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differential equations with delay; the linear part of this equation is
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1. Introduction

In recent years, existence, uniqueness, stability, invariant measures, and other quantita-
tive and qualitative properties of solutions to stochastic partial differential equations have
been extensively investigated by many authors. It is well known that these topics have been
developed mainly by using two different methods, that is,

(i) The semigroup approach [10,11]
(ii) The variational method [31].

On the other hand, although stochastic partial differential equations with finite delays
also seem very important as stochastic models of biological, chemical, physical and eco-
nomical systems, the corresponding properties of these systems have not been studied in
great details [2,6,17]. As a matter of fact, there exist extensive literature on the related topics
for deterministic partial functional differential equations with finite delays ( for example,
see [41]. We would also like to mention that some similar topics to the above for stochatic
ordinary functional differential equations with finite delays have already been investigated
by various authors [2,6,27] In [39] Taniguchi et al. examined the asymptotic behaviour and
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existence of solutions for the stochastic functional differential equation presented below:
du(t)=[-2@)u@®)+o (tu)]dt+h(t,u)dB(t), te]=][0,T], )
uy = ¢ € LP(Q,C,),

by using analytic semigroups approach and fractional power operator arguments. Bala-
subramaniam et al. [5] presented the exponential stability of nonlinear fractional order
stochastic system with Poisson jumps is studied in finite dimensional space. In this work
as well as other related literature like [10,11,27,28], the linear part of the discussed equation
is an operator independent of time ¢ and generates a strongly continuous one parameter
semigroup or analytic semigroup so that the semigroup approach can be employed. How-
ever, when treating some parabolic evolution equations, due to the frequent occurrence of
such operators related to time ¢ in applications, the partial differential operators depend
on time f; for the details, please see [1,16,18,30,42]. Fu in [21] established the results on
existence and exponential stability of solutions for a semilinear non-autonomous neutral
stochastic evolution equation with finite delay:

dut) —gt,u)] = [-20) [u®) — gt u)] + o (tu)]dt
+h(t,u)dB(t), te]=1[0,T], (2)
up = ¢ € LP(Q,Cy),

where A(t) generates a linear evolution operator {{/(t,s) : 0 < s < t} onaseparable Hilbert
space X with inner product (-,-)x and || - ||x. g ¢ and h are given functions.Studying the
non-autonomous evolution equation, in which the differential operators of the significant
component depend on time ¢, is hence a matter of significance.

The concept of exponential stability plays a crucial role in the dynamical system and its
convergence rate is faster than the asymptotic stability. Further, the existence and unique-
ness of solutions for stochastic system with Poisson jumps [8], exponential stability for
stochastic partial differential equation [34], existence and stability results for second-order
stochastic system with fractional Brownian motion [13], existence, uniqueness of mild
solution and stability results for second-order stochastic system with delay and Poisson
jumps [35] have emerged in the literature.

Integro-differential equations are ubiquitous in various scientific fields, such as mod-
elling the expansion of a parasite population, Lotka-Volterra predator-prey systems, and
reaction-diffusion models with memory. On the other hand, the theory of integrod-
ifferential equations with resolvent operators has been the subject of much research
because it describes various occurrences that occur in the ordinary world. For exam-
ple, see [2,6,12,17,19] and the references therein. In the past few years, several authors
have researched the existence of solutions to functional integro-differential equations in
infinite-dimensional spaces and the qualitative characteristics of those solutions. We refer
the reader to [4,23,26,32,34]. It is critical to conduct a stability study to determine whether
the available solution significantly differs from the desired behaviour. One well-built type of
stability is exponential stability. Because it is resistant to disturbances, exponential stability
convergence has emerged as a significant application in its entirety. The topic of expo-
nential stability has been the focus of a number of studies that are particularly significant
(7,24,29,36,40].
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However, it should be further emphasized that the existence and exponential stability of
solutions of non-autonomous neutral stochastic integro-differential equations with delay
is yet to be elaborated, compared to that of ordinary differential system. In this regard, it is
necessary and important to study the exponential stability of nonlinear stochastic integro-
differential system with delay. To the best of authors knowledge, only a few steps are taken
to use the fixed point theorems to investigate the stability of stochastic integro-differential
system. There is no work reported in the literature to study the problem of existence and
exponential stability of solutions of non-autonomous neutral stochastic integro-differential
equations with delay. In order to fill up this gap, in this paper, we study the following non-
autonomous neutral stochastic integro-differential equations :

d [u t —glt, ut)] = [A(t) [u ) —g(t ut)]
+ [T [u(s) — g (s ug)]ds+ o (6 ut)] dt + h(tu) dB(t), te]=10,T],
up = ¢ € LP(Q,0),

(3)
where {A(t) : t e Rt} and {T'(t,5) : 0 < s < t, t € R"} are families of closed unbounded
linear operators on X with a fixed domain D(2). The state u(-) takes values in the real sep-
arable Hilbert space X, and the history u; is defined in the usual way by u;(6) = u(t + 6)
for & € [—b,0] and belongs to an abstract space C that will be specified later. In addition
to this, B(¢) is a V-valued Wiener process with a finite trace nuclear covariance operator
Q > 0, where V is another separable Hilbert space. The functions g, ¢ and h are appro-
priate functions that will be described later. However, it occurs very often that the linear
part of (1) is dependent on time ¢. Indeed, a lot of stochastic partial functional differential
equations can be rewritten to semilinear non-autonomous equations having the form of (1)
with A = A(#). There exists much work on existence, asymptotic behaviour, and control-
lability for deterministic non-autonomous partial (functional) differential equations with
finite or infinite delays. But little is known to us for non-autonomous stochastic differen-
tial equations in abstract space, especially for the case that A(¢) is a family of unbounded
operators.

