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Abstract

The purpose of this paper is to determine a new discussion on trajectory controllability (T-
controllability) of time invariant impulsive neutral stochastic functional integrodifferential equations
(INSFIDES) driven by a fractional Brownian motion (fBm) via noncompact semigroup in a Hilbert
space. Initially, with the help of the Hausdorff measure of noncompactness, the Mdnch fixed
point theorem and some inequality technique, some new criteria to guarantee the mild solution
for INSFIDEs are obtained. Next, the systems T-controllability is then examined using Gronwalls
inequality. An example is given to validate the results at the end. Our work extends the work of

[, 16, 103, [11].
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1 Introduction

As we know, there are a variety of real-world situations where instantaneous perturbations and
sudden changes occur at certain moments, including those involving mechanics, electronics,

telecommunications, the financial market, and other domains. We commonly refer to the phenomena



as impulsive effects, in which states are often subject to abrupt and short changes in discrete
moments of time, can be neglected throughout the duration of the intended process, and are defined
by impulsive differential equations. The study of impulsive ordinary differential equations, impulsive
partial differential equations, and impulsive fractional differential equations has increased
significantly over the past few decades. The theory and applications of above differential equations
seem to have been matured. However, stochastic differential equations (SDEs) have received a lot of
attention in recent years from scholars. SDEs are seen as a good tool for modelling real-life processes
where noises are non-negligible since they naturally arise in a wide range of applications, including
economics, finance, engineering, and social sciences. Meanwhile, it is becoming extremely difficult to
ignore the existence of impulsive effects. In other words, noise or impulsive disturbance cannot be
avoided in either natural or artificial systems [I], and that is why we need to study the corresponding
property of SDEs disturbed by impulses. Fractional Brownian motion (fBm) is a family of centred
Gaussian processes with continuous sample paths indexed by the Hurst parameter .7 € (0, 1) which
possesses many outstanding features such as continuous sample paths, self-similarity and stationary
increments. As we know

(i) if 5 € (0, 3), it reduces as a short-memory process,

(i) if 7 = 3, it is a standard Brownian motion,

(iii) if 2 € (3,1), it is a long-memory process.

It is easy to see that fBm is a generalization of Brownian motion, but it behaves different
significantly from the standard Brownian motion. This means that it is neither a semimartingale nor
a Markov process when 77 # % This process is beneficial as driving noise in models that have been
developed for biological systems, financial markets, and telecommunications networks, among other
domains (see [2, B]). Correspondingly, fBm with the Hurst index .7 € (%, 1), has been efficiently
presented as a replacement of the standard Brownian motion in studying stochastic differential

systems.

One of the envisioned characteristics of stochasticdynamical systems is controllability, which
confirms that an stochasticdynamical systemsmay be directed from an arbitrary initial state to a
desired arbitrary final state using a variety of specific admissible methods of control. The idea of
controllability was first proposed by Kalman [4] in 1963. Numerous ideas of controllability were
discovered based on the literature that was available, including
e approximate controllability - it is possible to steer any state vector arbitrarily close to another
state vector.

e exact controllability - Any two state vectors could be connected by a trajectory.
e the null controllability - State vectors could be arbitrarily pointed in the direction of zero.

e T-controllability - We are looking for a control that leads the system along a specified path rather
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than one that moves it from a given initial state to a desired final state.

It has been demonstrated that T-controllability is a more powerful idea than other controllability
concepts. For example: For cost-effectiveness, it may be preferable to launch a rocket in orbit using a
specific course and target destination and so on, which is based on T-controllability notation. For

more details on T-controllability one can see the papers [12] 14, [15], [16} [17] and reference their in.

Based on the above analysis, study on the existence, uniqueness, stability and controllability
of the solutions of the differential systems which disturbed by stochastic effects or impulsive effects
are driven by a fBm have been heated research topics. More and more researchers have paid their
attention to such problems and some interesting results have brought to our view, see [5l [6, 7, 8 ©].
More precisely, Caraballo et al. [10] considered the asymptotic behaviour of mild solutions of stochastic

delay evolution equations perturbed by a fBm as follow:

dix(t)] = [Ax(t) +F (& x(t = p(t)))]dt + o (H)dw (1),
x(t) = ), te[-r0].

