1(T1) (Iw]” + [y[*) ,

1 T N 9 2 2

7-1/0 [m (s,10,y) —m" (r0,y) [*ds < @1(T1) (Jw]* +y[*), (3.2)
where 7_}1_1)1100 w;(T1) = 0. The solution tw.(¢) converges, as ¢ — 0 to the solution tv}(¢) of the averaged
System:

L= (1-n) e L
W0 = e R € e e 0) ds
+ I‘\(/f) /OL(L — 5)"m* (X (s), w7 (0s)) dB(s), (3.3)

ase — 0and ¢ € [0,7].

Theorem 3.1. Assume that the conditions (H1),(H2) hold. Then, for a given arbitrarily small number
01 >0, there exist # >0, € € (0,e1] and 7 € (0,1) such that for all € € (0,e1], we have

E( S o< (1) —mj(ﬂﬁ) < o1.

E[—T, Me™T]

Proof. From (3.1) and (3.3]), we may obtain for ¢ € [0,u] C [0, T], we get

ma(b) _m:(b) = F(En)/oL(L— s)h—l [[(s,mg(s)’ma(gs)) _r (m:(S),m:(GS))] ds
i F{; /OL(L — )" [m (s, -(s), - (05)) — m* (% (s), w3 (05))] dB(s).

Applying the elementary inequality,

g2 L )
E (0113Eu|mg(L) —mZ(L)|2> < [1“2(n)]2EoS§LII<)u /O (1 )" [{ (5, 10.(5). . (65)) — I* (0 (5). ot (6] ds
i [F(2§)]2Eoi?5u /OL(L — 5)" ! [m (5, 10 (s), 102(05)) — m" (% (s), I (0s))] dB(s)

= I+ . o

2



Using the elementary inequality,

4e? ‘ . * * * )
7S Twp Rk, /o(”> 15, w2 (s), w2 (65)) — 1" (5, w2 (s), 102 (05))] ds
452 L n—1 % o ‘(g ‘(05 ) 2
b | [ o i) wz9) - € ()2 09)]
= S+ HAo.

Using Cauchy Schwartz inequality,
2

2 L
= ﬁ;PEoi‘iEu /0 (1= )" [[(s, 0=(s), 10:(05)) — [ (5,10 (s), 1% (05))] ds

4e2y?n-1 L 2
< —E su /<1> s, ds
@n— DIMPE  ozzu o

452u2n—1 L
< (211—1)[F()]E0315u/0 [A1(s) + Aa(s) e (s) — wE(s)|* + Az(s)[w-(0s) — wi(0s)[*] ds

462u2" 2 2n 1 ,
———— sup M () +4 sup A / E sup lto-(s1) — o (s1)2ds.
Gr - DIE@E 22, e 2z;o<£u (Sup Ioe(sr) = i)

cﬁll

2

*

e (s) — w2 (s)

1w, (0s) — wZ(0s)

Also, by (H2) and Cauchy-Schwartz inequality, we have
4 2

S = ——E sup
R TN CY v

2..2n L
T DTGP, J, 1050 mi(6) = (o) wi(0s)

e (e =) & s ]

(2n — D)) \o<i<u 0<i<u

/OL(L = 8)" " [(s,101(s), w(05)) — I (wZ(s), wi(Bs))] ds

2
ds

Using elementary inequality,

2 L n—= * * * 2
S TRk, /0“‘8> Hm (s, < (s), w2(85)) — m” (10Z(s), w7 (05))] dB(s)
4de L _ gl s s ) — m (s 10 (s). o (0s . 2
S TwE o, /0“ )" [m (s, e (s), W0:(05)) — m (s, W7 (s), w5 (05))] dB(s)
4e L _Sn_l s. 0¥ (s *(0s)) — m* “ (g *(0s ) 2
O /o“ )" [ (5, 105 (5), 12 (65)) — m* (1w (s), w7 (0))] dB (5)
= I+ .

From (H1) and Burkholder-Davis-Gundy inequality, we have

2

< 4s — &
< sup
[F(n)] 0<i<u

€U2" 1 L
& (211151)[F()]E sup /0 ¢ (s, |t (s) — m:(s)‘Q, | (0s) — m:(ﬁs)lz) ds

0<e<u

I /OL(L )" [m (s, 0.(s), 0. (8)) — m (s, 107 (s), 105 (65))] dB (s)

2,_:u2n 1 L
(2111?1)@()]1@083% /0 M () + Ao ()| w0c(s) = wE(s)|* + Aa(s) [ (05) — w2(6s) ] ds

16cu?" ,
5 Sup Ai(t) + 16— sup Ai( / E sup [|tw.(s1)—wZ(s1)| ds.
TR S8, O+ 0 T z;o«pu L [(sn) = i)

ot



From the hypotheses (H2) and Burkholder-Davis-Gundy inequality, we have

2

= (), wZ(6s))] dB(s)

wi(0s)) |*ds

S S B, | [0 w0, wi0s) e o
u2n 1
= <2n1§€1>[r 3B S T / [m (s, 102(s), 0,) — m* (wZ(s),
16 u2n 1 . )
< G- NP <oi‘fgu wQ(L)) £ {Osgjgu @ + sup !ma(m)lz]
< 32eu—1