Remark 1.1: Our purpose in the present paper is to obtain results concerning existence,
uniqueness, and stability of the solutions of the non-autonomous stochastic integro-
differential Equation (3). A motivation example for this class of equation is the following
non-autonomous boundary problem:

2
d[z(t,x) — bz(t —r,x)] = [a(t,x)% [Z(t,x) — bZ(t — 1, x)] + f(t, Z(t + rl(t),x))] dt
+g(t, 2(t + (1), x))dp (1),
2(t,0) = Z(t,r) = 0, t > 0,

72(0,x) = ¢p(x), 8 € [-1,0], 0 <x < 7. (4)
these problems arise in systems related to couple oscillators in a noisy environment or in

viscoelastic materials under random or stochastic influences. Therefore, it is meaningful to
deal with (3) to acquire some results applicable to problem (4). As is common knowledge,
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the non-autonomous evolution equations are far more challenging to solve than those of
autonomous evolution. Our approach here is inspired by the work in paper [15,22].

The original contributions of this paper are stated as follows:

(i) Existence and exponential stability in pth moment of non-autonomous stochastic

integro-differential equations is investigated.

(ii) Weintroduce a relation between the resolvent operator, generated by the linear part
of (3), and the evolution family generated by the families operator A(¢).

(iii) This relation enables us to find conditions that guarantee the existence of mild
solutions of Equation (3) without any assumptions on the compactness of g, o, h.

(iv) We establish our results using the theory of resolvent operator in the sense of Grim-
mer. We use the fact that the norm-continuity of the resolvent operator yields from
the evolution family. Our study may be considered an extension and advancement
of the relevant works cited earlier.

The following is the overall organization of this paper. In Section 2, we provide a brief
overview of some fundamental notions and preliminary results, useful for the proof of
our results. In Section 3, we are concerned with the existence of mild solutions for the
system (3). In Section 4, we are interested with the exponential stability in the pth moment.
Finally, Section 5 provides an illustration of the theory through the use of an example.

2. Preliminaries

This section provides a quick overview of certain fundamental ideas, concepts, and lemmas
that are required for the remainder of this article.

2.1. The wiener process

Throughout this work, X and V are two real separable Hilbert spaces; we will identify by
(+»)% (- -)v theirinner productsand by || - [Ix, || - |v their associated norms, respectively.
Let £(V,X) be the space of all bounded linear operators from V into X endowed with
the norm || - || £(v,x). Whenever X =V, we indicate it with £(X). To keep things simple,
we refer the norms of V and X with the same symbol || - || when there is no possibility
of confusion. Further, let Q := (Q, F, {F;}1>0, P) be a complete probability space with a
normal filtration {F;};>¢ fulfilling the standard requirements (i.e it is a right continuous
increasing family and F; contains all P-null sets).

Assume that B(#) is a given V-valued Wiener process with a finite trace nuclear covari-
ance operator Q > 0. Let ax(t), k= 1,2,..., be a sequence of real-valued one dimen-
sional standard Brownian motion mutually independent over (Q, F, {F¢}>0, P). One can
construct B(#) as follows

+00
B() =D Voo (B ew 20,

k=1

where p; > 0, k = 1,2,..., are nonnegative real numbers, and {ex}, (k=1,2,...,) isa
complete orthonormal basisin V. Let Q € £(V) be an operator defined by Qex = prex with
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finite trace trQ = ZZ’;’ pk < 00. Thus, the above V-valued stochastic process is referred
to as a Q-Wiener process.

Definition 2.1: Let 4 € £(V,X) and define

el = tr (1 Qu”) zznvaww

If || u ||2£0 < 00, then u is called a Q-Hilbert-Schmidt operator, and let Eg (V, X) denote the
2
space of all Q-Hilbert-Schmidt operators y : mathbbV — X.

The following important result will be helpful throughout the paper.

Lemma 2.2 ([10, Lemma 7.2]): For any p > 2 and for arbitrary L3-valued predicable
process y (t), t € [0, T], we have the following inequality

P t p/2
E{ sup sﬂ(|ww@a),
£€[0,t] 0 2

for some constant v, > 0.

¢
Awmwm

2.2. Resolvent operators

The resolvent operator is a valuable tool in the study of the existence of solutions and gives
a variation of constants formula for nonlinear systems. In this subsection, we recall some
tools and facts that play an important role in the existence of the resolvent operators. For
more details, we refer to [25]. Let Z; and 2, be Banach spaces. Then £L(Z) and L( 2, Z;)
denote respectively the space of bounded linear operators on Z; and the space of bounded
linear operators from Z; to 2;.

Definition 2.3 ([38, Page: 93]): Let {A(t) : t > 0} be a family of generators of Cp-
semigroups. {A(f) : t > 0} is called stable if there exist constants Ny > 1 and ¢ such
that

|@@E) — oD~ @lti-) — D)™ - (A(h) — ol)”
for all > Ag and for every finite sequence 0 < t; <, <... < ¢, i € N*.

Let £ = BU(R™, Z;) be the space of all bounded uniformly continuous functions
defined from R to Z;. We denote H as the Banach space formed by D(a) equipped with
the graph norm ||yl = |2(0)yll z, + |yl z, for y € D(2). Let define the linear operator
L (t), t > 0 from H into & by (F'(£)x)(s) = ['(t + s, t)x for s > 0 and x € H. Let D be the
differentiation operator defined on £ by Df = f” on a domain D(D) C £. Then, D is the
infinitesimal generator of the translation semigroup (S(¢))¢>¢ defined on £ given by

(SHf)(s)=f(t+s) forfeEandt,s>0.