In paper [5], Boufoussi and Hajji investigated the asymptotic behaviours of mild solutions for neutral

SDEs driven by a fBm with finite delay:

dix(0)] = [Ax(t) +F(tx(t = d(1)]dt+ ot x(t = p(t)))dwgy (1), t =0, t# ty,
x(®) = (), te[-r0.
Next, when the considered systems encountered impulsive disturbance, Boudaoui et al. [11] considered

the existence of mild solutions to stochastic impulsive evolution equations with time delays driven by

fBm as follow:

dix(t)] = [Ax(t) +f(t,x¢)]dt + U(t)dw‘g(t),
Ax(ty) = x(t) —x(t,) = L(x(t)), k=1,2,...,m,
x(t) = o), te[-r0].

In paper [6], Chen considered the following impulsive stochastic partial differential equations perturbed

by a standard Wiener process with delays:

dix(B)] = [Ax() +F (& x(t = 8())]dt + o (t,x(t = p(4))dw (1), t >0, ¢ # by,
Ax(tg) = Ip(x(te)), k=1,2,...
x(®) = @(t), te[-r0.
However, after carefully examining the previously mentioned numerous literatures, it is

demonstrated that the semigroups present in the above stochastic differential systems are compact,

which is convenient to obtain the corresponding compact resolvent operators. To best of our
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knowledge, when the semigroups appeared in above stochastic differential systems are noncompact,
it is not easy to obtain the corresponding compact resolvent operators. Also, there is no published
paper has considered the T-controllability of INSFIDEs driven by a fractional Brownian motion with
invarying-time delays. Inspired by these analysis, to fill this gap, in this paper, we consider time

invariant INSFIDEs driven by fBm of the form:

dx(t) +g(t,x(t—t(¥)))] =  Ax®) +gt,x(t—r()))]dt+ / Ot — s) [x(s) + g(s,x(s —t(s)))] dsdt
+ f (6 x(E—p(1)) dt+ b (6 x(t = 1(1)) dw(t) + o()dBE (4),
Ax(ty) = x(f) —x(tk) =L(x(tx)), k€N, te J =1[0,T], t# t,

x() = o), te(-70 (0<7<00), (1.1)

where A is a generators a strongly continuous semigroup {R(t,5),t > 0} on a Hilbert space X. ©(%) is
a closed linear operator on X with domain ©(0) D ®(A) which is independent of t. {w(t); t e J} is
a standard Weiner process on a real and separable Hilbert space X; B'g (t) is a fractional Brownian
motion with Hurst parameter 57 € (%,1). t,p,n: J — [0,7) are continuous; f,g,h : J x X — X|
o:J — LY(Y,X) are suitable functions. Ij : X — X are continuous and ¢ € C ((—,0],X), where

C ((—,0],X) is the space of all continuous functions from (—,0] to X.

Significance of this manuscript is presented below: (i) In this paper, firstly consider INSFIDEs
driven by a fBm with invarying-time delays. Next, the system’s T-controllability is then examined
using Gronwalls inequality. (ii) The novelty of this article is that we consider the noncompact
semigroup which the above papers [5, 6, 10, [I1] we have referred are only considered compact
semigroup case. There is no work for T-controllability of INSFIDEs driven by a fBm. In order to
bridge this gap, we have looked into the T-controllability of So our result is different from them.

Remarks: In our paper, when g =0, © = 0 and h = 0 is reduced to the system in [10]. © = 0,
h =0 and I = 0 is reduced to the system in [5]. © = 0 and h = 0 is reduced to the system in [6]. So,

our results not only include the systems in [5, [6l [10] [13], but also extends them to a much wider case.

The arrangement of the rest paper is as follows. In Section 2, some preliminaries and results which
are applied in the later paper are presented. Section 3 is devoted to study the existence of a mild
solution to[1.1] Section 4 the system’s T-controllability is then examined using Gronwalls inequality.
An example will be given to illustrate the effectiveness and feasibility of the obtained results in Section

5.