(2n — DL ()2

) 4220 4e2y2n—1 3
E | sup |to.(¢) —1ol(e < —su)\L—i— sup A;(¢
o) o0 < i e MO+ DT 2,22, M
U]E 2d 852U2n
X S t.(s1) — ol (s s+ sup (¢
[ B s oeton) o + s (s =i0)
16cu"
x E| su m*LZ}—l—su A (e
[0<£u’ 0 (2n —1)['(n))? 0<£u 1(0)
16eu2" 2
Ai( E 10, o’ d
+ (2n—1 22;03131 / 0<Slsllp<s| Sl) E(Sl)} i
32eu?"
E * 2
¢ e (=) [ g o]
< A M \2u® 4 16eu™. 4 82u A, 32eu 4,
T (@n=-DIWPE @2n=D[Im)2 2n-1IM) (20— D[T(n)]?
8€2u2n71 326u2n71 u 9
+ + E sup [|to.(s wl(s1)| ds,
TRt e T [, By, eelon o)
where,
{ sup wi(t)E [ sup \m |2,] , sup wo()E [ sup ]m ‘2,} } = ///w,{ sup Ai(e), i = 1,2,3} = M.
0<ie<u 0<i<u 0<e<u 0<:<u 0<i<u

(50 ) B | sup me(o?].
0<<u 0<e<u

By the estimation of 11, %19, %21 and Fos, we obtain

By Gronwall-Bellman inequality, we get

wf’] <

E [ sup }mg
0<:<u

X

which implies .Z > 0 and 7 € (0,1) > for ¢ € [0, #c™ 7] C

A M\2u N 16cu™. 4, N 82u2 32eu Lz
2n—-1)[m)]2  2n-1DT W) 2n—-1ITW)]? (20— 1) (n)?
862u2n 1 32&.2"—1
ehzn D[r(n)]2 <2n—1>[r(nn2]

[0, 7] having

E sup ]ms(b) - m:@)’Q < Kel .
L€[0, /e~
where,
K _ 4'//)\%21151—&—7—27—11 N 16%)\%%67—% 8%w%2n51+7—27—n 32%w%2n—1527—(1—n)
T T DIWE @ - DE@E T @n- DEw)P (20— DL

g 2n—1,1+27(1—n)

30 g 20—1,27(1—n)

5 e{ =DM

(2n—1)["(m)]2

|



is a constant. For arbitrary given number 1, 3 £1 € (0,e0] such that, for every ¢ € (0,e1] and

L € [0, #e7], we have

E ( sup | (e) — m;(L)|2) < 0.

LE[0, M e~T]

This completes the proof.

O

Theorem 3.2. Assuming the conditions of the Theorem 3.1 hold, then for a given arbitrarily small

number oo > 0, there exists # >0, 1 € (0,&9] and T € (0,1), > for e € (0,e1], we have

lim P sup  |we(r) —wi(e)| > d2 | =0.
=20\ g0, e

Proof. Given d2 > 0, by Chebyshev’s inequality and Theorem 3.1, we have

A

P ( sup  |wg(e) —wi(e)| > 52) < (;%E ( ; sup  [wo(e) — m:(m?)

LE[0, A e™T] 0, #=77)

1
—QKel_T —0 as € — 0.
%

IN

Thus the proof is complete.

O
4 Illustration
Consider, the hilfer FSPDEs of the form:
Diiw, = ¢ (21‘06 cos? (1) — ro sin? (;)) di+ /edB(v)
1
Z5w:(0) = 1o, L € 10,7, (4.1)
[(2,0.(2),0-(01)) = 2w, cos?(1) — w, sin’ (;) ,
m (s, 0:(e),t0:(0)) = 1. (4.2)
Let,
. 1 (7 10,
" (¢, 02(0), 0:(00)) = / [(¢,10:(2),10-(00)) = —,
m™Jo 2
m* (s, 10:(0),0:(0)) = 1. (4.3)

Therefore, the simplified stochastic PEs [£.1] can be defined as
13 o
D2iwi(1) = G?Ed[, + VedB (1), (4.4)

[y d
[



Evidently, the conditions of Theorem 3.1 and Theorem 3.2 gets satisfied for the functions defined in

(4.1)-(4.4)). Therefore we obtain,

5

E( up rmem—m:(m?) < 4,
LE]l

0, #e~7]

lim P sup | (e) —i(e)] >d2 | =0.
=0\ g0, 677

Conclusion

This works concerns with the AP for hilfer FSPDEs which is new to the literature. We obtain solutions

for SPEs that can be approximated by solutions to averaged stochastic systems in the mean-square

sense and probability under suitable non-Lipschitz conditions. The AP for FSPDEs with Levy noise

and time delays, as well as G-Brownian motion with non-Lipschitz conditions, would be an intriguing

expansion of our research in the future.
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