Throughout this study, the following assumptions are necessary.
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(W1) The family {A(#) : t > 0} is a stable family of generators such that A(t)x is strongly
continuously differentiable on R for x € . In addition, I'(t)x is strongly contin-
uously differentiable on R* for x € H.

(W») TI(¢)is continuous on Rt into L(H, £).

(W3) T'(H)x c D(D) for each t > 0 and DT (¢) is continuous on R into L(H, &).

If all the above tree conditions are satisfied, we say that condition (W) is verified.

Remark 2.1: IfA(t) = Aand ['(t,s) = T'(¢t — s), then T'(¢) € L(H, Z,) is constant, which
implies that assumptions (W;) — (W3) are fulfilled if A generates a Cy-semigroup.

The author in [25], studied the existence of the resolvent operator of the following non-
autonomous equation:

{ 9'(t) = A9 (t) + fot ['(t,5)9(s) dsfort > 0, (5)

19(0) = ’190 € Z.

In the next, we recall some useful properties on this theory.

Definition 2.4 ([25, Definition 2.2]): A family {Z(t,s) : 0 < s < t} of bounded linear
operator on Z; is called resolvent operator for Equation (5) if the following properties
are verified :

(i) Z(t,s)is strongly continuousinsand t, Z(s, s) = I,fors > Oand || Z(t,5)llz(z,) <
Net=9) 0 < s < t, for some constants N > 1 and n € R.
(i) Z(t,s)H C H and Z(t,s) is strongly continuous in s and ¢ on H.
(iii) For every x € H, Z(t, s)x is strongly continuously differentiable in ¢ and s. More-

over,
&@é_ft’ﬂx — AR (L, 5)x + /t I'(t,1)%(z, s)xdr, o
’ 6
M = —%(t;S)A(S)x—/t%(t,‘[)r(‘[)s)xdr.
0s ;

Lemma 2.5 ([25, Theorem 2.4]): IfA(t) =Aand'(t,s) =T'(t —s)fort > O0andt > s >
0 respectively, then Z(t,s) = Z(t — s) foreacht > s > 0.

The following Theorem ensures the existence of a resolvent operator for Equation (5).

Lemma 2.6 ([25]): Assume that (W) — (W3) hold. Then, Equation (5) has a unique
resolvent operator.

It is assumed throughout the entirety of this work that the assumptions (W1) — (W3)
hold. We consider the following equation:

[ 9'(t) = A (B + [y T(t,9)0(s)ds + ¢ (£) fort >0, )

V(0) =vg € Z1,
where ¢ € Lo (RY; Z7).
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Definition 2.7 ([25]): A function ¥ : [0,+00[— Z; is called a strict solution of
Equation (7) if

(i) ¥ e C([0,+00[; Z1) NC([0, +00[; D(R)).

(ii) 2 satisfies the following equation:

t
z9(t)=%(t,0)190+/ Z (t,s){ (s)ds, t>0, (8)
0
where {Z(t,5) : 0 < s < t} is the resolvent operator of Equation (5).
The existence of a strict solution for Equation (7) is guaranteed by the Theorem below.

Theorem 2.8 ([25, Corollary 3.8]): Assume that (W1) — (W3) hold. If ¥g € D(2) and
¢ € CY(RY; 2,), then Equation (7) has a strict solution given by (8).

Definition 2.9: A mild solution of Equation (7) is defined as a function 9 : [0, +00[— 2
that satisfies (8).

When studying the existence of mild solutions of non-autonomous systems, the theory
of evolution family is an absolute necessity. To begin, let us define the evolution family.

Definition 2.10 ([33]): A family {{/(¢,s) : 0 < s < t < T} of bounded linear operators is
called an evolution family if

@) U ) =TandU(Et,U(r,s) =U(Es)for0<s<r<t<T.
(ii) The mapping (,s) — U(t,s) is strongly continuous for 0 < s < t < T.

To construct an evolution family, let us impose the following assumptions on the family
of linear operators {A(t), t € J} see [33, Chapter 5, Theorem 6.1]. We suppose that:

(R1) A(¢) is closed and the domain D(A(t)) = D(2) is independent of t and is dense in
X.

(Ry) For each t > 0, the map R(w,A(t)) = (wl — A(t)) ! exists for all w € C with
Re(w) < 0 and there exists a7 > 0 such that

ol
R(w,A(t < .
IR (@, 2 (D)l £xx) ol 1

(R3) There exist constants a; > 0and 0 < x < 1 such that
” () —2A (tz))A(t3)_1 ”E(X) <oplti — | fort; >0, >0 andt; > 0.

(R4) The operator R(w, A(t)),t € J is compact for some w € p(A(t)) where p(A(?)) is
the resolvent set of A(t).

Lemma 2.11 ([33, Chapter 5, Theorem 6.1]): Assume that (R1) — (R3) hold. Then, there
exists a unique evolution system {U(t,s) : 0 < s < t} generated by the family {A(t) : t > 0}.
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Lemma 2.12 ([20, Proposition 2.1]): Suppose {A(t) : t € ]} satisfies the Assumptions
(R1) — (Ry). Let {UU(2,5) : 0 < s < t} be the linear evolution family generated by the family
{A(t) : t > 0}, then {U(2,s) : 0 < s < t} is a compact operator whenever t—s > 0.

Theorem 2.13 ([15]): Assume that (R1) — (R3) are satisfied. Let {U(t,s) : 0 < s < t} bethe
unique evolution system generated by {A(t) : t > 0} and {Z(t,s) : 0 < s < t} be the unique
resolvent operator of Equation (5). Then, U(t, s) is compact for t—s > 0 if and only if Z(t, s)
is compact for t—s > 0.