2 Preliminaries

In this section, we recall basic knowledge of fBm and Hausdorff measure of noncompactness.
Let (£2,3,P) be a complete probability space and T > 0 be an arbitrary fixed horizon. A one-
dimensional fractional Brownian motion with Hurst parameter 5 € (%, 1) is a centred Gaussian

process 37 = {37 (t), 0 < t < T} with covariance function,

1

Ra(s.) =E (87 (987 () = 5 (&7 + 52" — |t =" ),

here 87 has the following Weiner integral representation:

t
:Azgﬂuww@x

where (3 is a standard Brownian motion and kernel K, (t — s) is defined by

K (tS—C;fS2 ﬁ/ A5y "3 du, t> s,
where ¢ = B(;i(ii‘—% and f(-,-) is the beta function. We refer to [?] for more details on the

stochastic integral with respect fBm.

The fractional Weiner integral of the function v : [0, T] — £3(Y,X) with respect to Q—Hilbert
fBm is defined by

/w VB (s /sz%w% /quw% )dBa(s), (2.1)

where (3, is the standard Brownian motion.

Lemma 2.1. [15] If ¢ : [0, T] — £Y(Y,X) satisfies fot H@D(S)Hig < o0, then is well defined as a

X—valued random wvariable and we have

¢ 2
H
E /0 (s)dB” (s)

The Hausdorff measure of noncompactness a(-) defined on each bounded subset & of Banach

t
<ot [ (o) s
0

space X by
a(&) = inf{e > 0; & has a finite € — net in X}.

Lemma 2.2. [19] Let X be a real Banach space and &,% C X be bounded, the following properties
hold:

(1) & is precompact if and only if a(&) = 0;
(2) a(&) = a(&) = a(convé), where & and conv & are the closure and convex hull of &;

(3) a(é) < a(F) when & C F;

ot



(1) a(6+F)<alé)+alF), where & +.F = {x+y; x€ &), y € a(F)};
(5) a(&)UZF < max{a(€),a(F)};
(6) a(\&) < |Na(F) for any X € R;
(7) if K C C([0,T]) is bounded, then
a(K(t) < a(K) forall tel0,T],

where K(t) = {u(t) : u € K C X}. Further, if K is equicontinuous on [0, T], then t — K(t) is
continuous on [0, T], and

a(K) =sup{K(t) : te[0, T}
(8) if K C C(]0,T];X) is bounded and equicontinuous, then t — a(K (t)) is continuous on [0, T| and

o </OtK(s)ds> < /Ota(K(s))ds for all t € [0,T],

/OtK(s)ds _ {/Otu(s)ds Cue K} :

(9) let {u,}>2 be a sequence of Bochner integrable functions from J to X with ||u,(t)| < m(t) for

where

almost allt € J and everyn > 1, where wm(t) € L(J;R"), then the function ¢(t) = a({u, }n=1) €

L(T;R") satisfies t t
a({ [ wats: nzl}) <2 [ w(s)as.

Lemma 2.3. [20] If K C C([0,T]; £9(Y,X)), w is a standard Weiner process, then

4 ( /0 tK(s)dw(s)) < VTa(K(1)),

where

/otK(S)dw(S) - {/Otu(s)dw(s); forall ue K, te [O’T]}'

Lemma 2.4. [19] Suppose that D is a closed convexr subset of X, 0 € D. If the map ® : D — X is

continuous and of Monch type, (i.e.) ® satisfies the property,

M CD, A is countable, A Cco({0}UD(A)),

this implies A is compact, then ® has a fized point in D.

Before proceeding to the main result, we shall make the following assumptions:

(i) A(t) is the infinitesimal generator of a Cp-semigroup R(t)¢~o on X.



(ii) Let Y the Banach space ®(A) equipped with the graph norm is |y|y := [Ay|+|y| for y € Y. A(t)
and ©O(t, s) are in the set of bounded linear operators from Y — X. A(t), O(t,s) are continuous

on0<t<Tand 0<s<t<Tinto L(Y,X).

Definition 2.1. [I8] A resolvent operator for 1s a bounded linear operator valued function
R(t, s) € L(X) for 0 < s <t<T holds, the following properties:

(i) R(t,t) = I and |R(t,s)|| < NeXt=9) ¢, s € T for N,A> 0.