Theorem 2.14 ([15, Theorem 2.16]): Assume that (W) — (W3) and (R;) — (R3) are
valid.

Let {Z(t,s) : 0 < s < t} be the unique resolvent operator of Equation (5) and {U(t,s) :
0 < s < t} the evolution system generated by the family {A(t) : t > 0}. Then, Z(t, s) is norm-
continuous for t—s> 0 if only if U(t, s) is norm-continuous for t—s > 0.

In the sequel, we denote C := C([—b,0],X), the space of all continuous functions
from [—b, 0] to X. Suppose that u(t) : Omega — X, t > —b, is a continuous, F;-adapted,
X-valued stochastic process, we can associate with another process u; : Omega — C, t >
0, by setting u¢(0)(w) = u(t + 0)(w), 0 € [—b,0]. Thus, we say that the process u; is
induced by the process u(t). Let MC(p),p > 2, denote the space of all F;-mesurable
C-valued functions K : Omega — C with norm]EIIlCIl{jj = E(supye[—p,o] K@) |IP) < oo.

3. Existence and uniqueness of mild solutions

In the following part, we will investigate the existence and uniqueness of mild solutions for
Equation (3). To solve this problem, we will assume that the following conditions hold :

(C1) The resolvent operator {Z(t,s) : 0 < s < t} associated to the system (3) is norm-
continuous.

(C2) The function g : [0, T] x C — X satisfies the following Lipschitz conditions: that
is, there exists a constant Cg>0 such that, foranyand ¢ € C, t € [0, T,

lg ¢ — gt < Colid = &b,
ls@OI < Gl

and 3771Cy < 1.
(C3) The function o : [0, T] x C — X satisfies the following Lipschitz conditions: that
is, there exists a constant C, > 0 such that for any &;,& € Cand f € [0, T,

lo (t,&) — o (LE)NIP < Co & = &b

(C4) For function ki : [0, T] x C = L(V, X), there exists a constant C, > 0 such that
2
I (t.6) = h (&)l < Grllé = Sl

forany ¢),& € Candt € [0, T1.
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(Cs) There exists a constant Cy > 0 such that
lo (O + 1k (1 < Co (115 +1)
forany¢ € Candt € [0, T].

Additionally, we always suppose that for any ¢ > 0, g(+,0) =0, ¢(¢,0) =0 and
h(t,0) = 0. Thus, when ¢ = 0, it is obvious that system (3) has a trivial solution. Let

MT=sup{||<%’(t,s)||£(X):0§5§t§ T}.

Definition 3.1: A continuous processu : [—b, T] x Q — Xis called a mild solution of (3)
if

(i) wu(t) is measurable and F;-adapted for each ¢ € [0, T;
(ii) fOT lus]lP ds < o0, a.s.;
(iii) u(?) satisfies the following stochastic integral

t
u(t) =2 (t,0)[p (0) — g (0,0)] + g (£, ur) +/0 R (t,5) 0 (s, us) ds

t
+ [ #C9h6udBE ©)
0
on the interval [0, T], and u(t) = ¢ (t) for t € [—b,0].

Theorem 3.2: Assume that (C;)-(Cs) hold. If the resolvent operator {Z(t,s) : 0 < s < t}
is norm-continuous, then system (3) has a unique mild solution for any initial value ¢ €

MC(p).

Proof: Let N7 denote the Banach space of all continuous processes u(t) which belong to
the space C([—b, T], L (Q, X)) with [|u|»7 < 00, where

1/p
lullay = sup (Elulf) "
te[0,T]

E lluclf = E( sup |[lus (9)|Ip)-

6e[—Db,0]
Define the operator F on N7 by (Fu)(t) = ¢(t) for t € [—b,0], and
(Fu) (t) = Z (£,0) [ (0) — g (0,9)] + g (t,ur)
t t
+/ Z (t,s) o (s,us)ds +/ Z (t,s)h(s,us)dB(s) forte[0,T]. (10)
0 0

Clearly, any fixed point of F is a mild solution of (3). Then, demonstrating that F has a
fixed point suffices to establish the existence of a mild solution. We split the proof in three
steps.
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Step 1: For randomly u € N7, (Fu)(t) is continuous on [0, T] in the LP-sense.
Let 0 <t < T and |r| be sufficiently small. For any fixed u € N1, we have

E | (Fu) (t + 1) — (Fu) (DI
< 47'E |(Z (t +1,0) — Z (1,0)) [¢ (0) — g (0, 0)] |

+ 47 g (t 41 urgr) — g (6 w) Hp

P

t4r t
+ 47 / %(t—l—r,s)a(s,us)ds—/ X (t,5) 0 (s,us) ds
0 0

t+r t p
+ 4R H/ X (t+ 1,5) h (s, u5) dB (s) —/ Z (t,5) h (s, us) dB (s)
0 0

4
= > I (11)

k=1

For the first term I;, by using the strong continuity of {Z(t,s) : 0 < s < t}, we have
(Z (t+1,0) — Z (,0)) [go 0) — g(O,ga)] — 0 asr— 0.
Further, we clearly have
|2 (¢ +1,0) = Z (,0) [0 (0) = g (0, 9] < 2M7 [ (0) — g (0. 9) .

Then, the Lebesgue-dominated theorem allows us to conclude that lim, ¢ I; = 0.
For the term I5, we have

t+r p

I §8P_1E‘ X (t+71,5)0 (5, us)ds

t
p

t
+ 87E / [Z (t +1,5) — % (t,5)] 0 (s, us5) ds (12)
0

Using #; and 7, to denote the terms of the right-hand side of the above inequality,
respectively, we have

t+r p

m =8k R (t+r1,5)0 (s, us)ds

t

t+r P
< 8- IE (/ |2 (t + 1,5) o (s, us)| ds)
t
t+r
<ylcthr ! [ (L udf) s
t

< st compet (1+ flulf, ) (13)
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and

p

t
n=8"'E / (Z (t+1,5) —Z (t,5)] o (s, us)ds
0

¢ p
< 87K (/ |1 (t +1,5) = Z (t,9)] 0 (s,us) | dS)
0

t r/q
gsp—lcoT(1+||u||5’vT)(/0 ||<%’(t+r,s)—<%’(t,s)||q£(x)ds) , (19

where g > 0 satisfies 117 + % =1
Then replacing (13) and (14) into (12), it follows

B o< &7 oMb (1+ luly,)

t r/q
+8P—1C0T(1—|—||u||§)vT)(/0 H%(t+r,s)—%(t,s)“qﬁ(x)ds) . (5)

Likewise, we have that

t+r p
Iy < 87K Z (t+ 1,5) h(s,u5) dB(s)
t
t p
+ 87 'R / [Z (t + 1,5) — R (t,5)] h (s, ug) B (s)
0
=13+ N4 (16)
From (Cs), Lemma 2.2 and Holder inequality, we derive that
t+r p
m=9"E| [ # G+ r9hGudB o
t
ttr 5 p/2
< SP—lva (/ ||%(t+r,s)h(s,us)“ ds)
t
t+r
< 8, Ml (P22, / (1+E lusl) as
t
< 8 o Mh2Co (14 i, ) (17)

and

t p
ns = 8E H/ (Z (t+71,5) — Z (t,5)] h (s, us) dB (s)
0

t p/2
< 8", E (/ |2 (¢ + 1.5) = 2 (4,5)] ) 1 G )0 ds)
0

)(P—Z)/Z

t
< 87 1,CoT (1 + ||u||f\/T) (/0 |2 (t + r.5) — Z (t,5) ||2£P(/X(f_2) ds . (18)
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Then, by replacing (17) and (18) into (16), we obtain
I < SP_IUPMI%rp/ZCo (1 + ||u||‘f\/T)

t (p-2)/2
+ 8P_1vpCoT (1 + ||u||f\[T) (/0 |2 (t + 1.5) — % (t,5) ||2£p(/X(f_2) ds) )

(19)

From (15) and (19), we deduce that I3 and I4 tend to 0 as r — 0 by virtue of the norm-
continuity of Z(t,s) for t—s>0 and the Lebesgue dominated convergence theorem.
Furthermore, I, tends to 0 as r — 0 from (C;). Hence, (Fu)(¢t) is continuous on [0, T]
in the LP-sense.

Step 2: We prove that IF maps A7 into itself.

Let u € N, then we have

E ”(]Fu)tug < 4P_1]E0 s[u[; | ||<%) (t+06,0) [(0 0) — g(O,go)] ||p
e[—b,0

+47'E sup |g(t+0, ut+g)”p

Oe[—b,0]
t+0 p
+4#7IE sup Z(t+0,5)0 (s,us) ds
e[—-b,0] 10
t+6 P
+4#7'E sup / R (t+0,5) h(s,us) dB (s)
0e[—b,0] I/0
4
= >k (20)
k=1
By (Cy), we have that
Ji < 7IMUE 9 (0) — g (0,0) . (21)
From (C,), one clearly has
Lo < 47 Cgllullf, - (22)
Using Holder inequality and by (Cs), we get
t+6 p
s < #7'E sup (/ |2 (t +6,5) o (s,us) | ds)
0e[—b,0] 0
t+60 p
< 4P—IMI'T’E sup (/ o (s, us)ll ds)
0e[—b,0] 0
< 471coMh TP (1 + ||u||§’vT) . (23)
By the equality below

t
/(t—s)ﬁ_l(s—r)_ﬂds= nﬁ’ fort <s<tpfe(01),

sin 7
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proven in [9], it follows that

: p t+6
Jy = 4P7! sinz E sup Z(t+6,5) h(s,us)
T 6e[—b,0] IO
t p
(/ (t=s)f(s=1)" ds) dB (s)
. P +6 P
< g4p7! sinz E sup / R(t+0,5)(t+60— Y (5)ds| ,
T 0e[—b,0] IIJO
where

Y (s) = /05 (s=1) P %, t)h(t,u;) dB (7).

Using Holder inequality, we have

. P t+6 P
i< | G ( / t+0 =9 Y () ds)
0e[—b,0] 0
. P MPTpﬂ—l T
< g1 |$n7h me kv er e (24)
= L (gp-n+1)" o

Following Lemma 2.2, we have

E/OTIIY(S)IIP ds:E/OT

T s p/2
< vaf;E/ (/ (s= )" |h (¢, u)|? dr) ds.
0 0

So, by using Young’s inequality and (Cs) in the above inequality, we get

T T p/2 T
E / 1Y ($)IIP ds < M. ( / s~ ds) E / Ik (s, us)||P ds
0 0 0

2— T
- VPMTMCO/ (1+E lul?) ds
(=252 "o

4
ds

/S (s—17) %, 7)h(z,u.;)dB (1)
0

P mp/2—pp+1
vy M T »
Ry e (14 1l (25)
Then replacing (25) into (24), we obtain
inzf P CovpMZE TP/
Jy < -1 | 9070 ‘ Dy (1+1ufy,). @0
T | (@B =D+ 1)1 —2pp !