(i) R(t, s) is strongly continuous in s and t.

(iii) For x € Y, R(-)x € €1([0, +00]; X) N €([0, +o0]; Y) and
dR(t)x = (AR(’()X + /t@(t - S)R(S)XdS) dt
0
= (]R(t)Ax + /tR(t — s)@(s)xd5> dt.
0

For more details, readers may refer to [18].

3 Existence of Mild Solution

In this section, the existence of mild solution for (1.1]). Initially, let us introduce the following concept
of mild solution for ([1.1)).

Definition 3.1. An X—walued stochastic process {x(t), t € (—7,T|} is called a mild solution of
if x(t) = ¢(t) on (—7,0], and the following conditions gets satisfied:

(i) x(+) is continuous on (0,t1] and each interval (tx,tx11], k € N;

(ii) for ty, x(t) = liITi x(t) exists;

t—tf
(i) for t > 0, we have

t
KO = R0+ 80,00 x(0)] =g (tx(t— (1) + [ Rlt=5)f(s.x(s () s
t
[ R (x5 = o) dal) + Y R tLlx(t)
0 0<ti<t
4 /0 R(t — s)o(s)dBE (s). (3.1)

In order to prove our results, the following assumptions are imposed

(H1) The function g : J x X — X fulfils

(i) g is continuous and there exist constants #; > 0 such that V t € J, x,y € X

la(t,x) — a(t,y)|* A x =y,

lat0l* < JaL+Ix]?).

IN
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(H4)

(H5)

(ii) There exist a positive function 45 € £1(J,R"), then for any bounded subsets ©1 C X, we
have

a(g(t,©1)) < (1),  sup a(©1(0)), © =supGy(t).
fe(—7,0] teg

The function f: J x X — X satisfies
(i) f(-,x) : J x X is measurable for each x € X and f(t, ) : X — X is continuous for each t € 7.
(ii) There exists a continuous function ¢(t) : 7 — RT and a continuous non-decreasing function
U; : RT — RT such that
2
15691 < 5O (lIx]1*).
(iii) There exist a positive function % € £*(J,RT), then for any bounded subsets @, C X, we

have

a(f(t,x)) < G(t) W a(©2(0)).

The function b : 7 x X — £3(X,Y) satisfies
(i) B(-,x) = T x LI(X,Y) is measurable for each x € X and h(t,-) : X — £(X,Y) is continuous
for each t € J.
(ii) There exists a continuous function ¢ (t) : 7 — RT and a continuous non-decreasing function
Uy : RT — RT such that

166017 < 65 (W IxI12):

iii) There exist a positive function %, € £2(J7,RT), then for any bounded subsets O3 C X, we
b

have
a(h(t,x)) < Gy(t) sup «(O3(0)).
0e(—,0]
The function I : X — X is continuous that satisfies

(i) There exist positive constant dg, k =1,2,--- ,;m >

() = TeI* < dicx = ylI*,  [Lk(0)]] = 0.

(ii) There exist a positive function 6 > 0, k = 1,2,--- ;m, then for bounded subsets ©4 C X

we have

a(l(04)) <6 sup a(O4(0)).
0e(—T,0]

The function o : J — EOQ(X, Y) satisfies
0) Jylo(s) Py ds < oo, e,
- 1
(ii) Z o Q2 enll £2(j0,m):x) < 0
n=1

o0
(iii) For t € [0, T, Z ”O‘Q%BnHX is uniformly convergent for t € 7.

n=1



(H6)

6 <1

% N PN
A —l—mMdek —|—TM2/ gf(s)Er)ds—i—’]I‘MQ/ gh(s)gr)ds
k=1 0 0

Theorem 3.1. Suppose that the condition (H1)-(H6) holds, the system has a unique mild solution

provided,

m
© + MT||l| g1 (7 r+) + MVT| G|l 27ty + M _di
k=1

< 1. (3.2)