Hence on account of (21), (22), (23) and (26), we have ||]Fu||‘f\/T < 00, and so F maps N7
into itself.
Step 3: We show that IF is a contraction on N'r.
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Let u, u* € N, then for any fixed t € [0, T], we have
E |(Fu), — (Fu®), |’
<37'E sup Hg(t urro) — g (6 “?+0)Hp

0e[—b,0
p
+ 3P~ IIE sup / X (t+0, s)[a (s,us)—a(s, )]ds
t+6 p
+ 37 sup R (t+0,5)[h(s,u) — h (s,u)] dB (s)
0e[—b,0]
3
= G (27)
k=1

It is easily seen that
G < 3‘f’_lCg ||u —ut Hﬁ)\/r (28)
Further, we have

t+0
G, <3 'E sup (/ |2 (t +6,5) [0 (s,u) — & (s,u%)]] ds)
1 \Jo

0e[—b0

p

t+6
< METPTIE sup / lo (s u) = o (su5) | ds
0e[—b,0] /0

< 3‘1’_1MI}TPQ7 ||u —u" HNT' (29)
By setting

Yi(s) = /OS =) %) [h(zu) —h(e,u)]dB(7),

and similarly to how we did with the term J4, we obtain

. P P
Gs < 371 sinzf sup / R (t+0,5)(t+0 -1y (s)ds
Oe[—b,0] 0
2P rp /2
Crvp, M TP/
< 3= dese =], (30)
T @B -n+)"a=-2p7
Hence,
[F o) = F () [, < D) = w[,
with
1 inzp [P Cpo, M TP/
H (T) — —_1 3P_IMI;«TPC0- + 3p_1 Sin nﬁ‘ hVP T/ .
1—371G (@B =D+ 1)1 —2pp
(31)

Thus, one can select a suitable 0 < Ty < T sufficiently small such that I1(Tp) < 1, which
implies that I is a contraction on V; T,» Where N T, indicates N7 with T substituted by Tp.
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Then, based on the Banach fixed point theorem, we have a unique fixed point u € N7, for
F corresponding to a mild solution of (3) on [0, Tp]. This procedure can be continued to
extend the solution over the whole interval [0, T] in finitely many identical steps, thereby
finishing the proof for the existence and uniqueness of mild solutions on the entire interval
[0, T1]. |

4. Exponential stability

Because we are interested in the exponential stability in the pth(p > 2) moment of the mild
solutions to (3), we will therefore assume that for every T > 0 and every ¢ € LP(Q,C), the
problem (3) has a mild solution by Definition 3.1.We need to state the following conditions:
(E1): The resolvent operator {Z(t,s) : 0 < s < t} associated to the system (3) is expo-
nentially stable; i.e. :, | Z(t,9) |l ccx) < M e =9 vt s >0, where M > 1,1 > 0.
The following theorem shows the exponential stability in the pth (p > 2) moment of the
mild solutions to (3).

Theorem 4.1: In addition to (E;), assume that the functions g: [0,400) x C = X, 0 :
[0, +00) x C = X and h : [0,4+00) x C — L3(V,X) satisfy the Lipschitz conditions in
(C2)-(Cy), respectively. Also, assume that there exist nonnegative real numbers Lg, L, and
Ly, and continuous functions Z; : [0, +00) — R with Z;(t) < N;e (i = 0,1,2),N; > 0,
such that

Ellgtu)|’ < LeE luelb + Zo (1), t>0,
Ello (tu)llP < LeE lull, + 21 (1), t=>0,
Bl (tun)lyy < LiElulle + 22 (1), £ 20, (32)

for any mild solution u(t) of (3). If the constants L, and Ly, are small enough such that A —
K3/(1 - 4P~1Lg) > O with K; given by (35) below, then the solution is exponentially stable in
the pth moment. In other words, there exist positive constant § > 0 and K(p, 6, ¢) > 0 such
that, for each t > 0,

Ellullf < K (p.6,0) ™.

Proof: Let u(t) be a mild solution of (3), then

Euutné:E( sup ||u(t+e)||f’)

Oe[—b,0]

< 4P‘1E(0 sup | |% (t +6,0) [p (0) - g(0,</’)]||p)
e[-b,0

)

+4P—1E( up ]||g<t+e,ut+e>np)

Oe[—b,0

t+6
+4P_1E( sup / Z (t+0,5)0 (s,us)ds
0

Oe[—b,0]
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t+0
X (t+6,5) h(s,us)dB (s)

0e[—b,0] I/0

p
+4P_IE( sup )
4
=> (33)

k=1

From (C;), we have

< @-IE( wp M g (0) g <o,¢>|v’)
0e[—b,0]

< #7IMPMUE |9 (0) — g (0. 9) |- e

= k() : e_’“.
For @, it is clear that
oy < 87 (LE il + 20 )

For w3, we have

t+0 p
w3 < 4P_1E( sup (/ |2 (t + 6,5) o (s, us) | ds) )
6e[—b,0] 0

t+0 =1 40 )
<4 'MPE|  sup (/ e HIH0=) ds) / eI i (s, u) 1P
0e[—b0] \JO 0

t
=K [ LB+ 2 6] b
0

Concerning wy, one has

. P +6 p
wy < 4P71 smnﬂ‘ E{ sup %(t+0,s)(t+9—s)ﬂ_1Yz(s)ds
T fe[-b0] IS0
. P +6 p
< 4P 1P M‘ El sup / e =9t 19 — P71y, (s)ds| ),
T He[—b,0] 0
where

Y, (s) = /05 (s—1)P%(s,v)h(t,ur)dB (7).
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Thus by the Holder inequality, we have