Proof. Initially, let us introduce the set or : PC([—7,T], £L3(2, X)) being Banach space of all

continuous functions from [—7, T] to £2(Q, X) is equipped with the norm ||x||> = sup (E|x||?). Let

se|—7,T

us consider the closed subset of A, defined by Ay = {x € At : x(£) = (&) for £ € [—7,0]} provided

with the norm || - ||| We may transform (1.1) into fixed point problem. Define an operator
b . XT — XT by
¢
(@x)() = R[¢(0)+9(0,s@(0—t(0)))]—B(LX(f—t(f)))ﬂL/o R(t = ) (s,x(s — p(s))) ds

t
" /0 R(t— )0 (5,%(5 — 1(3)) do(s) + 3 R(t — te)Te(x(tx))

O<tp<t

4 /t R(t— s)a(s)d[)’g(s), te[0,T].
0

and (®x)(t) = ¢(t), te [—7,0]. We divide the proof into several steps:

Step 1: Consider a bounded, closed, convex set B, = {x € At : ||x||?> < r}, then we verify N(B,) C B,.
If it is inconsistent, then there exist a function x € B,, such that N (B,) SZ B,, which implies there exist
some t € J such that E||(®x)(t)||? > r, we have

r < E(@)(0)] < 6E[R[p(0) + g (0,(0 — v(0))][|* + 6E [|g (£, x(t — (t)))]*

| RO 9 x(s — pls))) ds [ R 9 x(s = n(s)) ds)
0 0

2

2
+ GE‘ +6E’

2

+ 6E| > R(t— tp)k(x(t)) +6E‘
0<tp <t

6
= Z,/%
i=1

2

t
/0 R(t— s)o(s)dBZ (s)

o



Employing assumptions (H1)-(H5), we have

M= E[R[p(0) +g(0, (0 —(0)))][|
< 2E|R(H9(0)]* + 2E [R(t)g (0, 0(0 — v(0)))]|*
< 2MPE[p(0)]” + 2M* (1 + [ll|?)
SN = Elgtxt @) < (1+][x°) < (1 +7)
t 2
Hi = B[R fsx(s - o)) ds
t t
< M2T/O q(s)@f(HXHQ)STMQ/O si(s)@s(r)ds
t 2
i = B[R 0 (soxts = () dls)
t t
< T [ (s < MET [ (s)y(0)ds
2
Moo= E|| D REt—t)L(x(t)| <mM>) der
0<tp<t k=1
¢ 2
N = E /OR(t—s)a(s)ng(s)
< TMPeyr (22 — DT> 71 sup |o(t)]2
0<t<T 2
< Mep (256 — )T sup [lo(t)]% .
0<t<T Q

From A1 — A5,

r < 12MPE[p(0)]|? + 12M2A4 (1 + [|¢]|?) + 64 + 6Mc e (22 — 1)T>? sup |jo(t)

2
0<t<T Hﬁog

m
6.1 + 6mM> > _dj,
k=1

+ r46 [TW /(:g—f(s)<1>(r)cls+11‘M2 /Otgh(s)q)(r)ds]

Dividing both sides by r and let r — co, we obtain

6.1 + 6mM* )~ dy
k=1

r+6 [TMQ /Ot si(s)@(r)ds + TM? /0t q)(s)q)(r)ds] > 1,

which contradicts (H6). Thus, there exist some function x € B,, such that N(B,) C B,.
Step 2: The operator ® is continuous in B,.

Let x,x, € By, t € [0,T] and x,, — x. Thus we have,

g(t,x,) — g(t,x), n— +oo,

flt,xn) — f(t,x), n — 400,

h(t,x,) — b(t,x), n— +oo,
Le(xn(te)) — Lp(x(tk)), n — +oo.



Also,
It x0) = FEX)I° < 2(6)4(r)
16t xn) = HEX[* < 265 (6) Dy (1)
Then by dominated convergence theorem, for t € [0, T], we have

E[[(@x0)(8) = (@)@ < 4E g (txa(t = t(1))) — g (t:x(t = v(1)))[|*

t
+ 4E /0 R(t =) [} (s,xn(s — p(s))) = F (s,x(s = p(s)))] ds

%

+ 4E /0 R(t —5) [0 (s, %n(s = n(s))) = b (s,x(s —1(s)))] dew(s)

2

+ AR || D R(t— sp) [Te(xn(tr) — Te(x(tk))]

0<ty <t
4E ||g (% (t — t(1))) — g (t,x(t — t(1)))[|”

t
+oaTM? /0 E [ (5 xn(s — p(s))) — f (5,x(5 — p(s)))[* s

IN

t
* ”Mz/o E 1 (5, (s — 1(3))) — b (5,x(5 — n(s))) |2 ds

m

+ 4mM2 > E [T (8) — Ti(x(t))
k=1

— 0 as n — 0.

Thus, ® is continuous in B,.
Step 3: The operator ® is equicontinuous on 7.

Let 0 <t < t3 < T and x € B,, we have

E [[(2x)(t2) = (@)(t)[* < 6E[[R(tz) — R(t1)] [¢(0) + g (0, (0 — +(0)))]||*

+ 6E|lg (t2,x(t2 — t(t2))) — 0 (1, x(ts — v(t2)))[|”

t1
+ 12E /0 Rtz —s) —R(t; — 9)]f(s,x(s — p(s))) ds

2

2

t2
+ 12E /t Rty — s)f (s,x(s — p(s))) ds

t 2
b 12E /O R(ts — 5) — Rt — 5)] b (5, x(s — 1(s))) de(s)

+O12E /tQ]R(tg—s)h(s,x(s—n(s)))dw(s)




2 2

t1 t
/0 [R(t2 —5) ~R(t1 = 5)] 0(s)dB (s) /t R(t; — 5)o(s)dBY (s)

[12E[l0(0)]1* + 1241 (1 + [lo]*)] ElIR(t2) — R(t1)[* + 64E [Ix(t2) — x(t1)]||”

+ 12E‘

+12]E’

IN

t1 to
+ 12/ E|R(t2 — s) — R(ty s)\|2gf(s)<1)f||x||2ds+12M2/ gf(s)fl)f(||xH2)ds
0 t1
b 2 2 2 b2 2
ST / E[R(t — 5) — R(ts — 5)||% cy(s) @y [x|2ds + 12M / ()4 ([1x]2) s
0 {1

k t
+ 6 diE|R(t — t) — R(ts — tx)[|> + 120 (2 — 1)']1‘2’“/ E|R(ty — s) — R(t; — s)||?
=1 0
to
X ||a(s)||%ogds+12Mzc%(2,%”—1)’]I‘2‘yf1/ E||a(s)||§ogds
51
— 0 as tg — t;.

This proves the equicontinuity property.

Step 4: Let us verify the Mdnch condition gets satisfied.

We may define an

non-empty set 2 C Ar, let x;,xz € 2 then it is evident that d (®x;(t), Pxa(t)) = d (Pxq(t), Px2(t)). By

the similar proof of Lemma 2.3,

a(Px(t)) = a(Dx(t)),

t
(@x)(t) = Rp(0)+g(0,0(0—(0)))] — g (tx(t —x(t)) + /0 R(t = s)f (s,x(s — p(s))) ds

0<tp<t

" /o R(t = )b (5,x(s = n(s))) do(s) + > R(t— ) (x(t) +/0 R(t — s)o(s)dBE (s)

Let A C B, be countable and A C @({0} U ®(A)). Then, we verify a(A) = 0. Define A = {x"}7° ,,
we know A C co({0} U ®(A)) is equicontinuous on J by step 3.
Next, from (H1),(H2), we have

a({x"()}2)) < O1 sup a({x"(0—(0))},)

0e(—7,0]
< Osupa ({(X"(H}5L).
teg
Similarly,
¢
o (@0} < wr [ oup (40— p(O)}2) s
e(—,
+ M\/T ||<th52(j,R+) , S(UP . « ({Xn(e - 77(0))}720:1)
e(—,
S [MT||(gf||£l(j’R+) + M\/F]T ||(gh||ﬁ2(J,R+):| fél};a ({Xn(t) 20:1)
o ({63x”(t)}20:1) < Mde sup « ({x&(ﬁ)}zoﬂ) < Mde sup o ({x"(£)}°2,) .
=1 0e(=70] =1 t€J