. p 1+ P
sinz3 ‘ E( sup ( / (t 40 — 5)P/p=D(B=1) —A(t+0-9) ds)
™ 1 \Jo

Oe[—b,0

-1
wy < 4P~ ppP

sinzf

t+60
X/ e—)‘(t-f-@—s) ”Y2 (S)”p dS)
0
sinxf [F (L B-1)+ 1) //l(p/p—l)(ﬂ—nﬂ]p_l
T p—1

t
/ HIE 1Y, (9P ds
0

< 4Pl etbpp

Using lemma (2.2), we can see that

t
/ IR Y, (9P ds
0

t p
=/ e_w—s)E( ) ds
0
t s ) p/2
< v,MPE (s—1) e~ 24(1/q)(s=1) ¢=22(1/p) (=) | (t,ug)||%0 dr ds,
P 0 0 £

and the Young inequality allows us to obtain that

t
/ IR Y, (9P ds
0

t p/2 t
< v MP ( / (=) e—”(“‘ﬁ“—”ds) ( / e‘*“‘”E||h(s,us)||iods)
0 0 2

25-1\P/2
< vyMP (r (1—28) (%) ) ( /O g [LhE lusll? + 7 (s)] ds) .

Therefore,

/S (s—1)P%(s,7)h(r,u;)dB (1)
0

sinzf

wy < 471t MmP

p [F (pl_) 1 B-D+ 1) /,1(p/p—1)(ﬁ_1)+1}p

25-1\F/2
-vaP(l“(l—zﬂ) (%) ) ( / e [LhIEnusu{énLZz(s)]ds)

t
=K. / e A (t=9) [LhE lusl2 + 2, (s)] ds.
0

Thus, considering the above inequalities, (33) becomes

t
(1= #7'Lo) E luellf < Koe™ + 4712y (1) + K3 e—“/ e™E [|ug|l ds
0

t
+ e_}‘t/ e’ [12’121 (s) + K7, (5)] ds, (34)
0
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where
K3 = KiL, + KLy (35)

Choosing randomly d € R such that 0 < § < 4 and T > 0 sufficiently large, we get that

T
(1 —4P‘1Lg)/ R ullf, dt < ko/ e~ 5)tdt+/ 4P=170 (1) e dt
0

+m/ “”/A%mwmm

+/ 0 (S)t/ [KiZ1 (5) + KaZs (5)] dsd.
0 0

(36)
Now, by switching the order of integrals, one arrives at
T t T T
/ M / eE |lus|h dsdt = / / e™E |lugl|h e’ dt ds
0 0 0 Js
1
L[ lugll?. ds. (37)

- /1 -0
Then, substituting (37) into (36) yields that
T T T
(1—47'Ly) / e'E ||u|5, dt < Ko / e Ut dr 4 / 717, (1) ' dt
0 0 0
kT,
+1E5A O gl ds

T t
+/ e—(l—(i)t/ ehs [KiZ1 (s) + K2Z, (s)] ds dt.
0 0

Since K3 can be small enough by assumption, a suitable § € Rt can be selected with 0 <
0 <A—Ks3/(1— 4P~1L,) such that

K;

1— 471, — > 0.

Thus, we have

T
| Bt ar
0

1 T T
< - [Ko/ eIt gp 4 / 4P=170 (6 % dt
1—4~1L — K3/ (A —0) 0 0

T t
n / o= (=0 / ™ (KiZ1 (s) + K223 (5)) dsdti|. (38)
0 0
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Hence letting T — 400 in (38) yields that

+00
/ 'R ||u| dt
0

1 5 +00 +00
< _ [Ko / e~ (=t qr 4 / 4P=170 (1) ¥ dt
1 —4~1L, — K3/ (A —0) 0 0

+00 t B -
4 / e (=0t / ™ (K1Z1 () + K223 (5)) dsdf}
0 0

=K' (p,6,9) < oo. (39)

Conversely, it can be easily observed that the inequality (34) remains true when ¢ is used
in place of 4, that is

t
0—@*%ﬂMw%smaﬁ+M*aa»H@€“/e%Mmﬁw
0

t
+ e—ét/ eds (K}ZI (5) + f{zZz (S)) dS. (40)
0

Therefore, (39) and (40) imply that

+00
E ||Mt||€ < [Ko + 4717y () & + K5K (p:6,0) + / e (K1Z1 (s) + K225 (s)) ds}
0
et

=K (p6,9) e,

which is the inequality we want. Then the proof is over. |
The following result for almost surely stability is also obtained.

Theorem 4.2: Assume that all the conditions of Theorem 4.1 hold. Then, the mild solution
of (3) is almost surely exponentially stable. Moreover, there exists a positive constant 6 > 0
such that

Jloglu@l _ o

lim su
t—+00 t 2p

Proof: The methods for proving this Theorem are the same as those used in [39] for
Theorem 3.3, then we omit it. [ |
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5. Example
Consider the following system:
2

P p)
5[ (L) —ax(t—b,m] =y (t)a—nz[x(t,n)—ax(t—b,ﬂ)]

t 2
+/ CD(s,t):—’f[x(s,;y)—ax(s—b,n)]ds+01 (t,x(t—b,n))
0
+h (t,x(t—b,n)dB(#), t>0,nel0,x],
x(t,0)=x(t,r)=0, t=>0,
([ x@,n) =9 @,n), 0e€[-b0],nel0r]

(41)

where y () is Holder continuous with order 0 < J < 1, meaning that there exists a positive
constant L, such that

ly () =y ()| <L, [t—s° fort,seRT.