1

[\)



Together with ®,, ®5 and Pj3,

a ({@"(},,) + o ({2"(0},2) + o ({2 (0)},2)

© + MT||jll 21 (7 +) +M‘f|’%b||52jR+)+Mde fgga({x (O} nz1)

a({®xX"(H)}nts)

IN

IN

by lemma 2.2,
a(A) < a(@({0}U2(A))) = a(®(A)) < a(A),

which implies a(A) = 0, A is a relatively compact set. Thus we deduce that ® has a fixed point in
A, which is a mild solution of system (|L.1).

4 Trajectory Controllability

Definition 4.1. The control system (4.1) is said to be trajectory controllable on [0, T], if for every
€V, such that the mild solution x(.) of (4.1 (l) satisfies u(t) = x(t) almost everywhere.

Lemma 4.1. (Generalized Gronwall’s inequality): If B > 0, a(t) is a non-negative function locally
integrable on 0 < t < T and q(t) is a non-negative, non-decreasing continuous function on 0 < t < T,

q(t) < ¢ and suppose u(t) < a(t) + fo (t — s)P~Mi(s)ds, on this interval. Then
t) < aft / ) (t—s)?ta(s)ds, 0<t<T.
In particular, when a(t) =0, thenu(t) =0 V 0<t<T.

In order to prove the trajectory controllability of the system (4.1)), let us impose the following
hypotheses

(H7) The function f and b, satisfies the Lipschitz condition with 5, #3 > 0 being constant

IN

E [[§(t.x) — §(t,y)| Ha |x =yl

E[b(t,x) —b(t,y)|* < Alx—y|*.

A

Let us consider the control system of the form:

dlx(t) + g(t,x(t—t(t))] =  A[x(t) + g (t,x(t—t(t) dt+/ Ot — ) [x(s) + a(s, x(s — t(s)))] dsdt
+ GOu(t) + (6 x(t— p(t)) dt + b (4, x(t — (1)) dw(t) + o (t)dBZ (¢),
Ax(ty) = x(f) —x(th) =L(x(tx)), k€N, te J =1[0,T], t#t,
x() = @), te(-70] (0<7<o0). (4.1)
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Here, the control function u(-) € L4(J,Z), where £4(J,Z) is the space of all admissible control
functions, which is square integrable and S-adopted. G is a bounded linear operator from Hilbert

space Z into X.

Theorem 4.1. If (H1)-(H7) are satisfied, for every u(-) € L4(T,Z) then 3 a unique mild solution of

£
x() = Rlp(0) +g(0,0(0—(0)))] — g (t,x(t = (1)) + /O R(t = s)f (s,x(s — p(s))) ds
t t
+ /0 R(t—s)b (s,x(s —n(s))) dw(s) + /0 R(t — s)G(s)u(s)ds
t
+ Z (t — t) Ik (x(t)) —I—/O R(t — s)o(s)dBZ (s). (4.2)

0<tp<t

Proof. This theorem’s proof is similar to Theorem 3.1, and on can easily prove that solution
of system by using the Moénch fixed point theorem with the help of the Hausdorff measure of

noncompactness, so it is omitted.

O

Theorem 4.2. If the hypotheses (H5)(i), (H7) holds, the stochastic differential system is

trajectory controllable.
Proof. Let u(t) be the given trajectory on T. Let us consider the feedback control u(t) as
W) = Gl + o s(t)] - Ao + o (1 pes(0)
— [0 5) ) + 0 e = )] ds] e 6t (o)
~ bt D) dolt) — 09453 (1)
Thus implies
A+ (x(t = sO)] = ARKO +o (ox(t - O] de+ () + g 6 (i)
— afut0 + (et [ O(t—9)[u(s) + ottt ()] s
— (= p(0)dt = (& (s~ () ) — o (05 () )

+ / Ot —s) [x(s) + g (s,x(s —t(s)))] ds.dt + § (£, x(t — p(t))) dt
(t,x(t— (1)) dw(t) + o ()dBZ (v).