In addition, y () is continuously differentiable and y (f) < —1. The function ®(.,-) €
BU(RT x R, R), where BUR™ x R*,R) denotes the space of all defined bounded uni-
formly continuous functions from R x R* into R. Moreover, t — Z®(t,s) is bounded
and continuous from R* to R. B(¢) is a one-dimensional Wiener process defined on a
complete probability space (2, F,P). The initial function ¢(-) is Fo-measurable, and a
is a positive constant. The functions ¢; and h; are continuous functions to be described
below. Let X = V = L2([0, 7 |; R) and the family of operators A(t) defined as

a®f)m=y®Of (), t>0,nel0x],
feD@E) () =D @) =H, (0,7)NH?(0,7),

We define the operator A as

@A) =f"(), t>0nelox],
feD@@®) =D @) =H! (0,7)NH2(0,7),

and
(Tt f) ) =0t f" (), 0<s<t nelox],
feD@ (@) =D(®)=H}(0,x)NH*(0,7).

We assume that:

(E;) The function o7 : [0,4+00) x R > R, hj:[0,4+00) — R are continuous and
global Lipschitz continuous with regard to the second variable.

(Ez) There exist continuous functions ¢1(+), f1(-) : [0,+00) — R, and positive con-
stants A1, A, > 0 such that

loy (t,2)IP < ArlzlP + 1 (f), fort>0,zeR
|h1 (£, 2)]P < Ay lzlP + B (t), fort>0, z€e R, (42)

A
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where (1, satisfy that |c1(f)] < Nye ™ and |f1(t)] < Nye *f for some Ny > 0
small enough (k= 1,2). functions g: [0,400) x C([—b,0];X) = X, o :[0,400) x
C([—b,0];X) — Xand h : [0, +00) x C([—b,0];X) — L5(V,X) as

g (t:¢) () := ag (=b) (1),

o (t¢) (n) == o1 (¢ (b)) (n)

h(t,¢) () = hi (t,¢ (=b)) (1) .
Let

u@)(n) =x(tn) fort €[0,T], andn € [0, 7],

43
0 0) (1) = ¢ 0) (1) for 0 € [~b,0], and € [0,7], )
Then, we can rewrite (41) in the following abstract form:
d [u ®—-g ut)] = [A(t) [u ) —g(t, ut)]
+ fot I'(ts) [u () —g(s, us)] ds+o (8, ut)] dt (44)

+h(t,u)dB (), tel[0,T],
Uy =¢ € LP(Q,C).

In the following, let us verify that our assumptions in Theorems 3.2 and 4.1 are satisfied.
e Assumptions: (W) — (W3).

- Assumption (Wp) : It is not difficult to observe that for every t > 0, A(f) =y (H)A
is stable. In addition, we have (I'(t)x)(-) = ®(t + -, t)Ax for every x € D(2). Since
t— %(tt’sl is continuously differentiable from R* to R, therefore I'(t)x is strongly
continuously differentiable on R for every x € H. So, (W) is fulfilled.

- Assumption (W) : By virtue of the continuity of ®(, -), it follows the continuity of N0
on RT. In addition,

[t H = [t H
|F@+], = sup | (7 05)
= sup |D (¢t + s 0)| [|Ax[x
seR+
< sup |@ (t+s,t)| (1Ax]Ix + [Ixllx) -
seR+

Then, (W3) is satisfied. .
- Assumption (W3) : Let x € H, then %(F Hx)(s) = %d)(t + s, t)Ax, from which yields
that I'(f)x € D(D) and

~ 0
(IDF (1) x) () = =@ (t+5.0)Ax
s
Moreover, t — DI (¢) is continuous on RT and

HDf (t)ng < sup

seR+

0
aq’ (t+s, f)‘ (l2xllx + llxllx) -

Then, DI (¢) € L(H, ). Hence, (W3) holds.



22 P.A. THIAM ET AL.

e Assumptions: (R;) — (R3).

The assumption (R;) follows from (W;). Clearly, with a; = 1,a; = L% and k = 0,
one can see that (R;) — (R3) hold. For more details, see [3, Section 5]. Hence, there
exists a unique evolution system {U£(¢,s) : 0 < s < t} generated by the family {A(¢) : ¢ > 0}.
Moreover,

+0oo
Lﬂhﬂx=§:€%%ﬂH£”mW%@K% for x € X.

n=1

Note that the maps R(w, A(t)), ¢ > 0 are compact for each w > 0 (see [37]), which implies
that/ (¢, s) is compact for t—s > 0. Consequently, it follows that I/ (¢, s) is norm-continuous
for t—s > 0.

e Assumptions: (C;) — (Cs).

Since, (W) — (W3) hold, the linear part of (41) has a nique resolvent operator {Z(t,s) :
0 < s < t}. Moreover, since U (t, s) is norm-continuous for t — s > 0, it follows that Z (¢, s)
is norm-continuous for t—s > 0 (see Theorem 2.14). Furthermore, due to the assumptions
(E1) — (E2), one can easily confirm that (C,) — (Cs) are fulfilled by the functions go and
h.

Thanks to [14], we have for some choice of 4 and @ the following estimate :
12 (t, )|l o) < e~ *(=9 forall t > 0. Considering all these assumptions, by Theorems 3.2
and 4.1, system (41) has a unique mild solution u(t) which is exponentially stable provided
that A; and A, are small enough.

6. Conclusion

This paper investigated a class of non-autonomous stochastic partial integro-differential
equations in Hilbert space. In the first instance, we utilized the theory of resolvent opera-
tor, fixed point approach, and stochastic analysis to prove the existence of mild solutions
for the suggested system and the uniqueness of these solutions. Moreover, we investigated
the exponential stability of mild solutions for the system under consideration. Finally, we
provided an example to illustrate the obtained results. Over the past few years, fractional
calculus has gained significance and relevance for various knowledge domains, particu-
larly physics, engineering, mechanical engineering, and biology. We intend to examine the
fractional stochastic differential equations [5,29,40] to render our findings more applicable
to a broader range of situations.
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