—_
[



Put A(t) = x(t) — p(t),
dIA(t) + [g(tx(t—x(t) —a(t,u(t—x(t)]] = [A(f) + (g (tx(t— (b)) — g (t u(t —x(t)))] |dt
/ O(t—s)[g(s,x(s—t(s))) —g(s,u(s—r(s)))] ds.dt
f(tx(t = p(t)) — F(t, u(t — p(1)))] dt
+  [Htx(t=n()) = bt pt—n(t))] dw(t),
AA(t) = [x(t) — ()] = k() —pte)] = Tp (x(t) — p(t))
At) = 0.
The solution is
Alt) = —fa(tx(t—x(t)) — gt pult—r(t))]
t

E A1)

where,

+ / R(t—=s) [ (s,x(s = p(s))) = § (s, (s = p(s)))] ds
0

t
n /0 R(t - 5) [B (5, x(s — 1(5))) — b (5. (5 — 0(s)))] dw ()
+ ) Rt — ) [Te(e(ts) — Tn(p(t)]

0<tp <t

< AE g (6 x(t— (1) — g (t p(t = x()

+ 4B | [ R 5[ (50x(s = p(5)) = 5.5 = pl)] s

2

t 2
+ 4E /0 R(t—s) [ (s,x(s = n(s))) = b (s, u(s — n(s)))] dw(s)

2

+ 4R Z R(t — t) [T (e(tr)) — Te(p(te))]

O<tp<t

t t
< AHE|x(€) = p(H)]? + 4MPT / HSE||x(s) — u(s)|1? ds + 4MPT / HE|Ix(s) — ()| ds
0 0
£ S dy () — ()]
k=1

t
< v [ ElAG)Fds
0

AMPT [ + )

V* = :
1— 400 — AM2m S 1| di

By generalized Gronwall’s inequality, E||A(t)[|? = 0, x(t) = u(t).

Thus the control system (4.1]) is trajectory controllable on 7.
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5 Illustration

Let us consider the system of the form:

d [ua,x) - ein <u <t— ;t))] - [;;ua,x) - ein <u <t— ;t))]

e u(t—1(1+ cost))
70 14 [u(t— (1 + cost))]?

/Ot%(s)aaz [u(t,x) - 61_(; sin (u (t— ;cost>>} dt

e 2 u(t—1(1+cost))
70 1+ [u(t— 1(1 4 cost))]”

dw(t) + e ™ dBE (1), t# t,x € [0,7],

u(t,0) = wu(t,m) =0, teJ,
1 _
Au(tk, ) = mu(tk ), k= 1, 2,
'I,L(t, X) = QO(t, X)? te (_7—7 0]7 X € [077T]7 (51)

where w(t) is a standard cylindrical Weiner process in X, A : D(A) C X — X, defined by Ay = 2" with
the domain D(A) = {y € Xy,y’ are absolutely continuous y” € X, y(0) = y(7) = 0} then A generates
an analytic semigroup 7 (t) € X. Moreover A has a discrete spectrum with eigenvalues —n?,n € N
with the corresponding normalized Eigen functions z,(x) = \/g sin(nx). Then the operator (A)Y/? is
given by

o0

A2 Z %, 20)2
on the space D((A)/2) = {x(.) € X, 3°°°  n(x,2,)z, € X}. Moreover 7T (t) is given by
T(t)x = Z "’ (%, 2)Zn.-
n=1

Let Q@ : X — X be an operator with sequence {\,}n>1 C R* such that Qy, = \,y, and let TrQ =

Yo% 1V An < 00. Also, we may define the fractional Brownian motion:
(o)
=> VB (Oyn,
n=1

where B is a sequence of mutually independent two-sided one dimensional fBm. We know that

€7t 672t 67t u
t . t, —
— 2t 1 _
= ]I = —
o(t) e Tn(x(te)) 100k2u(fk)

The delay terms t(t) = 5 cost, p(t) = %(1 +cost), n(t) = $(1+sint). It is evident that the conditions
(H1)-(H6) holds. This implies that the conditions of the Theorem 3.1 and Theorem 4.1 gets satisfied.
Thus the system (/5.1) exist and is T-controllable on [0, 1].
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